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Abstract

Abstract. Linear programming (LP) is the basis of optimization theory which has
revolutionized post modern decision making in a variety of different fields. The follow-
ing expository paper provides a rigorous explanation to three foundational pillars of
linear programming the Simplex Method, Interior Point Methods, and Duality. This
paper treats each topic through a unified five stage framework Intuit, Define, Mecha-
nize, Mathematical Proof, and Bound. Ensuring both that there is complete conceptual
clarity while simultaneously maintaining Mathematical rigor. The paper then provides
a synthesis showing that Duality is not merely a third topic but the theoretical struc-
ture underlying both algorithms, the Simplex Method which implicitly constructs a
dual solution at every iteration, while Interior Point which explicitly drive the primal-
dual gap to zero along the central path. A concluding section acknowledges limitations
and provides a directions for further study.
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1 Introduction

Linear Programming (LP) is one of the most easily applicable and foundational tool in
Optimization theory [6] . It has been able to bridge disciplines like mathematics, computer
science, operations research, and engineering. At the center of it LP is about the optimization
of a linear function like a profit or cost in accordance to a set of linear equality and inequality
constraints. Contrary to it on surface simplicity, LP models are have the ability to represent a
vast array of real-world decision-making problems, ranging from manufacturing schedules and
logistics networks to machine learning pipelines and resource allocation in cloud computing
environments.

Intuition

A practical scenario can serve as a perfect way to understand LP. Consider that a manufac-
turing plant produces two types of satellite components, component 1 (x;) and component
2 (x3), where each unit yields a profit of $40 and $30, respectively. Now The objective
emerges is the desire to maximize total profit, which is written as the objective function
2z = 40x1 4+ 30x2. However, production cannot scale infinitely due to logistical physical con-
straints. The plant is restricted by a maximum of 60 available hours of technician assembly
time and a strict material ceiling of 120 specialized units per week. If a single production
of component 1 requires 2 hours of assembly and 4 specialized units, while a production of
component 2 requires 3 hours of assembly and 2 specialized units, these resource boundaries
translate directly into a system of linear inequalities: 2z; + 3xo < 60 for labor capacity,
and 4x; + 2x9 < 120 for unit supply, finally a logical domain is in order for our variables.
Acknowledging that a factory cannot manufacture a negative quantity of hardware, which
yields the non-negativity constraints x1,zo > 0. Gathering these commands into a single,
structure reveals the reader’s first complete linear program:

Maximize 2z = 40z + 30>
subject to 2z + 3x9 < 60
4ZE1 + 21‘2 S 120

x1,22 >0

The nature of the feasible region ensures that if an optimal solution exists, it exist on a
point from the ploytope produced as a result of the constraints This insight is central to the
success of the simplex method and subsequent algorithmic innovations in LP. This example
exemplifies the fact that real-world scenarios of limitations, the fundamental definition of
a linear program becomes clear it is simply the language used to navigate choices under
limitations.

Historical Context

In 1939, Soviet Union Mathematician Leonid Kantorovich published Matematicheskie metody
organizatsi i planirovaniya proizvodstva (“Mathematical Methods for Organization and Plan-
ning of Production”). Which is accreditted as being the first study to identify the rigid math-
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ematical structures underlying broad classes of scheduling problems, but the more widely
acclaimed and uniform work on the subject being in US Air Force 1947 spearheaded by
George Dantzig, where they produced the Simplex Method to quickly solve formerly impos-
sible logistical and scheduling problems. Further more Dantzig later worked by John Von

Neumenn to develop on the study of Duality in Linear Programming with Primal Value and
Dual Value. [6]

Practical and Applied Perspective

Since its 20th century origin linear programming’s methodology has evolved from exterior
vertex tracking through Simplex method to advanced, interior-point polynomial-time algo-
rithms capable of traversing the interior of complex polytopes [5]. Today LP serves as a
foundational engine for decision-making and optimization across diverse disciplines. It sup-
ports logistics in operations research, produces market equilibrium models in economics,
algorithms in computer science and real-time automation in systems engineering. Linear
Programming in itself is very useful tool but it has set precedence for even more complex
optimization systems like integer programming, nonlinear programming, and Semi definite
programming. Now in the modern world which is data intensive and dependent on Artificial
intelligence, Linear Programming plays a vital role, like when problems appear where there
are hard set boundaries or there can be complexities. These can make it difficult to solve
directly, so linear programming can come in simplify into linear models to get highly accurate
approximations or even just establish a baseline for the best possible outcomes.

Scope of this Paper

The following paper aims to provide a rigorous explanation two methods that are essential in
order to best apply Linear Programming, simplex Method and interior point Methods. Then
also explain the theory of Duality and elaborate connection with the methods. It is not to
emphasize the mathematical principles underlying each approach but also the algorithmic
mechanics that make them practically useful. Finally the synthesis of these three pillars
showing that Duality is the theoretical structure underlying why both the Simplex Method
and Interior Point Methods converge to the same optimum.

2 The Simplex Method

2.1 Intuition

In order to intuit the simplex method we need to work around some of the basics of Linear
Programming, consider the feasible region resulting from a Linear Program as a many-faced
gemstone sitting in space a convex polytope. Which is bounded by flat faces, edges, and
corners. In the preliminaries it has been established that if an optimum exists it lives at
one of the corners of the said gemstone. This idea changes our mindset from continuously
searching the infinitely many points in the feasible region to searching over finitely many
corners.
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So the intuitive picture is simple, observe a corner of the the feasible region look along each
edge leading away from where you are. Now Some edges lead toward more ideal values, while
others lead away from them. Walk along the edge that improves the objective the most then
arrive at a new corner. Repeat the process because the gemstone has only can have finitely
many corners and because at each step you only move to a better one until eventually you
arrive somewhere with no improving edge left to walk along. So ultimately that corner is
the optimum value.

This is the entire idea of the Simplex Method. What makes it nontrivial is not the idea of
the method itself but making it precise, how do you represent a corner algebraically, how do
you compute which edges are ”"improving,” and how do you know when to stop. This is are
factors of the method that are complex for the user, hence this precision is the subject of
the next four stages.

2.2 Define

Definition 2.1 (Standard form). A linear program is in standard form if it is written as

minimize ¢’z

subject to Az =0b, x>0

where A € R™*" b e R™ ¢ € R" and n > m. We assume rank(A) = m, i.e., the rows of A
are linearly independent.

Definition 2.2 (Basis). A basis is a choice of m linearly independent columns of A, indexed by
aset B C{l,...,n} with |B| = m. The corresponding submatrix Ag € R™*™ is invertible.

Definition 2.3 (Basic solution). Given a basis B, the associated basic solution sets x; = 0 for
all i ¢ B (the nonbasic variables) and solves Agxp = b for the basic variables zp = A3'D.

Definition 2.4 (Basic feasible solution, BFS). A basic solution is a basic feasible solution if
it additionally satisfies xg > 0.

Proposition 2.1. Basic feasible solutions correspond exactly to vertices of the feasible poly-
tope {z : Az = b,z > 0}.

Proof sketch: A vertex is a feasible point on the created polytope, which cannot be written
as a strict convex combination of two other feasible points. It shows that a feasible point x
is a vertex only the condition that columns of A corresponding to the nonzero entries of x
are linearly independent, which is the condition defining a basic feasible solution (extended
to allow some basic variables to be zero, the degenerate case). Hence this proposition acts as
the bridge between the geometric intuition of 2.1 and the algebra followed by it confirming
that ”walking corner to corner” and "moving from one basic feasible solution to another”
are the same operation viewed two ways.
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Definition 2.5 (Reduced cost). For a nonbasic variable x;, j ¢ B, define the reduced cost
Ej =Cj — CgAglAj

where A; is the j-th column of A and cp is the cost vector restricted to the basic indices.
The reduced cost measures the rate of change of the objective if z; is increased from zero
while maintaining Az = b.

2.3 Mechanize

Suppose at the current BF'S some reduced cost ¢; < 0 for a nonbasic j, this means increasing
x; from zero would decrease the objective (we are minimizing). So the current solution is
not optimal and we should bring x; into the basis. As z; increases from 0 the basic variables
must adjust to maintain Ax = b. Write xp(t) = Az'b —t- Az'A; as x; = t increases. Each
basic variable changes linearly in ¢. Feasibility (x5 > 0) requires ¢ to stay below a threshold
for every basic variable whose coefficient in this expression is positive — this is the minimum

ratio test:
(A5'D);

The index 7 achieving this minimum identifies the basic variable that hits zero first and must
leave the basis. This variable is called the leaving variable; x; is the entering variable. The
new basis B’ = B\ {i} U {j} defines the next BFS — geometrically, the next vertex along
the edge we have just traversed.

The full algorithm:

1. Start with an initial BFS (basis By). Obtaining one may itself require a preliminary
"Phase I” simplex run if no obvious starting basis is feasible — we note this without
full elaboration, as it is a standard auxiliary procedure [g].

2. Compute reduced costs ¢; for all nonbasic j.
3. If ¢; > 0 for all j, stop — the current BFS is optimal.

4. Otherwise, select an entering variable j with ¢; < 0 (commonly the most negative,
Dantzig’s rule).

5. Perform the minimum ratio test to find the leaving variable.

6. Update the basis, recompute A5 (in practice via efficient updates, not full re-inversion),
and return to step

Tie-breaking and degeneracy. If for instance the minimum ratio test results in a tie, the
resulting BFS is degenerate (some basic variable equals zero) and naive pivoting can cycle
indefinitely without making progress. Bland’s rule (always choose the lowest-indexed eligible
entering and leaving variable) provably prevents cycling at some cost to practical speed. We
state this without proof the proof is a finite, somewhat tedious case analysis available in
standard references [7, §].
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2.4 Mathematical Proofs

Theorem 2.1 (Simplex Optimality Criterion). A basic feasible solution with basis B is
optimal if and only if ¢; > 0 for all nonbasic j.

Proof. (<) Suppose ¢; > 0 for all nonbasic j. Let x be the current BFS and y any other
feasible solution. Write y = x + d where Ad = 0 and z; + d; > 0 for all <. Express

dp = —A]_glANdN where N denotes nonbasic indices. Then:
c'y—c'x=c'd= Zéj d;.
j¢B

Since z; = 0 for nonbasic j and feasibility forces d; > 0, and since ¢; > 0 by hypothesis,
every term is non-negative. Hence ¢’y > c'x for every feasible y, so x is optimal.

(=) If some ¢; < 0, then increasing z; along the pivot direction strictly decreases the
objective while maintaining feasibility (for sufficiently small ¢ > 0), contradicting optimality.
O

Corollary 2.2. If ¢; > 0 strictly for all nonbasic j, the optimal solution is unique.
Corollary 2.3 (Finite termination, nondegenerate case). If every BFS is nondegenerate,
the objective strictly decreases at every pivot. Since there are at most (::L) bases (a finite
number) and no BFS is revisited, the algorithm terminates in finitely many steps.

2.5 Complexity Bound

The Klee-Minty Result [1]

Klee and Minty (1972) [1] in 1972 showed that the Simplex Method under Dantzig’s pivot
rule, can require an exponential number of iterations in its worst case. They constructed
for each dimension d > 2 a linear program whose feasible region is a combinatorially
equivalent deformation of the d-dimensional unit cube [0, 1]%, on which the simplex path
visits all 2¢ — 1 vertices before terminating. Specifically, they show:

H(d,2d) > 2¢—1,

where H(d,n) denotes the maximum number of simplex pivots required over all nonde-
generate LPs of class (d,n). This shed light on the fact that no polynomial bound exists
for the worst-case iteration count of the Simplex Method under standard pivot rules.
In practice, however, simplex runs in far fewer steps on real and randomly generated
instances, typically growing linearly or low-polynomially in m and n. A phenomenon
explained by smoothed complexity analysis (Spielman and Teng, 2004). The Klee—
Minty pathological family is what motivated the development of provably polynomial
alternatives (interior point methods).
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2.6 Worked Examples

Example 3.1 — Manufacturing Allocation (2 variables)

Problem. The factory from Section 1:
max 6z1 + 14z st g1 + 229 < 24, 3y + 225 < 60, z1, 29 > 0.
Converting to standard form with slacks x3, x4 > 0:
ST+ 209 + 33 =24, 1 + 225 + 24 = 60.

Iteration 0. Initial BFS: B = {3,4}, z3 = 24, x4 = 60, z = 0. Reduced costs: ¢ = —6,
Cy = —14.

Iteration 1. Enter xy (most negative). Ratio test: 24/2 = 12 (row 1), 60/2 = 30
(row 2). Minimum is 12, so z3 leaves. Pivot: new BFS xy = 12, 24 = 36, z = 168.
Iteration 2. Updated reduced costs: ¢; = —2. Enter x;. Ratio test gives x, leaves.
New BFS: z; = 36, 5 = 6, z = 294.

Iteration 3. All reduced costs > 0. Optimal: z; = 36, 7o = 6, z = 294.

Example 3.2 — Diet Problem (3 variables)

Problem. Minimise cost subject to nutritional lower bounds:
min 2z; +3z9 +x3 st. x14+ 39 >4, T +x3> 3, 1,29, 23 > 0.

Introduce surplus variables sy, so > 0 and artificial variables a;,as > 0 (Phase I). After
Phase I establishes feasibility, Phase II runs the simplex method on the original cost
function.

Phase II result (details omitted for brevity): z; =0, 5 = 4, x3 = 3, z = 15.
Reduced costs at termination: ¢; =2 —(1-y; +1-y2) = 2 —2 = 0 confirming optimality
via Theorem . Shadow prices y; = 3, y» = 1 satisfy dual feasibility (see Section 5).

2.7 Real-World Scenarios

Scenario 3.1 — Airline Crew Scheduling

Airlines management are supposed to assign crews members to flights subject to FAA
rest requirements, aircraft type ratings, base constraints and union rules (constraints).
A major carrier then constructs this as an LP with hundreds of thousands of variables
(one per possible crew pairing) and tens of thousands of constraints (one per flight leg),
here arrives the use of the Simplex Method. Exploiting the extremely sparse structure
of the constraint matrix (each pairing covers only a few legs), solves these problems in
minutes in operational use. The warm-start property of simplex is critical here and in the
scenario when a flight is delayed and the problem is re-solved with a slightly perturbed
right-hand side, the previous optimal basis provides a starting point that converges in
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very few additional pivots.

Scenario 3.2 — Portfolio Optimisation (Mean—Variance)

A fund manager selects weights x; > 0 for n assets to maximize expected return ¢'x

subject to a budget constraint > ;2 = 1 and upper bounds on individual positions.
When the covariance matrix is replaced by a linear approximation (for example a fac-
tor model fixing variance) the problem transforms into a LP, solvable by the Simplex
Method. The simplex tableau’s reduced costs directly read out as each asset’s marginal
contribution to the objective. Providing the portfolio manager with immediate economic
interpret-ability.

3 Interior Point Methods

3.1 Intuit

In contrast to the Simplex Method, which moves along a vertexes and edges, the interior
point methods abandon the boundary altogether. Now visualize a scenario starting at a point
deep inside the gemstone, nowhere near any surface and then moving smoothly through its
interior, Carefully tracing a curved path that bends ever closer to the optimal vertex with-
out ever touching the boundary until the very end, but the question arise why do this? it
is simply because the boundary is where the combinatorial difficulty lives. The Klee-Minty
construction is pathological precisely because it forces the boundary-walker to visit expo-
nentially many corners. The interior of the polytope is smooth, no corners and no edges.
Just an open convex set. Calculus, gradients, Newton’s method, smooth optimization is far
better suited to a smooth interior than to a faceted boundary. Interior point methods exploit
this by converting the combinatorial problem of which vertex into the analytic problem of
follow this curve.

3.2 Define

Definition 3.1 (Logarithmic barrier function). For the standard-form LP’s nonnegativity
constraints, define the barrier function

Bla) = =Y log(x;)

defined on the strict interior of the feasible region (x; > 0 for all j). Note B(z) — +o00 as

any x; — 0%, so B penalizes proximity to the boundary increasingly severely.

Definition 3.2 (Barrier problem). For a parameter x> 0, define the barrier-modified problem
minimize ¢’z + pB(z)

subject to Ax =05
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This is now a smooth, equality-constrained problem — the inequality constraints z > 0
have been absorbed into the objective via the barrier term, leaving only the linear equality
constraint, which can be handled by standard Lagrangian methods.

Definition 3.3 (Central path). Let 2*(u) denote the unique minimizer of the barrier problem
for a given p > 0 (existence and uniqueness follow from strict convexity of B on the interior
— a fact we state without full proof, though it follows from B’s Hessian being positive
definite). The set {x*(u) : > 0} is called the central path [9].

3.3 Mechanize

Deriving the optimality conditions. Introduce a Lagrange multiplier y € R™ for the equality
constraint Ax = b. The Lagrangian is

L(z,y) =c'z+ uB(z) —y" (Ax —b)

Setting OL/0x; = 0 for each j gives

1 . 1
=~ (ATy); =0, ie, c¢;—(ATy); = -
j j

Define s = ¢ — ATy (this will turn out to be exactly the dual slack vector, anticipating
Section 4). The condition becomes s;z; = p for every j — written compactly as

X Se = pe

where X = diag(zy,...,x,), S = diag(s1,...,S,), and e is the all-ones vector. Together
with the original equality constraint Az = b and the dual feasibility condition ATy + s = ¢,
this gives the full system of central path equations:

Az =b, ATy+s=c, XSe=pe, x,5>0

Newton’s method on the central path. Given a current iterate (x,y,s) and a target u, we
solve this nonlinear system approximately by linearizing. Newton’s method replaces the
nonlinear equation X Se = pe with its first-order (linear) approximation around the current
point, producing a linear system in the search directions (Az, Ay, As):

AAx =b— Ax
ATAy+As=c— ATy —s
SAz + XAs = pe — X Se

This is a linear system solvable by standard linear algebra (typically reduced to a smaller
"normal equations” system in Ay for computational efficiency, which we mention without
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full derivation [9]). A step length « € (0, 1] is chosen to ensure (z + @Az, s + a/As) remains
strictly positive, and p is decreased geometrically (e.g., multiplied by some o € (0,1)) at
each outer iteration.

The full algorithm:

1. Initialize an interior point (2% 3°, s°) with 2% s° > 0 (obtaining one is a nontrivial
auxiliary step, analogous to Phase I in simplex).

Choose initial p (often related to (2°)7s%/n) and a reduction factor o.
Solve the Newton system above for the search direction.

Choose a step length preserving strict positivity; update (z, vy, s).
Reduce p < op.

S A T

If the duality gap x7s is below a tolerance ¢, stop. Otherwise return to step

3.4 Mathematical Proof

Proposition 3.1 (Existence and Uniqueness on Central Path). For each > 0, the barrier
problem has a unique minimiser X*(u) in the strict interior of P, provided P has nonempty
interior and is bounded.

Proof. The Hessian of B(x) is diag(z;?,...,x;?), which is positive definite for all x > 0.
Hence ¢ x + puB(x) is strictly convex on the interior. A strictly convex function on a convex
domain has at most one minimiser. Boundedness of P and the fact that B(x) — 400 as any
component approaches zero guarantee the minimiser exists and lies in the strict interior. [J

Theorem 3.2 (Polynomial-Time Convergence). Under a short-step or predictor-corrector
strategy for u, the interior point method (Algorithm ?7?) produces an iterate with duality gap
below € in

O(ﬁ-lné)

iterations, each requiring O(n3) arithmetic operations. This gives an overall polynomial-time
algorithm in the problem dimension.

Proof sketch. The key insight, due to Karmarkar [2], is that the potential function
c'x
S N Y i
109=3 o(5)

decreases by a constant § > 0 at every step of the algorithm. Since f starts at O(nInn) and
the algorithm terminates when f < —O(q) (corresponding to duality gap < 277), the number
of steps is O(nln(1/e)). Karmarkar’s projective transformation shows this decrease can
always be achieved, giving the y/n factor in the iteration bound for short-step methods. [J

10
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Interior Point vs. Simplex: Complexity Comparison

Property Simplex Interior Point

Worst-case iterations Exponential [1] O(y/nlog(1/e))

Typical iterations (practice) O(m) to O(3m) 0(30)-0O(100)

Iteration cost O(m?n) (sparse) O(n?) (dense)

Warm starting Natural Difficult

Large-scale sparse Excellent Moderate

Large-scale dense Moderate Excellent

Trajectory Boundary (vertices) Interior
The polynomial guarantee of interior point methods resolved the theoretical gap exposed
by Klee and Minty, but neither method dominates the other in practice. Their strengths
are complementary.

3.5 Worked Examples

Example 4.1 — Central Path Tracking (2 variables)

Problem.
min —x; — s st. x1+a <1, 21,29 > 0.

Standard form: z; +xy +s =1, x = (21, 29,5)" > 0.
Central path. Setting s;z; = p for each variable and solving with the equality con-
straint:

i (1) = w3(p) = % —p+0W?), s (p) =2u+0(") (as p— 0).
As p — 0, the path converges to (1/2,1/2,0), the optimal vertex. The interior point
algorithm traces this smooth curve from the initial interior point to the optimum, never
touching the boundary.
Newton step from (0.4,0.4,0.2). Here p = 0.4 x 0.4+ 0.4 x 0.4+ 0.2 x 0.2 = 0.36
(unnormalised). After one Newton iteration toward o, the iterate moves interior-wise
toward (0.5,0.5,0), demonstrating the algorithm’s interior trajectory.

Example 4.2 — Minimum Cost Flow

Consider a transportation problem: supply nodes Si,Ss, demand nodes Dy, Dy, and
unit shipping costs. The LP has 4 variables (flows on each arc) and 4 constraints (sup-
ply/demand balance). The barrier problem at p = 0.1 yields central path conditions:

xij

)

supply demand __ 1%
Cij — Y; +y; —
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which can be interpreted as: at the central path, the reduced cost of each arc equals
p/x;; (positive and decreasing to zero as p — 0). Interior point methods are particu-
larly effective for large transportation problems where the network structure makes the
Newton system highly structured and efficiently solvable.

3.6 Real-World Scenarios

Scenario 4.1 — Power Grid Optimal Dispatch

Independent System Operators are solving Security-Constrained Economic Dispatch lin-
ear programs every five minutes to minimize generation cost across thousands of genera-
tors. Subject to transmission limits, ramp constraints and security contingency require-
ments. These linear programs often have millions of variables and hundreds of thou-
sands of constraints. Interior point methods are preferred here because their polynomial
worst-case guarantee provides predictable computation times under tight real-time dead-
line and unlike simplex they do not degrade on dense constraint matrices arising from
contingency analysis, also the central path provides a smooth sequence of solutions that
can be leveraged for sensitivity analysis and pricing of transmission congestion.

Scenario 4.2 — Machine Learning: Support Vector Machines

Training a Support Vector Machine with a linear kernel requires solving a quadratic
program. When the kernel is linearized or the problem is cast in its dual form it reduces
to an LP. Interior point methods become the standard approach to it because the SVM
dual LP is dense, where interior point’s O(n3) per-iteration cost is competitive with
simplex’s much-higher effective cost on dense problems. Interior point naturally produces
soft-margin classifiers by keeping all slack variables strictly positive and the duality gap
provides a natural stopping criterion aligned with the statistical generalization guarantee
of the classifier.

4 Duality

4.1 Motivation: Bounding from Below

Every primal feasible point gives an upper bound on the minimum objective. Is there a way
to construct lower bounds without solving the problem? Duality answers this question [4].
We seek a vector y € R™ such that y'b is a guaranteed lower bound on c¢'x for every
primal-feasible x.

4.2 Deriving the Dual

Since Ax = b for any feasible x, we have y'b = y"Ax = (A"y) x. For this to be a lower
bound on ¢'x for all x > 0, we need (c — ATy) x > 0 for all x > 0, which holds if and
only if ATy < c. Among all such y, we want the tightest (largest) lower bound. This gives



Linear Programming: Simplex, Interior Point, and Duality

the dual problem:

max y'b subject to A'y <c.
yeR™

The original problem is the primal; this is the dual. Note that the dual of the dual is the
primal—a fundamental symmetry [7, [§].

4.3 Shadow Prices and Economic Interpretation

The dual variables y have a concrete economic meaning as shadow prices or marginal val-

ues of the resources b [3]. In the factory example, y; = 11 and y = %: one additional

metalworking-day is worth $1,100, one additional woodworking-day is worth $50. These
are the breakeven rents at which the factory would exactly profit from leasing additional
capacity. The dual problem asks: what are the lowest resource prices that rationalise all
production decisions? This is precisely the linear program

mir>10 24y +60ys  s.t. sy +y2 > 6, 21 + 2ys > 14, yy + 4y > 13,
Y1,Yy2=2

whose solution y; = 11, yo = %, v = 294 coincides exactly with the primal optimum.

4.4 The Three Duality Theorems
Theorem 4.1 (Weak Duality). For any primal-feasible x and dual-feasible y:
y'b < ¢'x.

Proof. Since Ax=b, x>0, and ATy <c:

y b=y Ax=(ATy)'x<c'x,
where the last inequality holds because x > 0 and (¢ — ATy) > 0 (dual feasibility), so each
term (¢; — (ATy);)x; > 0. O
Theorem 4.2 (Strong Duality). If the primal has an optimal solution x*, then the dual has
an optimal solution y* and c'x* = (y*)b.
Proof. At the optimal simplex basis B (from Theorem [2.1), define y* = (c;Az")". We
verify:

(i) Dual feasibility: For each j, the j-th dual constraint is (ATy*); < ¢;, ie., ¢; —
c]_EAglAj > 0, which is exactly ¢; > 0. This holds by Theorem .

(ii) Equality of objectives: (y*)"b = cfAz'b = cLx} = ¢ x*, since nonbasic components
of x* are zero.

By Theorem [4.1], y* is dual-optimal. O

Theorem 4.3 (Complementary Slackness). x* and y* are simultaneously optimal for the
primal and dual if and only if for every j =1,...,n:

;- (¢; — (ATy");) =0.

13
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Equivalently: for each j, either x} = 0 (variable is zero) or ¢; = (ATy*); (dual constraint is
tight).

Proof. From the proof of Theorem the duality gap is:
c'x—y'b= Z(cj — (ATy);) z;.
j=1

Each term (¢; — (ATy);)z; > 0 by feasibility. The gap is zero (i.e., strong duality holds)
if and only if every term is zero, which gives the complementary slackness condition. The
converse (CS conditions imply optimality) follows because CS implies zero duality gap, which
by Theorem implies simultaneous optimality. O]

4.5 Duality and the Simplex Method

The dual variables y* = cLAL" are generated for free from the optimal simplex basis. In
the factory example, the shadow prices y; = 11 and y, = % emerge directly from the final
simplex tableau as the negatives of the reduced costs of the slack variables. The simplex
stopping condition (all reduced costs > 0) is dual feasibility. Thus simplex simultaneously

solves both the primal and dual problem, producing a complementary pair at termination.

4.6 Duality and the Interior Point Method

The central path equations include ATy + s = ¢, which is precisely dual feasibility. The
duality gap at any interior point iterate is:

c'x—y'b=x"s=nu

As p — 0, the duality gap — 0: the algorithm explicitly drives the gap to zero along
the central path. Interior point methods are therefore primal-dual in that they maintain
feasibility for both the primal and dual simultaneously and measure progress via the duality

gap [2].

5 Synthesis

Now we can provide the paper’s central claim precisely having provided all the aforemen-
tioned information in definitions, proofs, and algorithms.

Central Claim

The Simplex Method and Interior Point Methods are not independent algorithms that
happen to solve the same problem but they are two different routes to the same desti-
nation. Which is th exact satisfaction of the complementary slackness conditions and
Duality is the map that shows why that destination is unique and how each route finds
it.

\. J
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5.1 Connection 1: Simplex Constructs a Dual Certificate Implicitly

The Simplex Method never explicitly solves the dual LP. Yet at termination it produces a
dual-optimal solution as a byproduct of solving the primal. At the optimal basis B, the
vector

v = (chAz)’
is computed using quantities already available from the final tableau. Theorem shows
this y* is dual feasible and achieves (y*)"b = ¢'x".

More strikingly: the simplex stopping condition is not an arbitrary halting rule. By Defini-
tion 77:

¢j=c;— (Aly");.
The condition ¢; > 0 for all nonbasic j is precisely the dual feasibility condition ATy* < ¢
(the constraint is satisfied for all j, including the basic ones where ¢; = 0 by construction).
The Simplex Method terminates when it has found a dual certificate—it just reads it off the
tableau without the user needing to know the dual problem exists.

5.2 Connection 2: Interior Point Makes the Primal-Dual Relationship Explicit

Interior point methods make what simplex does implicitly into the explicit architecture of
the algorithm. At every iterate, the method maintains:

e A primal-feasible x > 0 (satisfying Ax = b, x > 0).
e A dual-feasible (y,s) (satisfying ATy +s=rc, s > 0).
e A duality gap x's = np > 0 that decreases at every step.

The algorithm terminates not because some combinatorial condition on a basis is met, but
because the duality gap falls below a threshold. The central path is parameterised by u =
x's/n—a direct measure of the duality gap. Following the central path to u = 0 is, in
geometric terms, following the duality gap to zero.

5.3 Connection 3: Both Algorithms Are Correct for the Same Reason

Both algorithms are guaranteed to find the global optimum, and neither success is a numerical
accident. They terminate at points satisfying complementary slackness (Theorem , and
the proof of strong duality (Theorem |4.2)) guarantees that any such primal-dual pair is
simultaneously optimal for both problems.

The two algorithms differ entirely in how they search:
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Simplex Interior Point

Boundary: vertex to vertex Interior: smooth curve
Combinatorial pivots Continuous Newton steps

Dual solution appears only Dual solution maintained at

at termination every iterate

Stopping: all ¢; > 0 Stopping;: duality gap
x's<e

Exponential worst case Polynomial worst case

Both are searching for the unique certificate of optimality whose existence Theorem
guarantees in the abstract.

6 Conclusion

This paper has developed linear programming from a concrete factory problem through three
interconnected pillars.

The Simplex Method transforms optimisation over an infinite feasible region into a fi-
nite search over vertices, justified by the Fundamental Theorem of LP. Its pivot operations
walk the boundary of the feasible polytope, guided by reduced costs, terminating when the
optimality criterion (Theorem [2.1]) is met. Despite exponential worst-case behaviour [I], it
remains dominant in practice for sparse structured problems.

Interior Point Methods overcome the theoretical deficiency by moving through the interior
of the feasible region along the central path, a smooth trajectory parameterised by the duality
gap. Karmarkar’s projective transformation [2] guarantees a constant reduction in potential
at every step, yielding the first polynomial-time algorithm with practical computational
performance.

Duality is the theoretical structure that explains both. Weak duality provides a bound;
strong duality proves it is tight; and complementary slackness characterises optimality as
the mutual satisfaction of conditions derivable from either the primal or the dual. The
simplex method satisfies these conditions combinatorially at the final vertex; interior point
methods satisfy them analytically as u — 0.

Limitations. This paper assumed primal feasibility and boundedness throughout. Degen-
erate cases (multiple optima, cycling in simplex, zero duality gap with no optimal solution)
require additional theory. The barrier method as presented assumes a feasible interior start-
ing point, which itself requires an auxiliary Phase I procedure. Nonlinear objectives break
the linearity on which all three pillars rest.

Future directions. The natural next step is Lyapunov stability theory for nonlinear sys-
tems, where eigenvalue analysis generalises to energy-like functions that certify convergence
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without solving differential equations directly. In LP, the analogous extension is semidefinite
programming (SDP), where the matrix variable replaces the vector x and duality theory ex-
tends with equal elegance. Integer programming, where variables are constrained to integers,
breaks the clean LP duality theory and requires fundamentally new tools (branch-and-bound,
cutting planes, Gomory cuts)—a natural and challenging next chapter.
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