APPROXIMATING CONTINUOUS FUNCTIONS

SIDDHAARTH KOTHAPALLI

ABSTRACT. Foundational approximation theorems such as the Weierstrass approximation
theorem, the generalization of the Weierstrass approximation theorem to any finite number
of dimensions, and the Trigonometric approximation theorem have applications ranging
from theoretical physics to computer science. Moreover, all of these theorems are special
cases of the Stone-Weierstrass theorem. In this paper, we shall explore the developments
in mathematical analysis leading up to this theorem, provide a proof of the theorem, and
examine a few consequences of it. We shall also see how this theorem generalizes to complex-
valued functions.

1. INTRODUCTION

When we ask a computer to evaluate a complicated function at a given value of x, the
computer usually provides us with a decimal approximation of the exact value almost instan-
taneously. Have you ever wondered how this decimal value is determined so quickly? Part of
the reason is the immense computational power of the computer. However, the underlying
mathematical methods of polynomial approximation play a bigger role. When the computer
is asked to evaluate a complicated function at a given value, what it actually does is locally
approximate that function with a polynomial, maintaining all but a minimal loss of accuracy.
Furthermore, we can ask the computer to calculate the output values of a function over an
entire interval. In this case, the computer resorts to global approximation methods, which
differ quite a bit from local approximation methods. In most global polynomial approxima-
tion methods, the function being approximated is required to be continuous over the entire
interval on which it is approximated.

Now, let us take a step back and ask the general question. How do we know that this is
always possible? That is, for an arbitrary continuous function, how do we know that we can
always find a polynomaial that is arbitrarily close to our function over an entire designated
interval? The answer to this question lies in the Weierstrass approximation theorem. The
Weierstrass approximation theorem states that for any continuous function f and any closed
and bounded interval in the domain of f, we can always find a polynomial p that approxi-
mates f over the entire interval at once, which means that the error differences introduced
by this approximation across various values of x are all bounded by a single positive number.
The lower this bound, the higher the accuracy of the approximation of f. Since every finite
open interval (a,b) is contained in the finite closed interval [a,b], this theorem effectively
guaranties that even the most complicated continuous functions can be approximated with
polynomials as closely as desired over any finite interval in the function’s domain. This
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makes the Weierstrass approximation theorem a very powerful result in mathematical anal-
ysis. The fact that the function f need not necessarily be differentiable but only continuous
makes it a much more general result than other polynomial approximation theorems.

The Weierstrass approximation theorem was first formulated by Karl Weierstrass in 1885,
and subsequently generalized by Marshall H. Stone in 1937 to the Stone-Weierstrass theorem.
The originality of Stone’s generalization comes from the fact that rather than trying to
expand the Weierstrass approximation theorem analytically like other mathematicians, he
attempted to expand it topologically. Stone’s generalization states that if X is a compact
Hausdorff space, and if A is a subset of the set of all continuous functions defined on X with
the following properties:

(1) Ais closed under addition, multiplication, and scalar multiplication
(2) For every x,y € X, there exists a function f € A such that f(z) # f(y)
(3) A contains a nonzero constant function

then, A is dense in the set of all continuous functions defined on X with respect to the
supremum norm. Our intention in stating this theorem here is to give the reader an idea
about the main result of this paper. We defer the details of this statement, including the
necessary definitions, to later sections.

The remainder of this paper is structured as follows. Section [2| covers basic topology, in-
cluding definitions, commonly known properties, some set theory, and a few standard results
in point-set topology. Section [3|elaborates on functions defined on Euclidean spaces and func-
tions defined on more generic spaces. It also establishes several fundamental relationships
between the concepts introduced in section [2] Section [] provides two contrasting proofs of
the Weierstrass approximation theorem. Section [5|introduces and gives a proof of the Stone-
Weierstrass theorem. Section [6] examines the applications of the Stone-Weierstrass theorem
and concludes by introducing and proving the complex version of the Stone-Weierstrass
theorem.

2. TOPOLOGICAL BACKGROUND

We really ought to begin by defining the most general class of topological spaces with which
we will be working, namely Hausdorff spaces; but instead, we begin by covering elementary
concepts related to metric spaces because the ideas used in the proof of the Stone-Weierstrass
theorem for Hausdorff spaces are nearly identical to those used in the proof of the Stone-
Weierstrass theorem for metric spaces. Accordingly, we postpone our discussion of Hausdorff
spaces until right before we commence the proof of the Stone-Weierstrass theorem. The
reader may notice that not all the results proven in this section are restricted to metric
spaces. This is intentional, and its purpose will become clear in section [6, We start with
definitions.

Definition 2.1. A metric space X is a set with a function d known as the metric satisfying
the following metric axioms

(1) d(z,y) > 0and d(z,y) =0 <= z =1y

(2) d(z,y) = d(y, =)



(3) d(z,y) < d(x,z)+d(z,y) for z,y,z € X.

Definition 2.2. Let a € X. An open ball of a in metric space X is the set of all points b
such that d(a,b) < r where r > 0 is the radius of the open ball.

Definition 2.3. A set A in metric space X is open if for any x € A, there exists a open ball
N of z such that N C A.

Definition 2.4. A set A in metric space X is closed if its complement in X is open.

Note that the intersection of any finite collection of open sets is open, and the union of a
finite or infinite collection of open sets is open. Similarly, for closed sets, the union of any
finite collection of closed sets is closed, and the intersection of any finite or infinite collection
of closed sets is closed. The latter statement about closed sets is implied by the former
statement about open sets.

We write A€ for the complement of a set A in a metric space X, and whenever we refer to
the function d, we mean the distance function of the metric space in which we operate.

Definition 2.5. A limit point a of set A in metric space X is a point such that every open
set containing a also contains a b # a with b € A.

Definition 2.6. « is a limit point of set A in topological space X if every open set containing
a also contains b # a with b € A.
The following proposition gives a new definition for a closed set.

Proposition 2.7. Every limit point of a closed set A lies inside the set A.

Proof. Let X be a topological space, and let A be a closed subset of X. Suppose that there
exists a limit point x € X of A C X outside of A. Then, z € X\ A = A’ where A’ is an open
set by definition. By the definition of an open set, there exists an open ball N of z such that
N C A'. Hence, N ¢ A. This violates the definition of a limit point, as every open ball is
an open set. [ |

Next, we look at special classes of metric spaces, namely compact spaces and bounded
spaces. A cornerstone result in point-set topology, known as the Heine-Borel theorem, es-
tablishes a relationship between boundedness, closedness, and compactness of a Euclidean
space.

Definition 2.8. A subset A of metric space X is bounded if there exists a M such that for
any x,y € A, d(x,y) < M.

Boundedness essentially guaranties that sequences formed in the space do not have val-
ues shooting off to infinity. Next, we turn our attention to compactness, an indispensable
topological hypothesis of the Stone-Weierstrass theorem. The most common definition of
compactness is in terms of open covers.

Definition 2.9. An open cover of a set A in topological space X is a collection of open sets
in X such that A is a subset of the union of that collection.
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Definition 2.10. A subset E of topological space X is compact if for every open cover of
E, there exists a finite sub-cover of E.

Intuitively speaking, compactness ensures that the topological space can be treated as a
finite closed space. This is what leads us to the next proposition.

Proposition 2.11. Fvery compact subset of a metric space is closed and bounded.

Proof. Let E be a compact subset of metric space X. Let p € E°. For each ¢ € F, let V
and W, be open balls of p and ¢ with radius r < %d(p, q). The union of all W,’s is an open
covering of F| so since F is compact, there exists a finite collection of points ¢, ¢, ¢s, . ..
such that

ECF=W,uW,u... W,
of E. Let F" =V, NV, N...V, . Then, F’ is an open ball of p such that F' N F = () as all
W, and V, are disjoint. Thus, F' C E°. By definition, £ is open, and so by definition F is
closed. Consider € > 0. For each p € E, let N, be the open ball of p with radius e. Then, as
the N,,’s form an open cover of E, there exists a finite collection of points p;, ps, ps, ... such
that

ECN=N, UN,U...N, .
Because each [V, is bounded, NV is bounded, so E is bounded. [ |

The converse of proposition [2.11] generally does not hold, but an important sub-case of the
converse is the Heine-Borel theorem, which is only applicable to R™. The following lemma
will help us prove the Heine-Borel theorem.

Lemma 2.12. A closed subset of a compact space is compact.

Proof. Let A be a closed subset of the compact space E. Let V be an open cover of A.
Adjoining A° to V, we obtain an open cover W = AUV of E. As E is compact, there is
a finite sub-cover of W, say W', that covers E. This finite sub-cover W’ also covers A. Let
V' = W'\ A°. Then, V' is also an open cover of A that is specifically a finite sub-cover of
V. [ |

We can now prove the Heine-Borel theorem. For the proof below, we will use the fact
that every Cauchy sequence in R™ is convergent. The proof of this fact can be found

in [Rud76, Chapter 3].

Theorem 2.13 (Heine-Borel). A subset of R™ is closed and bounded if and only if it is
compact.

Proof. Suppose E is a compact subset of X. Then F is closed and bounded by Proposition
2.11] Conversely, suppose that E is closed and bounded. Then, F lies in a n-box

To = [—a,a]”

where a > 0. We shall show that Tj is compact through proof by contradiction.

Assume that Tj is not compact. Then, there is an open cover C' of Ty that admits no
finite sub-cover. Divide each side of Tj in half, partitioning T} into 2" closed sub-boxes, each
with one-half the diameter of Tj. If every sub-box had a finite sub-cover of C', their union
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would be a finite sub-cover of Ty. Thus, at least one sub-box has no finite sub-cover. Let
this sub-box be T7. Continuing in the same manner, we get a decreasing sequence of nested
n-boxes.

L2212 2T 2 -

none of which have a finite sub-cover of C'. The side length of each T} is 3—2 We see that

2a
oF — 0 as k — oo.
Define a sequence x = zy,xs,... such that each x; is in Ty. This sequence is Cauchy

because, given an € > 0, we can find a T with a side length less than e that guaranties that
if n,m > N, then |z, — z,,| < € as x,, z,,, € Tiy. Hence, there exists a L = lim; ., z; as R™
is complete. Consider an arbitrary m € N. For this m, x, € T,, for all kK > m. Since each
Ty is closed, L € T,,. Hence, L € (,—, Tx as m was arbitrary. Because C' is an open cover
of Ty, there exists a set U € C such that L € U. Since U is open, there exists » > 0 such
that B C U where B is the open ball centered at L with radius r. As the diameters of the
boxes T}, converge to 0 and each box contains L, there exists a N such that

Ty C B.

Hence,
Ty CU.

Therefore, the single set U covers T. As this contradicts the construction of Ty, Ty must
be compact. Hence, By lemma [2.12] F is compact.
[ |

Definition 2.14. The closure of a set A in topological space X is the intersection of all the
closed sets containing A
We write A for the closure of a set A. A trivial property of closure is that for any subset
A of a space X,
A=A
because here we are essentially finding the smallest closed set containing a closed set. Closure
is also closely related to density, which we will discuss in the next section.

3. FUNCTIONS

Definition 3.1. Let sets A and B belong to metric space X. Then, A is dense in B if for
every b € B and every € > 0, there is a a € A such that d(a,b) < €.
An example of this is the set of all rationals Q being dense in the set of all reals R.

(3.1) Aisdensein B < A=RB

This is because every b € B is a limit point of A, since the open ball centered at an arbitrary
b € B with a radius of € > 0 contains a a € A for any € > 0, by the definition of density. The
new condition highlighted in is a better condition for density because it does not invoke
the metric. Before going further, we recall what it means for a function to be continuous.
After all, our purpose here is to explore how well we can approximate continuous functions
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with various different kinds of sets. A function f mapping the metric space M to the metric
space N is said to be continuous if and only if, for every € > 0 and every x € M, there exists
a 0 > 0 such that

d(z,y) <6 = d(f(x), f(y)) <e

for y € M. This is known as the ¢ — § condition for continuity. This condition is only valid
for continuous functions defined on metric spaces, and as we want to approximate continuous
functions defined on non-metric spaces as well as those defined on metric spaces, we need a
new condition for continuity. This new condition uses pre-images along with the open set.
For a function f: M — N, the pre-image of a set V C N is

V) ={peM: f(p)eV}

The following is the general topological definition of continuity.

Definition 3.2. A function f : M — N is continuous if the pre-image of each open subset
of N is a open subset of M.

We now show that this condition for continuity is equivalent to the previous condition for
continuity when M and N are metric spaces. This is what theorem 0.17 is about.

Theorem 3.3. Let f : M — N. The following statements are equivalent.
(1) Ye and Yx € M, 3 such that

yeM and|r -yl <= [f(x) = fy)] <e

when M and N are equipped with a metric.
(2) The pre-image for f of an open set in N is an open set in M.

Proof. Let M and N be metric spaces, and let f be a function mapping M to N. Suppose
that f satisfies the e — ¢ condition for continuity. Let U C N be open. Consider an arbitrary
point z € fP*(U). Then, f(z) € U. Since U is open, there is an € > 0 such that By C U,
where By is an open ball centered at f(x) with radius e. By the e —¢ condition for continuity
at z, there exists a 0 > 0 such that if dy/(z,y) < 6, then dy(f(z), f(y)) < €. Let By be an
open ball centered at x with radius 0. Then,

y € By = f(y) € By.
So,
By C fP(U).
Since x was arbitrary, every point € fP*(U) has an open ball contained in fP*(U) centered
at x. Thus, fP*(U) is open. Hence, f satisfies the general topological condition for continuity.
Suppose that f satisfies the general topological condition for continuity. Then, the pre-image
of every open set in N is open in M. Consider an x € M and an € > 0.

Consider the open ball U centered at f(z) with radius e. Since U is open and f is
continuous, fP*(U) is open. Because f(z) € U, x € fP*(U). Since fP*(U) is open, there
exists a 6 > 0 such that

By C fP(U)
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, where B)s is an open ball centered at x with radius §. If d(z,y) < 0, then y € fP(U),
which implies that f(y) € U. Since U is equal to the ball centered at f(z) with radius e,

da,y) < 6 = d(f(z), f(y)) < e

As x € M and € > 0 were arbitrary, there exists such a ¢ for any x € X and € > 0. Thus, f
satisfies the € — 0 condition for continuity. Hence, we can conclude that the €, definition of
continuity is equivalent to the general topological definition of continuity. [ |

Another strong result in point-set topology, called the continuous image theorem, combines
continuity with compactness.

Theorem 3.4 (Continuous image theorem). Let f : X — Y be a continuous function. If
A C X is compact, then f(A) CY is also compact.

Proof. Let f: X — Y be a continuous function and let A be a compact subset of X. Let E
be a subset of Y such that {U, : « € E'} is an open cover of f(A). Then, each U, is an open
set in Y such that the union of all U, for a € E is a super-set of f(A). Since f is continuous,
theorem guaranties that fP*(U,) is an open set in X for each o € E. We will show that
{fP*(U,) : « € E} is an open cover of A. We do this by considering an arbitrary z € A. It
is clear that f(z) € f(A), and since

fw) € f(a) € | U
acl
f(z) € Ug for some € E. By the definition of pre-image, = is contained in the open set
fP*¢(Ug). As z is an arbitrary point in A, every point in A is contained in some fP*(U,) for
a € E. Thus, A C U,ecp fP(Us). The compactness of A asserts that there exist finitely
many points g, g, ..., a, € E such that

Ac s
=1

It is left for us to show that the collection of open sets U,,, Ua,, ..., U,, forms a finite open
cover of f(A) to conclude that f(A) is compact. We show this by considering an arbitrary
y € f(A). It is clear that y = f(z) for some z € A. Since A C J;_, fP*¢(U,,), there exists

ai, 1 <i < n such that x € fP*(U,,). Hence, y = f(x) € U,,. Since the y in f(A) we
considered was arbitrary,

Therefore, f(A) is compact. [

An alternate shorter proof of the Continuous image theorem can be found in [Pugl5,
Chapter 2]. A much stronger condition than continuity is uniform continuity. We define it
as follows.

Definition 3.5. Let f be a function mapping metric space M to metric space N. f is
uniformly continuous if for every ¢ > 0, there exists a 9 > 0 such that

d(z,y) < d with z,y € M = d(f(x), f(y)) <e€



Note that the above definition only works for functions defined on metric spaces. This will
not be a problem for us because we will only be using uniform continuity when discussing
the Weierstrass approximation theorem. Continuity on a compact space implies uniform
continuity. This is what brings us to the second theorem. The following theorem is known
as the Heine-Cantor theorem.

Theorem 3.6 (Heine-Cantor). Every continuous function f defined on a compact subset of
R™ is uniformly continuous.

Proof. Let E be a compact subset of R™. Let f be a continuous function defined on FE.
Suppose that f is not uniformly continuous. Then, there exists an ¢ > 0 such that for any
0 > 0, there exist points p, ¢ € E such that

d(p,q) <0 but d(f(p), f(q)) = €.

Let §, = % For each §,, let p, and ¢, be points in E such that d(p,,q¢,) < 9, and

d(f(pn), f(gn)) > €. Then, ¢1,q2,q3,... and py,p2,ps,... are sequences in E. By propo-
sition [2.11] E is bounded, so qi,q2,qs,... and p1,ps,ps,... are bounded in R. By the
Bolzano-Weierstrass theorem, there exist subsequences ps, , Ps,, Dsss - - - and @s;, Gsys Gsgs - - - Of
D1, P2, P3, - - - and qq,qe,q3, ... that converge to some p € F and some ¢ € E. Since

d(pn, qn) — 0 as n — oo,
lim, 00 ps, = lim,, 00 ¢s, = » = q. As f is continuous,
lim f(ps,) = f(p) = flg) = lim f(gs,).
n—00 n—0o0
Hence, there exists a N7 > 0 such that if n > Ny, then
|f(ps,) — f(p)] <

and there exists a Ny such that if n > Ny, then

) = (g, < 5.

€
a)

2

If n > N = max(Ny, Na), then
[f(Ps,) = flas )l < 1f(ps) = F@) +1F(p) = flgs,)] <€

contrary to our assumption that |f(p,) — f(¢n)| > € for all n. Hence, f is uniformly contin-
uous. |

A different proof of the Heine-Cantor theorem that relies on sequential compactness can
be found in [Pugl5, Chapter 2].

The Weierstrass approximation theorem sheds light on the importance of this theorem.
The Weierstrass approximation theorem states the following:

Theorem 3.7. Let f : [a,b] — R be a continuous function with a,b € R. Then, f can be
uniformly approximated by polynomials as closely as desired.
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One of the conditions of the Weierstrass approximation theorem, as can be seen above,
is that the continuous function f is defined on a closed and bounded interval of R. The
Heine-Borel theorem (theorem implies that this interval is compact. By theorem ,
commonly known as the Heine-Cantor theorem, any continuous function defined on that
interval is uniformly continuous, and hence f must be uniformly continuous. So, we are
basically making f uniformly continuous without explicitly saying so. This property will be
greatly exploited in the proof of the Weierstrass approximation theorem. For us to exploit
this property, it would be convenient for us to state it formally, which leads us to the following
corollary.

Note that the above statement of the Weierstrass approximation theorem uses a uniform
approximation that is tied to the notion of uniform convergence. We will look at uniform
convergence shortly.

Corollary 3.8. Any continuous function defined on a closed and bounded interval is uni-
formly continuous.

Proof. Follows from the Heine-Borel theorem and the Heine-Cantor theorem. [ |

Finally, we look at uniform convergence and its relation to completeness and the supremum
norm.

Definition 3.9. A sequence of functions fi, fa, f3,... converges uniformly on £ C R to a
function f if for each € > 0, there exists an N > 0 such that

nzN=|fulz) - flz)] <€

for all x € E. The uniform convergence of a sequence of functions fi, fs, f3,... to a function
f is written as f,, = f. If f is defined on F, each f,, is defined on F, and f,, = f as n — oo,
we say that the set of f/s uniformly approximates f on the domain E. That is, uniform
convergence implies uniform approximation, and vice versa.

Definition 3.10. A function f can be uniformly approximated by elements of a set B over
set E if there exists a sequence of functions fi, fs,... € B such that they uniformly converge
on F to f.

We will often prove uniform convergence in statements of theorems that require us to show
uniform approximation. Consequently, if A is dense in B, then every element of B can be
uniformly approximated by elements of A. We also incorporate closure in this. If f can be
uniformly approximated by elements of a set B, then there exist fi, fo,... € B such that
f, = fasn — 00, so f is a limit point of B, so f € B.

Uniform convergence is most relevant in function space, a set with functions as its
elements. We write C° for the class of all continuous bounded functions, and we write
C°(X,R) for the class of all continuous bounded real-valued functions defined on X. We
define the supremum norm of a function f € C°(X,R) as ||f|| = sup,ex |f(x)]. The
supremum norm defines a metric. Hence, the supremum norm satisfies the metric axioms
discussed at the beginning of the second section. It is important to note that

n—oo=|fn—fll—=0
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is equivalent to f, = f.

Definition 3.11. A topological space X is complete if every Cauchy sequence in X converges
to an element in X.

Theorem 3.12. For any bounded set X, C°(X,R) is complete with respect to the supremum
norm.

Proof. Let X be a closed and bounded set. Let fi, fs, f3,... be a sequence of functions
in C°(X,R) that uniformly converges to a function f. If we manage to show that f is
continuous, then we can conclude that C°( X, R) is complete, since every convergent sequence
is Cauchy in any set, and f € X because X contains all its limit points according to
proposition . Let an € > 0 be given. Consider the supremum norm on C°(X,R). Since
fn = f, there is an N > 0 such that if n > N, then

€

(32) 1) = F@)ll < &

Since fn41 is continuous throughout X, there is ¢ > 0 such that

2=yl <0 = [fviae) = fun()] < 5
for z,y € X. Hence, if |z — y| < § for z,y € X, then
|f(x) = f)] <[f(@) = fyvaa(@)] + [fvia(@) = v @)+ [ v (y) = v (y)]

(a) €

e | <
-3 3

=€

L€
3

where (a) is due to equation Hence, C°(X,R) is complete. |

4. APPROXIMATION BY POLYNOMIALS

The reason we want to approximate continuous functions defined on an interval by poly-
nomials, specifically out of all the various classes of functions, is that polynomials are un-
doubtedly nicer than many other continuous functions. Polynomials are smooth, meaning
that they are infinitely differentiable and that every derivative of a polynomial is continuous.
We shall now look at the central result in elementary approximation theory, which is not so
surprising, the most important case of the Stone-Weierstrass theorem. We will now prove
the Weierstrass approximation theorem.

Theorem 4.1 (Weierstrass approximation theorem). The set of all polynomials is dense in
C%([a,b],R) for a,b € R.

The statement of theorem is equivalent to the statement of theorem since here
density implies that for each f € C° and each ¢ > 0, there is a polynomial function p(x)
such that for all z € [a,b], |f(z) — p(x)| < e.

We will provide two proofs of the Weierstrass approximation theorem, both of which are
adapted from |[Puglb]. The first proof, which shall be provided in detail, is by far the most
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elementary proof of the Weierstrass approximation theorem and, accordingly, the most beau-
tiful. It invokes absolutely zero calculus machinery, instead relying on Bernstein polynomials
to approximate f € C°([a,b], R). The second proof is dry and terse in comparison with the
first, yet still indispensable due to its use of the convolution method. We will give only a
rough sketch of the second proof. In both proofs, we assume that [a,b] = [0, 1]. The gener-
alization of this theorem from the case of [a, b] = [0, 1] to the case where [a, b] is an arbitrary
closed interval is rather straightforward and is shown in the appendix.

4.1. Bernstein’s proof. This proof is due to the work of Sergei Noviciate Bernstein. It
uses two lemmas. For each n € N, consider the sum

(4.1) () = Zn: (Z) crzt (1 — )"k,

k=0

where ¢, = f (%) It is obvious that p, is a polynomial, but more specifically, p,, is the n'*
Bernstein polynomial of f. Let r,(z) = (})2*(1 — z)"*. Our two lemmas will be about the
properties of 7.

Lemma 4.2. Y7 r(z) =1
Proof. By the binomial theorem,

>t =3 (F)ata— eyt = -y =1

k=0 k=0

Lemma 4.3. >)_(k — nz)?ri(z) = na(l — x)

Proof. Substituting ry(x) = (Z)xk(l — x)" % and expanding the square, we get that

n

Z(k —nx)*r(z) = Z k*ry(z) — 2na Z kry.(x) +n®z? Z ri(x).

k=0
where the three sums on the right follow from the binomial theorem. By lemma [4.2]

(42) > ri(x) =1
Consider the binomial identity
n n B
(x4+y)" = Z (k> akynF,

Setting y = 1 — z, then differentiating the above equation with respect to x and multiplying
by z, we obtain

(4.3) Z kri(z) = na.

Shifting our gaze to the second sum , we observe that k* = k(k — 1) + k.
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Once again, we differentiate (z +y)" = Y, (7)=*y"*, but this time we do it twice, and
then we multiply by 22 and again set y = 1 — x, which gives us

Zk — 1)re(z) = n(n — 1)z

Using k? = k(k — 1) + k, we achieve the following identity.

(4.4) Z Ery(z) = n(n — 1)2% + na.

Substituting equations [£.2] and [£.4] into our original equation leads us to
n
Z(k’ — nz)*ri(z) = (n(n — 1)2” + nz) — 2n°2* + n’z” = —na’® + nz = na(1 — ).
k=0

Hence, proved. [ |

Finally, we are in a position to prove the Weierstrass approximation theorem for the case
of [a,b] =10, 1].

Proof of the Weierstrass approzimation theorem. Let f : [0,1] — R be a continuous func-
tion. We will show that

Jim p(x) = f(@)
where p,, for any n € N is defined as in equation [4.1] We first write both p, and f in terms
of r. It is easy to see that p, = > ;_,cxre(x). Since > ) rix(z) = 1 by the lemma ,
f(x) =370 f(x)ri(z). We divide the sum p,(z) — f(x) = >} _(cx — f(x)) ri(z) into terms
for which % is close to x and terms for which % is far from x. That is, for a chosen € > 0, we
find a 0 > 0 such that

(4.5) t—s| < 0= 1f(H) = ()] < 5

for all t, s € [0,1]. It is always possible to find such a 6 > 0 because f is uniformly continuous
on [0,1] by corollary . Figure |1} illustrates the Bernstein polynomial approximation of
f(z) = 2te~o" 1 3755 — 24 In the figure, the function being approximated is in black, the
tenth Bernstein polynomial of that function is in blue, and the fifteenth Bernstein polynomial
of that function is in purple.

We now put this d to good use by letting Ky = {[n] : |£ — 2| < 6} and K5 = [n]\K;. By
[n] we mean {0,1,2,...,n}. This tells us the following:

[pa(z) — |<Z\0k— x)|ri(z)
= Z\Ck— o)re(x) + > ex — f(@)|re()

ke Ky keKo

(4.6)
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Figure 1. Approximating 2%¢~*" + 3725 — z*

In the above equation, all the terms where % is close to z are in the first sum, and all the
terms where % is far from x are in the second sum, allowing us to deal with them separately.
Using the property highlighted in equation [4.5] we see that

>l = f@ln(a) < 5 Y mula)

keK1 keK,

because ¢, = f (%) and for every k € K, \% — x| < 4. By lemma and by the definition
Of K17

n

(4.7) S lew — fla)lr(z) < % S ) < gzrk(@ _ %

keKy keK, k=0

as all ri(x)’s are nonnegative since the domain of p,, for any n is restricted to [0, 1]. We have
successfully shown that the first sum in equation is bounded by £. This leaves us with
the second sum in equation [4.6| For the second sum, we use lemma {4.3| to write

n

na(l—x) = (k—na)rg(z) > Y (k—na)i(z) > > (n)’ri(x)

k=0 keKo keKo

because |£ — x| > § for every k € K,. Notice that max(z(1 — z)) = 1 for z € [0,1].
This is because, by the AM-GM inequality, y/z(1 — z) < #=2 = z(1 — z) <  whenever
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x(1 — ) > 0, which occurs only when z € [0, 1]. Thus,

nr(l —x 1
Z re(x) < ((n5)2 ) < e

keKo

By the Extreme value theorem [RS23, Chapter 31], f attains its maximum and minimum on
la, b], say m; and may, as [a,b] is a closed and bounded interval. Let M = max(|my], |ma]).
Then,

> e — f@)] < 2M.

keKo
This implies that there exists a large enough n such that

M €
(4.8) D o= f@)lre(e) < 5 < 5
keKo
Substituting equations and into , we obtain |p,(x) — f(z)| < § + 5 = €, which
completes the proof. [ |

Bernstein’s proof is surprising because, at first glance, it is not clear why the Bernstein
polynomials of f should approach f. It is only later, when we examine Bernstein polynomials,
which are heavily influenced by binomial coefficients, that we see their underlying nature.
The simple idea of splitting the main sum into far away terms and close terms, and exploiting
each ones individual properties is what makes this proof so intuitive. It’s elegance comes
from it’s combinatorial origins.

4.2. Proof using the convolution method. This proof uses Riemann integrals. Please
note that here we only provide a sketch of the proof. For a detailed proof using the convo-
lution method, see [Pugl5, Chapter 4] or [Rud76, Chapter 7].

Proof of the Weierstrass approzimation theorem. Let f : [0,1] — R be continuous. We claim
that there is no loss of generality in assuming that f(0) = f(1) = 0. The justification for
our claim lies in the construction of a function ¢ such that

g(x) = f(x) = £(0) — z[f(1) = F(O)].

From the above construction, we can easily deduce that g € C° and that g(0) = g(1) = 0.
g € CY because continuity is preserved under the four elementary operations of arithmetic.
Hence, if the statement of this theorem holds for g, then it also holds for f because f(0) +
z[f(1) — f(0)] is a linear polynomial.

Extend the domain of f to all of R by setting f(z) = 0 whenever x ¢ [0, 1]. This way, we
can say that f is continuous on all of R. Consider the function

ﬂn = bn (1 - tz)n

for all + € [—1,1]. Here, the constant b, satisfies f_ll Bndt = f_ll bo(l —t3)" = 1. f3, is
obviously a polynomial. Figure [3] offers a deeper look at the nature of [3,, particularly its
bump. Let P, = f_11 f(x+1)B, dt. By construction, P, is the weighted average of the values
of f using the weight function 3,,.
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In the complete proof, two things are shown. The first being that each P, is indeed a
polynomial, and the second being that

n— oo = P,(z) = f(z)

for all € [0, 1].

It is shown that each P, is a polynomial by writing P, (z) as f01 f(u) By (x—u) du through a
change of variables, and then inspecting its polynomial nature. Using integral manipulations,
we achieve the following result: there exists a constant ¢ such that b, < c¢y/n for all n. We use
this to conclude that £, (t) < c¢y/n(1—4§2)" — 0 as n — oo. It follows that 3, = 0 as n — oc.
Uniform continuity of f, which is implied by corollary [3.8] along with the fact that 5, = 0

as n — oo implies that n — oo = P, = f as b, was chosen such that f—11 ba(1 — £2) = 1.
This completes the rough sketch. -
———————— R e e e R R
/’/”’:4__—/“— ——————

Figure 2. e-tube

Graphically, what we tried to do in both proofs is construct a function that is within the
e-tube of our given function. In the first figure below, the epsilon tube of the function \/x,
whose graph is in black, is the red area around it.

-0:8 0.8 1

-0:2

Figure 3. A rough sketch of j,
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5. STONE-WEIERSTRASS THEOREM (REAL VERSION)

For several years, it was thought that the Weierstrass approximation theorem could be
generalized no further. The main reason for this was that very few classes of functions were
as nice and as easy to compute as polynomials, so it was assumed that polynomials were
unique in having the property that any continuous function f defined on a closed interval
could be uniformly approximated as closely as desired by polynomial functions. We now
know that this is not true. A counterexample is the trigonometric approximation theorem.
This theorem asserts that the set of all trigonometric polynomials is dense in the set of all
continuous 27-periodic functions. We will give a proof of the trigonometric approximation
theorem after giving a proof of the real Stone-Weierstrass theorem. To see why the property
implied by the Weierstrass approximation theorem is not unique to the set of all polynomials
and its super-sets, we pose a seemingly trivial question.

What are the defining features of the polynomials?

There are many answers to this question, but we are looking for an answer relevant to the
Weierstrass approximation theorem. One could say that the smoothness of the polynomials
is a defining feature, but the smoothness of the polynomials was not used in Bernstein’s
proof, nor is it used in any other proof of the Weierstrass approximation theorem.

Something that was used in both of the proofs we discussed, perhaps not directly, was that
polynomials are closed under addition, subtraction, multiplication, and scalar multiplication.
In fact, every polynomial can be built from two elementary functions, namely g(z) = =
and f(x) = 1, through addition, multiplication, and scalar multiplication. This is indeed
a property of polynomials that is relevant here. We call a set with a similar property a
function algebra. More formally, a function space A in the set X is a function algebra
if it is closed under addition, multiplication, and scalar multiplication, and if it contains
a nonzero constant function. In other words, if f,g € A, then fg € A, f+¢g € A, and
df,dg € A for any constant d, and there is a f € A such that f(z) = c¢ for all x in the
domain of f.

Another property of the set of all polynomials is that for any z, there is always a polynomial
p such that p(z) # 0. Otherwise, if the function f € C%[a,b],R) we are approximating is
nonzero at x, and if all the functions in our set are zero at x, then the approximation fails
miserably. We say that a function space A vanishes nowhere if it has a similar property.
Proceeding more formally, we say that a function algebra A vanishes at a point z if
f(z) =0for all fe A

Every function algebra vanishes nowhere since it contains a nonzero constant function by
definition. This is one method to force our set A to vanish nowhere. An alternative approach
is to incorporate this condition into the statement of the Stone-Weierstrass theorem, and
accordingly define function algebras to be merely closed under addition, multiplication, and
scalar multiplication. We will not do this as the proof that assumes our set A contains a
nonzero constant function is cleaner and better aligned with the central theme of this paper.
An example of this alternative approach can be found in |[Puglb, Chapter 4].
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A nontrivial, vital property that a function algebra must have to be dense in CY(X,R) is
that it must separate points. This is a discovery that was first made by Marshall Stone. We
say that a function algebra A separates points if for each pair of distinct points pi, ps € X,
there exists a f € A such that f(p;) # f(p2). In a topological context, a topological space
X is said to separate points if for each pair of distinct points pi, ps € X, there exist disjoint
open sets By, By such that p; € By and p, € By. We say that a space that separates points
topologically is Hausdorff. A Hausdorff space is implied to have unique limit points.

We now turn our attention to the finite interval [a, b]. A fact we strongly used in Bernstein’s
proof, specifically to assert that f is uniformly continuous, is that the finite interval [a, b] is
compact. We generalize the finite interval [a, b] to an arbitrary compact Hausdorff space in
the following statement of the real Stone-Weierstrass theorem. We could instead generalize
the finite interval [a, b] to an arbitrary compact metric space, but interestingly, the Stone-
Weierstrass theorem for metric spaces is no easier to prove, and the proof itself never uses
any kind of metric. Accordingly, we have pure topological definitions for compactness and
continuity. All the results we will employ in our proof of the Stone—Weierstrass theorem
have already been established earlier in this paper, and in fact have been proved at least for
Hausdorff spaces.

Theorem 5.1 (Real Stone-Weierstrass theorem [Sim83| ). Let X be a compact Hausdorff
space. Let A be a function algebra in C°(X,R) that separates points. Then, A is dense in
C°(X,R) with respect to the supremum norm.

We shall require two lemmas along with the Weierstrass approximation theorem and a few
minor results. Lemma [5.2| and are proven for all arbitrary compact Hausdorff spaces as
we move away from the metric space concepts which were presented merely as a stepping
stone to the true abstract nature of the Stone-Weierstrass theorem. These lemmas also hold
for metric spaces as every metric space separates points topologically, and accordingly is
Hausdorff. To see why this is true, assume that X is a metric space, and consider the open
balls centered at distinct points py, po € X with radii less than M.

One could ask whether we are allowed to use open sets when operating without a metric.
The answer is that, in the context of general topology, open sets are taken to be primitive,
and everything else follows from them. Moreover, we define a topological space rigorously
as a pair (X,7T) where & is a set and T is a collection of subsets of X which are known as

open sets satisfying
(1) 0, xeT
(2) arbitrary unions of members of T belong to T
(3) finite intersections of members of T belong to T.

A closed set is still defined as the complement of an open set, but now in a broader
setting. Since every metric space induces a topology, namely the topology whose open sets
are open balls defined by the metric, every metric space is naturally a topological space.
From now on, we shall be operating in the general setting of topology, and accordingly, we
interpret concepts such as continuity, closure, and compactness with respect to the open sets
of the topology rather than simply the open sets induced by the metric.
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Lemma 5.2. If the function algebra A separates points, then for each pair of distinct points
p1,p2 € X and each pair of real constants cy,cq, there exists a f € A such that f(p1) = ¢

and f(p2) = ca.

Proof. Let points p; and py in X be given. Let real constants ¢; and ¢y also be given. Suppose
that A is a function algebra that separates points. Then, by the separating points property
of A, there exists a h € A such that

h(p1) # h(p2).
Construct a function g using h(p;) and h(py) such that

o) — 1) = ()

h(p1) — h(p2)

Since A is a function algebra, g € A as g was constructed from h through adding real
constants, adding h(x), and multiplication by a real scalar. A function algebra such as A is
closed under the addition of a constant because scalar multiplication on a nonzero constant
function f(z) = c¢ can yield any constant function, ensuring that every function algebra
contains all constant functions. Construct f such that

f(x) =ca+ (c1 — e2)g(x).

Then, f € A as f was constructed from g through the addition of a constant and multipli-
cation by a real scalar. Notice that f(p1) = ¢; as g(p1) = 1, and f(p2) = ¢ as g(p2) = 0.
Hence, we are done. [ |

The following lemma will be used to prove our second lemma. It’s purpose is to illustrate
the fundamental property of any function algebra.

Lemma 5.3. If A is a function algebra in C°(X,R), then A is also a function algebra in
C°'(X,R).

Proof. Let X be a compact Hausdorff space. To prove that A is a function algebra, we need
to show that it is closed under addition, multiplication, and scalar multiplication, and that
it contains a function f such that f(x) = c for all #. First, we note that A contains all
of its limit points by proposition so every convergent sequence of functions in A C A
converges to a function in A. Let f,g € A. Then, there exist sequences gi, g2, g3, ... and
f1, f2, f3,... in A that converge to f and g. As C°(X,R) is complete with respect to the
supremum norm by theorem [3.12]

(5.1) n— oo = ||fn— fl| = 0and ||g, — g|| = 0.
Because A is a function algebra, f, + g, € A for all n € N. Thus, we see that

||(fn+gn) - (f+g)|| S ||fn_f| + ||gn_g|| —0

as n — 00, S0 fi + g, fo + go, ... converges to f + g, so f + g € A. Consider an arbitrary
constant c. Then, cf,, € A for all n € N, and we observe that

llefn = cf| < elllfo = fII =0
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as n — oo due to , socf € A. fng, € A for all n € N. We observe that
1 fugn = fall =[|fugn — fag + fug — f4ll
(5.2) <[ fall - lgn = gll + l1fn = fII - gl

Asn — oo = f, = f, Ifall < IIfIl+ |1fn — fl|- This says that the sequence of || f,||'s
is bounded, hence the terms in the right hand side of equation tend to 0 as n tends to
infinity. Thus, fg € A. A nonzero constant function ¢ is in A, so ¢ is in A. Hence, A is a
function algebra. [ |

We have arrived at the second lemma needed to prove the real Stone-Weierstrass theorem.

Lemma 5.4. Let A be a function algebra in C°(X,R) where X is a compact Hausdorff space.
Then, f € A= |f| € A.

Proof. Let X be a compact Hausdorff space. Let A C C°(X,R) be a function algebra. Con-
sider an arbitrary f € A. Since the domain of f, namely X, is compact and f is continuous,
the image of X on R is compact by the continuous image theorem. Therefore, the range of
f(z) is closed and bounded by the Heine-Borel theorem, so f(X) C [a, b] for some a,b € R.
Consider the function h(y) = |y| defined solely on [a,b]. As h(y) is continuous on |[a, b,
we can apply the Weierstrass approximation theorem. By the Weierstrass approximation
theorem, there exists a polynomial p(x) such that

(5.3) lp(y) — h(y)l] <e

Since p(y) is a polynomial, it is of the form ayy + asy® + - -+ + a,y" for constants a; with
1 <i<n. Let

g9(z) = (po f)(x) = a1 f*(w) + azf*(w) + - + an f"(2).
Since f € A and A is function algebra by lemma which accordingly contains all constant
functions, g € A. Because f(x) € [a,b] for all x € X, every f(x) for z € X is equal to a
y € [a,b]. As p uniformly approximates h over [a,b] due to equation and the definition
of the supremum norm, and |f(z)| is equal to a h(y) whenever z € X,

zeX = [g(z) —|f(2)l| = Ip(y) — h(y)| <e
Hence, g uniformly approximates |f| over X, so f € A=A [

We are now ready to prove the real Stone-Weierstrass theorem.

Proof of the real Stone-Weierstrass theorem. Let X be a compact Hausdorff space, and let A
be a function algebra in CY( X, R) that separates points. Consider an arbitrary F' € C°(X,R)
and an arbitrary € > 0. To show that A is dense in C°(X,R), it suffices for us to find a
G € A such that
F(z)—e<G(z) < F(z) +¢€

for all z € X. The reason for this is that finding such a G' € A implies that A is dense in
CY%(X,R) as the f we considered was arbitrary, so A = C°(X,R) = A by equivalence ,
but this implies that A is dense in C°(X,R) by equivalence
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Useful operations that we would like to perform are taking the maximum and minimum of
a finite number of functions. But do we know that these operations are closed in A? These
operations are indeed closed in A. We can see this by writing the minimum and maximum
functions using absolute values.

min(f, g) = f+9—2’f—9’

This, along with lemma , allows us to conclude that if f,g € A, then max(f,g) and
min(f, g) are in A. Using this argument repeatedly shows that the maximum and minimum
of any finite number of functions in A is in A. Let p, ¢ be distinct points in X. Since A is a
function algebra and A separates points, lemma says that we can find a function Hp, € A
such that

Hyy(p) = F(p) and Hyy(q) = F(q).

For the time being, fix p and allow ¢ to vary. Consider an arbitrary ¢ € X such that
q # p. Let L(x) = Hpy(x) — F(z) + €. Then, L(z) is a continuous function of z because
F,H,, € C°(X,R). Since L(z) is positive at x = ¢, ¢ € LP*(0, 00). The topological condition
for continuity, which was established in theorem [3.3] asserts that LP™(0, c0) is open as (0, c0)
is open. Let U, be equal to LP*(0,00). Then, U, is an open set containing this ¢ such that
whenever x € U,,

0 < Hyy(x) — F(z)+e= F(x) — e < Hyy(x).
Since the ¢ we considered was arbitrary, we know that for each ¢ € X, there exists an open
set U, containing that ¢ such that

(5.4) relU,= F(x) —e < Hyyx)

Due to the fact that ¢ € U, always holds, the collection of all U s forms an open cover of
X. As X is compact, there exist finitely many points g1, qs, ..., q, in X such that the finite
collection of open sets Ug,, U, ... covers X. Let

Gp(z) = max(Hyg, (), Hpg, (7)), - - -, Hpg, ().

Then, G, € A because H,,, € A for every n. This implies two things. The first being that
Gp(p) = F(p) since Hy,, (p) = F(p) for every n, and the second being that F'(z) —e < G,(z)
for all x € X. We now let p also vary. Consider an arbitrary p € X. Let D(z) =
G,(z) — F(z) — €. Then, D(z) is continuous because G,, F' € C°(X,R). As D(x) is negative
at © = p since G,(p) = F(p), p € DP™(—00,0). It is also true that DP™(—o00,0) is open
by the topological condition for continuity. Let V), be equal to DP*(—o0,0). Then, V}, is an
open set containing p such that whenever x € V,,

Gp(z) < F(x) +e.

Because the p we considered was arbitrary, there exists such a V), for each p € X. Due to
the fact that p € V,,, the collection of all Vs forms an open cover of X. Compactness of X
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implies that there exist finitely many points py, po, ..., p, in X such that the finite collection
Virs Vigs ooy Vp, covers X. Let

G(z) = min(Gp,, Gpy, - - -, Gp,)-
Then, G € A as G, € A for every n. Hence,
F(z)—e<G(x) < F(z)+e€
for all x € X due to the following two reasons:
reX = F(r)—e<Gyzr) and x € V, = Gp(x) < F(x) +e.

This completes the proof of the real Stone-Weierstrass theorem. [

6. LATTICE VERSION AND COMPLEX VERSION

A stylistically different proof of the real Stone-Weierstrass theorem uses lattices. A lattice
is a set that is closed under the maximum and minimum functions, that is, if L is a lattice,
then

f,g € L = max(f,g) € L andmin(f,g) € L.

The proof using lattices does not quite prove the Stone-Weierstrass theorem; instead, it
proves a weaker result specific to lattices and depends on some common properties of function
algebras that separate points to conclude the result of the real Stone-Weierstrass theorem.
This weaker result is presented below. It is called the lattice version of the Stone-Weierstrass
theorem.

Theorem 6.1. If X is a compact Hausdorff space with at least two points and L is a lattice
in C°(X,R) with the following property: for any two distinct elements x and y of X and any
two real numbers a and b, there ezists a function f € L such that f(x) = a and f(y) = b,
then L is dense in C'(X, R).

A proof of the lattice version of the real Stone-Weierstrass theorem can be found in [Sim83,
Chapter 7). Theorem , along with lemma and , directly proves the real Stone-
Weierstrass theorem. The real Stone-Weierstrass theorem enables us to generalize the Weier-
strass approximation theorem to any finite number of dimensions.

Corollary 6.2. If X is a closed and bounded subset of R™, the set of all polynomials
p(xy, 9, ..., x,) in n variables defined on X is dense in C°(X,R).

Proof. Let X C R"™ be closed and bounded. The Heine-Borel theorem ensures that X is
compact. Consider two distinct arbitrary polynomials p(xy, 2, ..., x,) and ¢(x1, s, ..., z,)
in n variables. We can write them as finite sums.

n
_ 41,92 I
p(T1, 29, ..., xy) = E At N

i1 5eyin=0

n
o i1 12 7
q(x1, 9, ..., Tp) = E riag . ardy

i15eyin=0
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where the ¢;, ;, and d;, _; are real constants. Hence, we see that p(xy,zo,...,2,) +
q(z1, 29, ..., 2,), p(x1,22, ..., 2,)q(x1, 22, ..., x,), and rq(x1, 29, ..., x,) for some constant
r are all finite sums with n independent variables. Furthermore, f(z1,zs,...,2,) = 11is a

n

polynomial in R™. Thus, the set of all polynomials p(xy, za,...,2,) in n variables forms a
function algebra. Hence, by the Stone-Weierstrass theorem, the set of all polynomials in n
variables is dense in C°(X,R). |

Another famous consequence of the real Stone-Weierstrass theorem is one of the origins of
the Fourier series. This consequence is the Trigonometric approximation theorem, for which
we shall provide a proof below.

Theorem 6.3 (Trigonometric approximation theorem |[DD|). The set of all trigonometric
polynomials is dense in the set of all continuous 2m-periodic real-valued functions.

Proof. We will prove the trigonometric approximation theorem via the real Stone-Weierstrass
theorem. The space of all 2w-periodic functions is the unit circle, which is compact, so it
suffices for us to show that the set of all trigonometric polynomials forms a function algebra
and separates points. We show the former first. Consider the trigonometric polynomial
function f(z) = sin®(z)+cos?(x). f is the constant function of 1. Recall that a trigonometric
polynomial is of the form

Z ay, cos(kx) + Z bi sin(kx) + ag
k=0 k=0
where a;’s, the by’s, and ag are real constants. Hence, the set of all trigonometric polynomials
is closed under addition and scalar multiplication. Due to the following fairly standard
trigonometric identities,

cos(mz) cos(nzx) = % [cos((m + n)z) + cos((m — n)z)],

sin(mz) sin(nz) = % [cos((m — n)z) — cos((m + n)z)],

sin(maz) cos(nzx) = % [sin((m + n)z) + sin((m — n)z)]

the set of all trigonometric polynomials is closed under multiplication. Hence, the set of all
trigonometric polynomials forms a function algebra.

Let z and y be points in the unit circle. Then, the coordinates of point x are (cos(x), sin(x)),
and the coordinates of point y are (cos(y),sin(y)). So, if z # y, then either sin(x) # sin(y)
or cos(x) # cos(y). Thus, the set of all trigonometric polynomials separates points.

Applying the real Stone-Weierstrass theorem, we conclude that the set of all trigonometric
polynomials is dense in the set of all continuous 27-periodic functions, which completes the
proof. [ |

Next, we will look at the generalization of the Stone-Weierstrass theorem to complex
numbers. Until now, we have dealt exclusively with real-valued functions. We will now look
at approximations on the complex plane and try to generalize the Stone-Weierstrass theorem
to complex-valued functions.
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Let C°(X,C) denote the set of all continuous, bounded complex-valued functions defined
on X. Unfortunately, the hypotheses of the real Stone-Weierstrass theorem will not suffice for
the complex Stone-Weierstrass theorem. The complex Stone-Weierstrass theorem requires an
additional condition that states the conjugate of a complex-valued function in the function
algebra must remain in the function algebra. The conjugate of a complex-valued function
f, denoted f, is the function obtained by turning every ¢ into —i in the expression of f.
Consequently, the conjugate of any real-valued function is itself. Every complex-valued
function f can be split into an imaginary part denoted I; and a real part denoted R, where
= f;f and [y = f2_zf
Accordingly, Rs(x),I;(z) € R for all = in the respective domains of I; and R;. Since every
complex-valued function can be written as Ry(x) + I;(z)1,

(6.1) fla) # f(b) = Ry(a) # Ry(b) or Iy(a) # I;(b).

The above property will help us transition from functions with a range of R to functions

Ry

with a range of C. We are now ready to prove the complex Stone-Weierstrass theorem.

Theorem 6.4 (Complex Stone-Weierstrass theorem [Sim83|). Let X be a compact Hausdorff
space. Let A be a function algebra that separates points and contains the conjugate of each
of its functions. Then, A is dense in C°(X,C) with respect to the supremum norm.

The proof of the complex Stone-Weierstrass theorem relies on the real Stone-Weierstrass
theorem.

Proof. Let X be a compact Hausdorff space, and let A be a function algebra that separates
points and contains the conjugate of each of its functions. Let B be the set of all real-valued
functions in A. Then, B is closed under addition, multiplication, and scalar multiplication by
the nature of real-valued functions. By the definition of R; and Iy, if f € A, then Ry, Iy € A
since A is a function algebra that contains each of its conjugates. Because R, I € C°(X,R)
for all f € C°(X,C),

(6.2) feA= Ry l;€B.

A is a function algebra, so it contains a nonzero constant function g(z) = a + bi where
a,b € R. Since A contains the conjugate of each of its functions, the nonzero constant
function g(z) = a — bi belongs to A, so

g(7)g(x) = (a — bi)(a + bi) = a* + b

is a real-valued nonzero constant function in A, and thus gg is in B. Hence, B is a function
algebra.

It is left for us to show that B separates points to conclude by the real Stone-Weierstrass
theorem that B is dense in C°(X,R). Let a and b be distinct points in X. Since A separates
points, there exists a f € A such that f(z) # f(y). By the property highlighted in impli-
cation [6.1] either Ry(z) or Iy(x) takes on different values at a and b. Implication along
with the fact that the a and b we considered were arbitrary allows us to conclude that B
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separates points. Therefore, B is dense in C°(X,R) by the real Stone-Weierstrass theorem.
So, B = C°(X,R). Consider an arbitrary function f € C°(X,C). We will show that f must
be in A. Tt is clear that Ry, I; € C°(X,R) = B, so since f = Ry + Ii and A is a function
algebra by lemma f € A Hence, A= C°X,C), so A is dense in C°(X,C). [
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APPENDIX A. EXTENSION OF THE WEIERSTRASS APPROXIMATION THEOREM TO
ARBITRARY CLOSED AND BOUNDED INTERVALS

Suppose that the Weierstrass approximation theorem holds for the interval [0,1]. The
following argument shows that it holds for all arbitrary closed and bounded intervals. Let
f € C([a,b]) for a,b € R and let € > 0. Let

g(x) = fla+x(b—a))
where z € [0,1]. Since f is continuous, g must be continuous as a + xz(b — a) is a linear

polynomial. By the Weierstrass approximation theorem on [0, 1], there exists a polynomial
g such that

lg(x) —q(x)] < e

p(t) = q(Z:Z)

where ¢ € [a,b]. Since ;=% is a polynomial function of ¢ with degree one, p is a polynomial.
Besides, for every t € [a, b],

[f(t) = p(t)| = ‘f(t) _q<2:3)'

B t—a B t—a -
Y b—a 9 b—a &

since £=2 € [0, 1]. Therefore, p uniformly approximates f over the interval [a, b].

for every = € [0,1]. Define




	1. Introduction
	2. Topological background
	3. functions
	4. Approximation by Polynomials
	4.1. Bernstein's proof
	4.2. Proof using the convolution method

	5. Stone-Weierstrass Theorem (Real version) 
	6. Lattice version and Complex version
	Acknowledgments
	References
	Appendix A. Extension of the Weierstrass Approximation Theorem to Arbitrary Closed and Bounded Intervals

