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Abstract

How can a collection of simple objects, each following only local rules, produce highly orga-
nized global behavior? The Ising model gives one of the simplest mathematical answers to this
question. It begins with a graph, assigns a spin value to each vertex, and uses an energy function
to define a probability distribution on all possible configurations. Despite its simple definition,
the model displays order, disorder, correlation, phase transitions, and emergence. This paper
introduces the Ising model from a graph-theoretic and probabilistic point of view, emphasizing
why its behavior is surprising and why it remains important in mathematics, physics, and the
study of complex systems.

1 Introduction

1.1 The Problem of Collective Behaviour

How can a collection of simple objects, each following only local rules, produce highly organized
global behavior? This question appears in many different settings. A flock of birds can move as if
it were a single organism, even though each bird responds only to nearby birds. An ant colony can
build complicated structures, even though no individual ant understands the entire plan. Traffic
jams can appear suddenly from many drivers making small local decisions. Human opinions can
spread through social networks, even when each person is influenced only by friends, family, or
neighbors.

Magnetism is another example of this same mystery. A piece of iron can become magnetized, mean-
ing that many microscopic parts of the material point in a common direction. At high temperature,
however, this order can disappear. At first glance, this may seem surprising. Why should heating
a material destroy its large-scale organization? How can microscopic interactions between atoms
produce a visible macroscopic property such as magnetism?

These examples are all connected by the idea of emergence. Emergence occurs when a system has
global behavior that is not obvious from the behavior of a single part. No single bird contains the
entire flock pattern. No single ant contains the plan of the colony. No single atom contains the
magnetism of the whole material. Yet collective structure appears.

The Ising model provides one of the simplest mathematical frameworks through which this phe-
nomenon can be studied. It replaces a complicated physical material with a graph. Each vertex
of the graph carries a spin, and each spin interacts only with its neighbors. From these local
interactions, the model produces global order, randomness, and phase transitions [1, 2, 3].
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1.2 Aim of the Paper

The goal of this paper is to explain the Ising model as a mathematical model of emergence on
graphs. The central question is:

How can local interactions on a graph create global order?

To answer this question, we will introduce the graph-theoretic structure of the model, define its
energy function, use probability to describe typical configurations, and study quantities such as
magnetization and correlation. We will then explain why phase transitions are mathematically
significant and why dimension changes the behavior of the model.

One important feature of the Ising model is that its definition is short, but its consequences are
deep. It is simple enough for a student to understand, yet rich enough to remain an active topic in
modern mathematics and physics [2, 4, 5].

1.3 Roadmap

The paper is organized around one main narrative. Sections 2 and 3 explain where the model
came from and why graphs are the correct language for local interaction. Sections 4 through 7
introduce the mathematical machinery: energy, probability, the partition function, magnetization,
and correlation. Sections 8 through 10 explain the central phenomenon: phase transitions and
emergence. Section 11 works through a small example explicitly, because seeing the numbers in
a concrete case makes the abstract definitions much more meaningful. The final sections discuss
modern connections and return to the guiding question of the paper.

2 Historical Development

2.1 Before the Ising Model

Before the development of statistical mechanics, scientists knew that magnetic materials existed,
but they lacked a clear mathematical explanation for why magnetism occurred. Materials such as
iron could spontaneously become magnetized, while other materials could not. Even more puzzling
was the fact that a magnet could lose its magnetism when heated above a certain temperature.

This disappearance of magnetism seemed mysterious. The material was still made of the same
atoms, but its large-scale behavior had changed completely. Physicists needed a model that could
connect microscopic behavior with macroscopic observations. In other words, they needed mathe-
matics that could explain how the small-scale world produced the large-scale world.

2



2.2 Lenz’s Idea

Wilhelm Lenz proposed a simple but powerful idea: imagine the atoms in a material as tiny magnets.
Each tiny magnet can point in one of two directions, and neighboring tiny magnets prefer to align.
This is a remarkably simple idea. Instead of modeling every detail of an atom, Lenz reduced the
problem to binary choices and neighbor interactions.

The simplicity of the idea is exactly what makes it powerful. Once the physical problem is translated
into spins and interactions, it becomes a mathematical problem about configurations, energy, and
probability. The Ising model is the result of taking this idea seriously.

2.3 Ising’s Failure

Ernst Ising, a student of Lenz, studied the one-dimensional version of the model. In this case, spins
are arranged in a line, and each spin interacts with its nearest neighbors. Ising solved this model
and found that it does not have a phase transition at any positive temperature [1, 3].

This was disappointing. The whole purpose of the model was to explain magnetism and the sudden
loss of magnetism at a critical temperature. Since the one-dimensional model did not show this
behavior, Ising believed that the model might not be useful for explaining real magnetic materials.

History proved him wrong. What Ising had discovered was not that the model was useless, but
that dimension matters. The one-dimensional model is too simple to support the kind of long-
range order needed for a positive-temperature phase transition. This failure became one of the
most important lessons of the theory.

2.4 Onsager’s Triumph

For many years, the two-dimensional Ising model remained unsolved. Physicists suspected that it
behaved differently from the one-dimensional model, but an exact solution was extremely difficult.
Then, in 1944, Lars Onsager obtained an exact solution for the two-dimensional Ising model without
an external magnetic field [1, 2].

This was a significant result. Onsager showed that the two-dimensional model really does have
a phase transition. The same basic local rule that failed to produce a phase transition in one
dimension succeeded in two dimensions. This transformed the Ising model from a simple theoretical
curiosity into one of the central models of modern statistical physics [2, 5].

What makes Onsager’s solution especially striking is that exact solutions of interacting systems
are rare. Most models with many interacting parts are too complicated to solve exactly. The
two-dimensional Ising model is one of the few nontrivial examples where exact mathematics reveals
the existence of a critical temperature.
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3 Graphs and Configuration Space

3.1 Why Graphs Appear Everywhere

Graphs appear throughout mathematics because they describe relationships. In a social network,
vertices represent people and edges represent friendships or interactions. On the internet, vertices
can represent webpages or computers and edges represent links or connections. In biology, ver-
tices may represent proteins, genes, or cells, while edges represent interactions. In transportation
systems, vertices represent locations and edges represent roads or routes.

The Ising model transforms a physical problem into a graph-theoretic problem. This is an important
mathematical step. Instead of focusing on the detailed physical structure of a material, we focus on
which objects interact with which other objects. The geometry of interaction becomes the graph.

Figure 1: A one-dimensional chain. Each vertex interacts only with its nearest neighbors.

Figure 2: A two-dimensional square lattice. Extra paths through the graph make long-range order
more stable.

3.2 Vertices and Edges

Definition 3.1 (Interaction Graph). An interaction graph is a graph

G = (V,E),

where V is the set of vertices and E is the set of edges. In the Ising model, each vertex represents a
microscopic object, and each edge represents a direct interaction between two neighboring objects.

If two vertices are joined by an edge, then their spin values affect the energy of the system. If two
vertices are not joined by an edge, they do not directly interact. This is what makes the model
local.

3.3 Local Neighbourhoods

For a vertex v ∈ V , its local neighbourhood is the set of vertices connected to v by an edge. The
important point is that a spin does not directly see the entire graph. It only interacts with its
neighbours.
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One central lesson of the Ising model is that no individual spin has any knowledge of the global
state of the system. A spin does not know whether the whole graph is ordered or disordered. It
only responds to local interactions. Yet, from many such local interactions, global behavior can
emerge.

3.4 Configuration Space

Definition 3.2 (Spin Configuration). Let G = (V,E) be a graph. A spin configuration on G is a
function

σ : V → {−1,+1}.

The set of all spin configurations is called the configuration space and is denoted by

Ω = {−1,+1}V .

For a vertex v ∈ V , the value σv is called the spin at v.

Example 3.1 (Small Configuration Spaces). If there are three spins, then there are

23 = 8

possible configurations:

+ + +, ++−, +−+, −++, +−−, −+−, −−+, −−−.

If there are four spins, there are
24 = 16

configurations. If there are ten spins, there are

210 = 1024

configurations.

3.5 Exponential Growth of States

In general, if the graph has n vertices, then

|Ω| = 2n.

This exponential growth is one of the first mathematical difficulties in the Ising model. A system
with 100 vertices has

2100 ≈ 1.27× 1030

possible states. This number is far too large for direct inspection.

This is where probability becomes necessary. Instead of asking exactly which configuration occurs,
we ask which configurations are likely, which properties are typical, and what the average behavior
looks like.
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Proposition 3.1. If G = (V,E) is a graph with |V | = n, then the number of spin configurations is

|Ω| = 2n.

Proof. Each vertex may independently take one of two spin values:

+1 or − 1.

Thus, by the multiplication principle, the number of possible assignments is

2× 2× · · · × 2︸ ︷︷ ︸
n times

= 2n.

Therefore,
|Ω| = 2n.

4 Energy and the Hamiltonian

4.1 Energy as Preference

The word energy may sound physical, but mathematically it can be understood as a way of encoding
preference. A configuration with lower energy is more favored, while a configuration with higher
energy is less favored.

One useful analogy is a classroom. Suppose students prefer sitting near friends. An arrangement
where many friends sit next to each other is more comfortable, while an arrangement where every-
one is separated from their friends is less comfortable. The classroom has many possible seating
arrangements, but some are more natural than others. In the Ising model, the Hamiltonian plays
the role of assigning a score to each arrangement.

4.2 The Hamiltonian

Definition 4.1 (Hamiltonian). In the simplest case with no external magnetic field, the Hamilto-
nian of the Ising model is

H(σ) = −J
∑

(u,v)∈E

σuσv.

Here J is the interaction strength. When J > 0, neighboring spins prefer to align. This is called
the ferromagnetic Ising model.

The product σuσv tells us whether two neighboring spins agree or disagree:

σuσv =

{
+1, if σu = σv,

−1, if σu ̸= σv.

6



Therefore, when J > 0, aligned neighbors lower the energy, while misaligned neighbors raise the
energy.

+ + −J(+1)(+1) = −J

+ − −J(+1)(−1) = +J

Figure 3: For J > 0, an aligned edge lowers the energy, while a disagreeing edge raises it.

If an external magnetic field is included, the Hamiltonian becomes

H(σ) = −J
∑

(u,v)∈E

σuσv − h
∑
v∈V

σv,

where h measures the strength of the external field.

4.3 Ground States and Energy Landscapes

The lowest-energy configurations are called ground states. When J > 0 and there is no external
magnetic field, the two ground states are the all-positive and all-negative configurations:

σv = +1 for all v ∈ V,

or
σv = −1 for all v ∈ V.

These states are completely ordered.

It is helpful to imagine the Hamiltonian as an energy landscape. Each configuration is a point in
a huge space, and its height is its energy. Ground states are the lowest valleys. Local minima are
configurations that are lower than nearby configurations but not necessarily the lowest overall. The
system tends to prefer lower parts of this landscape, especially at low temperature.

5 Gibbs Measure and Probability

5.1 Why Randomness Is Needed

A large Ising system may have an enormous number of configurations. For 100 spins, there are 2100

possible states. It is impossible to track the exact configuration of such a system at every moment.
Statistical mechanics begins with this philosophical shift: instead of tracking everything exactly,
assign probabilities to possible states.

This is not giving up. It is a mathematical strategy. Probability allows us to study typical behavior,
averages, fluctuations, and limiting patterns. The Ising model is one of the clearest examples of
this strategy.
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5.2 The Gibbs Measure

Definition 5.1 (Gibbs Measure). At inverse temperature β, the probability of a configuration is

µβ(σ) =
e−βH(σ)

Z(β)
.

This probability distribution is called the Gibbs measure.

The expression e−βH(σ) is called the Boltzmann weight. It gives larger weight to lower-energy
configurations and smaller weight to higher-energy configurations. The exponential ensures that
probability decreases rapidly as energy increases, while always remaining positive. The central idea
is simple but important:

Energy determines probability.

5.3 Temperature

The parameter β is called inverse temperature. It is related to temperature by

β =
1

kBT
,

where T is temperature and kB is Boltzmann’s constant. In many mathematical treatments, con-
stants are chosen so that kB = 1, giving

β =
1

T
.

Thus, small β means high temperature, and large β means low temperature.

At high temperature, randomness dominates. Many configurations have comparable probability,
even if their energies are different. At low temperature, energy dominates. The system strongly
favors low-energy configurations. This tension between randomness and energy is one of the main
themes of the Ising model.

6 Partition Function

6.1 Normalization

Definition 6.1 (Partition Function). The normalization factor in the Gibbs measure is the parti-
tion function:

Z(β) =
∑
σ∈Ω

e−βH(σ).
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It ensures that all probabilities add up to 1:∑
σ∈Ω

µβ(σ) = 1.

Without the partition function, the Boltzmann weights would only give relative likelihoods, not
actual probabilities.

6.2 Why the Partition Function Is Central

Physicists often call the partition function the central object of statistical mechanics. This may seem
surprising at first, because Z(β) looks like a normalizing constant. But it contains an enormous
amount of information.

Many important quantities can be derived from the partition function. For example, average energy
can be expressed using derivatives of logZ(β). In thermodynamics, the free energy is related to
the partition function by

F = − 1

β
logZ(β).

Entropy, fluctuations, and response to external fields can also be studied through Z.

What makes this especially interesting is that Z(β) requires summing over every possible configu-
ration. Since the configuration space grows exponentially, computing the partition function exactly
is often extremely difficult. This difficulty is not a technical detail; it is one of the reasons the Ising
model is mathematically rich.

7 Magnetization and Correlation
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Figure 4: Two possible spin configurations. Magnetization turns the visual idea of order into a
number.

7.1 Measuring Order

Suppose we want to measure whether a configuration is ordered. Looking at every spin individually
is not enough; we need a quantity that summarizes the whole configuration. Magnetization provides
such a quantity.
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Definition 7.1 (Magnetization). The magnetization of a configuration is

M(σ) =
1

|V |
∑
v∈V

σv.

If M(σ) ≈ 1, most spins are positive. If M(σ) ≈ −1, most spins are negative. If M(σ) ≈ 0, the
system is mixed or disordered.

In statistical mechanics, quantities that distinguish between different phases are called order pa-
rameters. For the Ising model, magnetization is the primary order parameter.

7.2 Expected Magnetization

Rather than studying only one configuration, mathematicians often study the expected magneti-
zation with respect to the Gibbs measure. This describes the typical behavior of the system:

⟨M⟩ =
∑
σ∈Ω

M(σ)µβ(σ).

This average becomes especially important when studying large systems and phase transitions.

7.3 Correlation Functions

Magnetization measures global order, but correlations measure dependence. For vertices u, v ∈ V ,
a basic correlation quantity is

⟨σuσv⟩.
More explicitly,

⟨σuσv⟩ =
∑
σ∈Ω

σuσv µβ(σ).

This measures how strongly the spins at u and v influence each other.

This is where the model becomes mathematically richer. Two vertices may be far apart and not
directly connected by an edge, yet their spins can still be related through chains of interactions.
Correlation is the mathematical language for describing this kind of indirect influence.

7.4 Correlation Length

The correlation length measures the distance over which correlations remain significant. If the
correlation length is small, distant parts of the graph behave almost independently. If the correlation
length is large, distant regions can influence each other.

Near a critical point, the correlation length can become extremely large. This means that local
interactions can influence regions arbitrarily far away. The significance of this fact is that: near
criticality, a system can behave as though it has forgotten its microscopic scale.
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8 Phase Transitions and Critical Phenomena

8.1 Ordinary Phase Transitions

A phase transition occurs when a small change in a parameter causes a major change in macroscopic
behavior. Familiar examples include water freezing into ice or boiling into steam. The microscopic
molecules are still water molecules, but the large-scale behavior changes dramatically.

The Ising model gives a mathematical version of this phenomenon. Instead of liquid and gas, the
model has ordered and disordered phases. Instead of pressure and temperature alone, we study
parameters such as temperature, interaction strength, and external field.

8.2 Ordered and Disordered Phases

At high temperature, the system is disordered. Randomness dominates, and positive and negative
spins are mixed. In this regime, the magnetization is typically close to zero.

At low temperature, energy dominates. In the ferromagnetic Ising model, neighboring spins prefer
to align, so large regions of equal spins appear. The system becomes ordered, and magnetization
can be close to +1 or −1.

8.3 Critical Temperature

The key fact can be summarized as follows.

Theorem 8.1 (Phase Transition in the Two-Dimensional Ising Model). For the ferromagnetic
Ising model on the two-dimensional square lattice with no external field, there is a critical inverse
temperature βc separating disordered behavior from ordered behavior in the infinite-volume limit.

Informally,
β < βc =⇒ disordered phase,

while
β > βc =⇒ ordered phase.

Equivalently, there is a critical temperature Tc. Above Tc, the material is disordered; below Tc,
order can appear.

8.4 Spontaneous Symmetry Breaking

One of the most striking features of the Ising model is spontaneous symmetry breaking. When
there is no external field, the equations treat +1 and −1 symmetrically. The model has no built-in
preference for positive spins over negative spins.
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Below the critical temperature, however, the system may choose one of two ordered states: mostly
positive or mostly negative. The law is symmetric, but the observed state is not. This is significant
because the asymmetry is not inserted into the model; it emerges from the collective behavior of
the system.

8.5 Universality

Another important idea connected to phase transitions is universality. Near critical points, very
different physical systems can display similar mathematical behavior. The details of the microscopic
model may be different, but the large-scale critical behavior can be the same [2, 5]. For example,
fluids near their critical point and magnetic materials can exhibit the same critical exponents
despite having completely different microscopic structures.

This suggests that critical phenomena are governed by deep structural principles rather than by
every small detail of the system. For mathematicians, this is one reason phase transitions are so
compelling: they reveal patterns that survive across many different models.

8.6 Scale Invariance

Near the critical point, the system can exhibit scale invariance. This means that patterns may look
similar at different scales. Small clusters, medium clusters, and large clusters all become important.

Near the critical point, the system exhibits behavior that appears almost magical, with local inter-
actions influencing regions arbitrarily far away. The Ising model turns this magic into mathematics.

9 Dimension Changes Everything

9.1 One-Dimensional Ising Model

The one-dimensional Ising model is easier to analyze and does not have a phase transition at
positive temperature. Even though neighboring spins prefer to agree when J > 0, long-range order
is destroyed by thermal randomness.

A useful way to see this is through domain walls. A domain wall is a place where neighboring spins
disagree, such as

+ + ++ −−−− .

The edge between the last + spin and the first − spin is a disagreement. In one dimension, this
single disagreement separates two ordered regions.

For the ferromagnetic Hamiltonian, an agreeing edge contributes −J , while a disagreeing edge
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contributes +J . Thus replacing one agreeing edge by one disagreeing edge raises the energy by

(+J)− (−J) = 2J.

The key point is that this energy cost is finite. At any positive temperature, configurations with a
finite number of domain walls still receive positive probability. On a very long chain, these domain
walls appear often enough to break the system into many ordered blocks.

This gives the intuitive reason that the one-dimensional model has no positive-temperature phase
transition: local alignment is not enough to force stable global order. Thermal fluctuations create
domain walls, and domain walls destroy long-range magnetization.

9.2 Two-Dimensional Ising Model

The two-dimensional Ising model behaves differently. On a square lattice, each spin has more
neighboring structure around it, and the geometry allows order to be more stable. The model has
a genuine phase transition when the external field is zero [2, 3].

This difference shows that dimension is not a minor detail. It fundamentally changes the behavior
of the model.

9.3 Three Dimensions and Beyond

In three dimensions, the Ising model also has a phase transition, but it is much harder to solve
exactly. Unlike the two-dimensional case, there is no comparably simple exact solution. This shows
another important lesson: exact solutions are rare, and higher-dimensional systems can be much
more difficult [2, 3, 4].

9.4 Onsager’s Critical Value

Theorem 9.1 (Onsager’s Critical Value). For the two-dimensional square lattice Ising model with
no external field, Onsager’s solution gives the critical inverse temperature as follows [1, 2]:

βc =
1

2J
log(1 +

√
2).

Equivalently, when J = 1,

βc =
1

2
log(1 +

√
2).

This exact value is one of the famous formulas in statistical mechanics.
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9.5 Why Geometry Matters

Geometry matters because it controls how influence spreads. In one dimension, there is essentially
only one path forward and backward. In two dimensions, there are many more paths. In higher
dimensions, the number of possible routes for influence grows even more.

Thus, the same local interaction rule can produce different global behavior depending on the graph.
This is a central mathematical insight of the Ising model.

Remark 9.1. This is why the title of this paper emphasizes graphs. The Ising model is not only a
model of magnetism; it is a model of how graph structure shapes probability, order, and emergence.

10 Emergence on Graphs

10.1 Local Rules and Global Patterns

One central lesson of the Ising model is that no individual spin has any knowledge of the global
state of the system. Each spin only interacts with its neighbours. It does not know the total
magnetization, the correlation length, or whether the system is near criticality.

Yet global patterns appear. At low temperature, large-scale order can emerge. Near the critical
point, correlations can extend across huge distances. This is emergence in a precise mathematical
form.

10.2 Complexity from Simplicity

The Ising model uses only a few ingredients: a graph, spins, an energy function, and a probability
distribution. None of these ingredients is complicated by itself. But together, they produce a model
rich enough to describe phase transitions and critical phenomena.

This is one reason the model is so powerful as an expository example. It shows that complexity
does not always require complicated rules. Sometimes complexity comes from repeating simple
rules many times across a network.

10.3 The Philosophical Insight

The Ising model suggests a general lesson about mathematics and science: to understand a system,
it is not enough to understand its parts in isolation. One must also understand how the parts
interact.

This is why graphs are so natural. A graph does not merely list objects; it records relationships.
In the Ising model, those relationships determine energy, probability, correlation, and emergence.
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11 Worked Example: A Two-by-Two Lattice

11.1 The Setup

Consider the Ising model on a 2× 2 square lattice with periodic boundary conditions omitted, no
external field, and J > 0. There are four vertices and four edges, so

|V | = 4, |E| = 4.

The Hamiltonian is
H(σ) = −J

∑
(u,v)∈E

σuσv.

Since there are four spins, the configuration space has

|Ω| = 24 = 16

configurations.

11.2 Energies

The two fully aligned configurations are

+ + ++, −−−− .

Let us compute the energy of the configuration + + ++ explicitly. Along each of the four edges,
the product of neighboring spins is

(+1)(+1) = 1.

Therefore,
H(+ + ++) = −J(1 + 1 + 1 + 1) = −4J.

The same calculation applies to − − −−, since (−1)(−1) = 1. Thus there are two configurations
with energy −4J .

Configurations with three spins of one sign and one spin of the other sign have two agreeing edges
and two disagreeing edges. Their total energy is

H = 0.

There are eight such configurations. Configurations with two adjacent positive spins and two
adjacent negative spins also have energy 0, giving four more configurations.

Finally, the two checkerboard configurations have every edge disagreeing, so each edge contributes
+J to the energy. Therefore,

H = 4J.

There are two such configurations.

The energy classes can be summarized as follows:
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Type of configuration Number of configurations Energy

All spins aligned 2 −4J
Mixed but not checkerboard 12 0

Checkerboard 2 4J

11.3 The Partition Function

The partition function is
Z(β) = 2e4βJ + 12 + 2e−4βJ .

The probability of a configuration σ is

µβ(σ) =
e−βH(σ)

2e4βJ + 12 + 2e−4βJ
.

At low temperature, β is large, so the term e4βJ dominates. This means the two ordered configu-
rations are much more likely. At high temperature, β is small, so the probabilities become more
evenly spread across the sixteen configurations.

11.4 Magnetization

The magnetization of the fully positive configuration is

M(+ + ++) = 1,

and the magnetization of the fully negative configuration is

M(−−−−) = −1.

The checkerboard configurations have magnetization

M = 0.

This small example already shows the central pattern of the Ising model: low energy favors order,
while high temperature allows disorder.

12 Modern Applications

12.1 Machine Learning and Optimization

Models related to the Ising model appear in machine learning and optimization. Many problems
involve binary variables with local compatibility rules, and the goal is to find likely or low-energy
configurations. This makes Ising-like models useful far beyond magnetism [5].
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12.2 Biology and Networks

In biology, related models can describe interacting genes, proteins, or cells. The details differ from
magnetism, but the mathematical theme is similar: local interactions create collective behavior.

12.3 Social Networks and Complex Systems

The Ising model also gives a simplified way to think about opinion formation. Individuals in-
fluence their neighbors, and large-scale agreement or disagreement can emerge. Of course, real
social behavior is much more complicated than spins on a graph, but the model captures a basic
mathematical idea: local influence can create global patterns.

13 Conclusion

We began with a question: how can a collection of simple objects, each following only local rules,
produce highly organized global behavior? The Ising model answers this question through graph
theory, probability, and energy.

Each spin only interacts with its neighbours, but the whole system can become ordered, disordered,
or critical. Magnetization measures global order. Correlations measure dependence. The Gibbs
measure connects energy with probability. The partition function organizes the statistical infor-
mation of the system. Phase transitions show that small parameter changes can cause dramatic
global effects.

The central message is that complexity can emerge from simplicity. The Ising model demonstrates
how local interactions on a graph can create global order. Nearly a century after its introduction,
the Ising model continues to inspire research in probability, graph theory, statistical mechanics, and
machine learning, showing how simple mathematical rules can lead to remarkably rich behavior.
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