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Inner Products

Definition (inner product)

Let V be a vector space (over C). An inner product on V is a map
(-,) : V x V — C such that the following holds true:

Varun Kataki
Orthogonal Functions



Norm

Definition (norm)

Let V be a vector space (over C). A norm on V is a map
[| - 1] : V — R such that the following holds true:

[lv]| >0 for all v € V with ||v|]|=0 < v=0.
[lav|| = || - ||v]| for all @ € C and all v € V.
[lv+ul| < [|v|| + ||u]| for all v,u € V.

(v,v) is a norm on V.
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Orthogonality

Definition (orthogonal, orthonormal)

Let V be an inner product space. We say that vectors v,u € V are
orthogonal if (v,u) = 0. We say that a set

S ={vi,v2,...,v,} C Vis orthogonal if (v;,v;) =0 for all
1<i,j<n,i+#j. We say that a set is orthonormal if it is
orthogonal and (v;,v;) =1 for all v; € S.
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L? Space

Definition (L2 space)

We say that L2 space is the collection of all functions f : R — C
such that [ |2 dx is finite. We say that g : [a,b] — C is in

L?([a, b]) if fa |f 2 dx is finite.

The inner product on L2 is (f, g) f f(x)g(x) dx, and the

induced norm is ||f|| = \/fa |f(x)|? dx.
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Orthogonal Functions

First Example

The set {€™ : n € Z} is orthogonal over L2[(—, )].

Second Example

The Legendre polynomials {P,} are orthogonal over L?[(—1,1)].

1, x, %x2 — %, %x3 — %x, ... are the first few.
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The Fourier Series

Square Wave Series

m Fourier Coefficent:
cn = (f,e™)

m Fourier Series:
f(x) ~ 3 _ cpe™

oo

Figure: The square wave Fourier series:
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The Fourier Series
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m Fourier Coefficent: \
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The Fourier Series

Square Wave Series

m Fourier Coefficent: W\
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More Fourier Series

Legendre Square Wave Series

m Let {¢,} C L2 be \

orthonormal.
m Fourier Coefficient: 2 ' \

cn = (f,¢n)
m Fourier Series:
f(X) ~ Ziil Cn¢n(X) Figure: Square wave Fourier Serlgs with
respect to the Legendre Polynomials.
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More Fourier Series

Legendre Square Wave Series

m Let {¢,} C L2 be
orthonormal. ‘ \
m Fourier Coefficient: ' ' !
Cn - <f7 ¢n> . \

m Fourier Series:
f(X) ~ Ziil Cn¢n(X) Figure: Square wave Fourier Serigs with
respect to the Legendre Polynomials.
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Bessel's Inequality

Theorem (Bessel's inequality)

Let {¢n} be orthonormal and f(x) ~ > 72, chpn(x) for some

fel? Then
o0
> el < |IFIP
n=1

m (i tn) = > 01 Cmdm

m (ty, tn) = Err'nzl dimdm

o F = ol = (112 = S0y leml? + 320,y o — il
B dp=cn = [|f =t = ||fI]> = 201 leml?
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Orthonormal Bases

Theorem

Let {¢n} be orthonormal and linear combinations of {¢,} be dense
in L2, Let f(x) ~ Yo%, cabn(x) for some f € L. Then,

. _ 2 _
Tim [[f — sa(F)]F =0,
where s,(f) denotes the nth partial sum of the Fourier series of f.

m ||f — h|| < § by completeness of L2

a [[h— sa()l| < llh— PI| < § by density of {6}
® [[sn(h) = sa(F)I| = lIsn(h = F)I| < |Ih = f]| < §
m ||f —s,(f)|| < € by triangle inequality
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Parseval’s ldentity

Theorem (Parseval’s identity)

Let {¢n} be orthonormal and linear combinations of {¢,} be dense
in L2. Let f(x) ~ Y% chopn(x). Then,

o

2 2

112 = 3" leal?.
n=1

m (|| = (sa(F), )| = [{f = sa(F), )] <|If = sa(F)]] - [IF]
m (sp(f), f) :anzﬂcm‘z
 limgoe 112 = 200 [emf? = 0

This is a generalized Pythagorean theorem!
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