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Abstract

The Hasse-Minkowski Theorem is a fundamental result on Quadratic forms defined over QQ, which states that,
if there is a nontrivial solution in Q, and R, there is exists a nontrivial solution in Q. However, this doesn’t
always hold for higher degrees of homogeneous polynomials, as was first shown by Selmer in 1951. In addition,
his cubic form is an explicit example of an element of the Tate-Shafarevich Group for x® + ¢ + 60z3. This
paper provides an expository proof for the Hasse-Minkowski Theorem, including a proof for the existence of
local solutions for Selmer’s cubic form.



Notation

1. @ - Rational numbers.

2. Q, - The Cauchy-Sequence completion of the rationals with respect to either the euclidean norm (R) or to
the p-adic norm (Q,).

3. Q) - Qu/{0}.
4. p refers to a prime number.

5. Local Fields are the completion of a Global Field with respect to a valuation—@Q, are Local-Fields and Q is a
Global Field.

Local and Global Fields over Q
Definition 1 (Valuation). A wvaluation on a Q, is a function such that, for a,b € Q [4]
1. |la| >0
2. la| - o] = |ab]
3. la+b| < |al + |b]
Theorem 1 (Ostrowski). [1916]
The only non-discrete valuations on Q are,
1. The p-adic valuation |z|, = p~?(®) Where p is a prime number
2. The standard absolute value |z|,, = —2z if (z < 0) and |z|s = z if (x > 0)
The full proof is simple but tedious, So we’ll give a sketch. More can be read at [4]
Proof Sketch. Suppose we have an arbitrary absolute value on Q, we want to show that it is equivalent to | - | Or
| ‘pI;et 1) n € Zs; and, |n| <1lor2)|n|>1

For 1), we can write n = p{*p5*p3® . ... Then one has some prime p; such that |p;| < 1. One shows that |py| =1
for k # . Which leaves us with

In| = [nly

log|p|

~ loglp|’
For 2), we can take any |m| > 1,m € Z and take it’s base-n expansion (for 0 < a; < n)

Where a =

m:a0+a1n+a2n2+...+aknk

We then have

log(m)
m| < |n| t09(")
1
Which implies |n| > 1. Raising to ———, we get
log(m)
1 1
m| o™ < fo| ogn (1

Since m, n are arbitrary, this is an equality, so one gets
In| = In|&. [4] 0

Remark. Q, and R are Local-Fields. However, they are the only Local-Fields which exists up to isomorphism, of
characteristic 0. [6]



Quadratic Forms

Quadratic forms are Homogeneous polynomials of degree 2. They must always fufill Q(Azy, Aza...,Az,) =
A2Q(xq, 29, ..., x,) Additionally, this implies that if we have one representation of zero (When Q(z1,2,...,7,) =
0), we have infinitely many values of @) where it represents 0.

A few examples of Quadratic forms are;

22 4 22y + 42, 22+ w? + 3u2, % + qu, a® + 0% — 2

By the Principle Axis Theorem [1], we can show that all three of these equations have a ”diagonal” form, that is,
to be represented as a sum of the squares of it’s variables—a fact not necessarily true for cubic forms unfortunately.
Nevertheless, this will allow us to consider only diagonal forms when proving the Hasse-Minkowski Theorem on
quadratic forms.

Theorem 2 (Principle Axis Theorem). [I]

Let Q(x1,x2,...,2,) be a quadratic form on Q. Then we can write

Q(w1, 72, ... 73771) = Zai]‘l‘il‘j =bix1+...+ by,

1<j
Every quadratic form can be diagonalised. We can define a symmetric Matrix, A for Q(z1,z2,...,z,),
a a
A_ =
a a
én %n . ann
Which gives us
Z1
Q(z1,22,...,xn) = (T1,22,...,Tn)A
In

This defines a bijective correspondence between the set of symmetric n x n matrices in Q™ and quadratic forms
in Q™. Now we only have to show that A can be diagonalised. One has,

A =PDP’

Where
Z1
D=
Tk

The important thing to note is that D has the coefficients of our quadratic form in it’s diagonals entries. !

Q(z1,22,...,2,) = bzt + - + by
Lets try this on an example from earlier, let (¢,y) € Q?,

Qla.y)=¢+qy
We find that

Q@) - Vg Ly

2

1k = n iff Q is nondegenerate ([5])



Hasse Minkowski Theorem

[5]

Before we begin the Hasse Minkowski theorem, note that, a nontrivial solution in Q implies a solution in Q,.
Proof. Q C R and Q C Q, so any (z1,22,...,%,) € Qisin Q, and R. O

Theorem 3 (Hasse-Minkowski Theorem). Let Q be a quadratic form that represents 0 in Q,. Then Q represents
0 in Q.

We'll tackle the problem with case checking for n = 1,2,3 and n > 4.
Case 1. n = 1.

2
Proof. Q(z1) = aj27 > 21 =0
There are no nontrivial zeroes in 1 variable. O

Case 2. n = 2.

Proof. We have Q(x1,r2) = az? + ba3.

1
r1,22) =0— — = ——
Q( 1 2) ZIZ'% a
Then, non-trivial solutions only exist if and only if —Z—f € Q. One should note that, a,b has to have signs of
different parity to satisfy a solution in R. O

Lemma 1. The Square Theorem
Let x # 0,2 € Q. Then z is a square in Q if and only if it is a square in Q, and R.

Proof. We only have to show that z is a square in @, and R.
Let x = p’flp’;"p? .. pf Then, ki, ks, ..., k; is even for all . This means it’s a square in Q, and R. O

Case 3. n =3 (Legendre)

Proof. We have Q(x1,22,23) = ¥3 — ax3 — bz3. Suppose that a,b are squarefree and WLOG assume that |a| > |b].
We can use induction on m = |a| + |b],m € Z.
If m = 2 (base case), one has
Q(x1, 2, 13) = 22 £ 22 + 22,

The solutions to which are (1,1,0) or (1,0,1). We won’t consider x? + 2% + 3, though. Since it has no solutions
in R.
Let m > 2 — |a| > 2 and, for distinct primes p let

ki k
b= Epi'psy®.. .pfl"

If b =0 (mod p;), then, b is a square modulo p;. Let’s assume @), represents 0, so one has

(1) = a(2)* = b(w3)* = 0

The triplet (z}, x5, %) is primitive. One has
(1) = b(as)* =0

We can’t have 5 = 0 mod (p; ), because that implies that (z5) = 0 mod (p;), meaning that the triplet isn’t primitive
anymore. Hence, b must be a square mod p. Then there must exist integers c¢,d such that d?> = b + ac. (a,b are
squarefree). If we choose |d| < |a|/2, one has ac = d? — b, where both (b, d?) are squares. Because |a| = |c||a|, @
represents 0 if and only if the form Q'(z1, e, x3) = 27 — b%a3 — 223

Then we rewrite ¢ = ¢'u? for some squarefree ¢’. Since ¢/ < b, Having,

Q" (w1, 29, 3) = 27 — bas — 23

Is equivalent to Q'(x1, x2,x3), which is equivalent to Q(x1,z2, x3) in representing 0. O



Definition 2 (Hilbert Symbol). The Hilbert symbol on Q, is defined as, for
a,beQ;
(a,b), = {1 if 22 — ay® — b2 = 0 has a nontrivial solution in Q,
—1 otherwise

The Hilbert symbol satisfies the following?;

1. (a,b)e = (b,a)e

2. ifa#1,(a,1—a), =1

3. (a,b), =1 for any b if and only if a is a square in Q,
Case 4. n =4

Proof. Lets write Q(z1, 72, 73, 74) = (az? + bx3) — (cx? + dx3) If Q represents 0, there must be values of y, € QZ,
such that
Yo = axs + bai = cx3 + dri

This is only true if (y,, —ab), = (a,b), and (y,,cd), = (¢,d),. The product formula for the Hilbert symbols
allow us to get [[, (a,b), =[], (c;d)y = 1.
We finally have y22 — ax? + bz3 and y2% — cx? — dz?, which have been shown to represent 0 in the case n = 3.

Both of these forms represent the same element, so the case n = 4 is proven.
O

Case 5. n>5 [5] [2]

Proof. Rewrite our form Q = Q1 — Q2, with Q1 = a12% + a223, Q2 = —(azz3 + ... a,22).
Let S C v, such that S contains oo, 2, and the numbers p such that v,(a;) # 0 for one ¢ > 3. This set is finite.
Then for s € S, fs represents 0, there exists ys € Q4 such that

Ys = Q1(z1,72) = Q2(x3,...,2n)
Now, the squares of our Q; forms an open set. The weak approximation theorem[6] can be applied such that if we
have y' = (2, 25), then v € Q?, for all s € S. Also, ys is represented by Q2. Then yz? — Qo represents 0. This

S
form is one rank lower than @ so it represents 0 in Q*. Both @2 and @ represents y in Q, Hence, @) represents 0,
which proves the case n > 5. O

General Homogeneous forms

The minimum amount of variables for a cubic to always obey the Local-Global Principle is 10, proven by Heath-
Brown. However, there isn’t a definite formula for the minimum values in which a Homogeneous polynomial obeys
a Local-Global principle. Anyhow, the earliest example of a cubic that didn’t obey the Hasse-Minkowski principle
was discovered in 1951 by Ernst Selmer.

This cubic is known as Selmer’s counterexample, in the form.

S(z,y,z) = 323 + 4y° + 523

It was originally proven to not have any representations of 0 in Q* but to have representations in Q; by Selmer
in 1951. The proof for having points at Q} will be covered, but the proof for having no points at Q* won’t-the
techniques required to show that is out of the scope of this paper. However, the proof in it’s entirety can be found
at [[3]].

Proof. A solution in R? is straightforward—(1, 1, {/ =) works.

Let’s consider p = 3,5 and the other primes separately.

On Q3, Suppose z = —1,x = 3.

One has, 4y —5 = 0. We'd like to use Hensel’s Lemma, to lift y to higher powers of 3, and to do that, we simply
need to show that

2A more thorough treatment can be found at [5]



|f(y)] =0and |f'(y) > 0]. y = 2 works and f'(2) =43 =1 (mod 3).

Next, we'll let z = 1 and z = 0 to get 4y + 3 = 0. Surprisingly, we can take y = 2 again!

One obtains 4(2)3 + 3 = 35.

[f(2)] =0 and |f'(y) > 0|. y = 2 works and f/(2) =51 =1 (mod 3).

If 3 = t*(mod p), we can solve with (z,1,—1), where 23 = L. If p = 1 (mod 3), everything in Z/pZ* can be
written as t3,3t or 9t3. If 5 = t3(mod p), (—z,x, —1) with 2° = 5 works. If 5 = 3t3 (mod p), then, (z,0,—1)
with % = 2 works. If 5 = 9t* (mod p), (3z,5,—7) with #* = 15 works. These are the nontrivial representations of
Selmer’s cubic at all Q,.

O

Remark. Selmer’s cubic is an element of the Tate-Shafarevich Group of the elliptic curve x® +y3 46023 = 0/3]. It
is a major open problem to determine whether all Tate-Shafarevich Groups are finitely generated, but in this case,
the Group is in the form Z/37 x Z/3Z. There are 8 other curves on said elliptic curve similar to Selmer’s cubic.
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