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1 Motivation

Additive combinatorics is the branch of mathematics that studies the addition of integers
and the properties that emerge from those operations. What happens to a set when you add
its elements together? How large can the resulting collection be? What structure can we

uncover? Questions like these hide extraordinary depth.

The field emerged primarily from number theory, especially from questions such as: can
every even integer be written as the sum of two primes? Additive combinatorics today is
an active and recent discipline that intersects with analysis, probability, ergodic theory, and
theoretical computer science. Many fields feed into additive combinatorics, yielding results
that flow back into those same areas and have led to the resolution of many long-standing

open problems.

This paper explores a central tension: sets with small sumsets must be highly structured,
and sets with large sumsets behave essentially like random sets. We build from scratch,
starting with basic arithmetic and progressions, touching on probabilistic methods, sumset
theory, and additive energy, before developing the full picture of Fourier analysis on finite

groups, and glancing briefly at the modern frontiers of the discipline.

2 Arithmetic

2.1 Arithmetic and Addition

Addition is the most fundamental of the four basic arithmetic operations. Given a set of
integers, we can ask about the additive properties it displays — how its elements interact
under addition and subtraction.

Definition 2.1 (Finite subset of integers). A set A C Z is a collection of distinct integers.
We write |A| to denote its cardinality (the number of elements). Throughout this paper,

all sets are finite and nonempty unless stated otherwise.

The central object of additive combinatorics is the sumset: what do you get when you add
every element of A to every element of B? How large or small can this collection be?
Definition 2.2 (Sumset and difference set). For sets A, B C Z, define the sumset

A+B={a+b:ac A be B},

the difference set
A—B:={a—-b:a€ A, be B},
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and the iterated sumset kA = A+ A+ .-+ A (k times).

The trivial bounds on the sumset are
|Al+|B| -1 < |A+ B[ < |A]-|B].

The lower bound is achieved when A and B are arithmetic progressions with the same
common difference; the upper bound is approached when A and B are chosen generically,
with no additive structure between them. The field of additive combinatorics is largely
concerned with understanding the space between these two extremes, since that space is

precisely where the interplay between structure and randomness lives.

2.2 Arithmetic Progressions

Among all structured sets, arithmetic progressions play the most central role in additive
combinatorics.
Definition 2.3 (Arithmetic progression). A k-term arithmetic progression with initial

value a¢ and common difference d # 0 is the set
{a, a+d, a+2d, ..., a+ (k—1)d}.

We denote it AP(a,d; k). A trivial progression has d = 0.
Example 2.4. The set {4,7,10, 13} is a 4-term arithmetic progression with a = 4 and d = 3.
The primes {5,11,17,23,29} form a 5-term arithmetic progression with d = 6.

Arithmetic progressions are the extremal examples for sumset growth: if A is an arithmetic
progression of length n, then A+ A is an arithmetic progression of length 2n — 1, the smallest

possible sumset for a set of size n.

2.3 Gauss’s Formula

One of the most elegant results in elementary mathematics, attributed to the young Carl
Friedrich Gauss, gives the sum of the first n positive integers.
Theorem 2.5 (Gauss’s summation formula). For any positive integer n,

1
1+2+3+~--+n:@.



Proof. Let S =142+ --- 4+ n. Write the sum forwards and backwards and add them:

S=14+2+---+(n—1)+n,
S=n+Mn—-1)+---+2+1.

Each of the n columns sums to n + 1, so 25 = n(n + 1), giving S =n(n+1)/2. O

Remark 2.6. The proof above contains an error in the draft that is worth correcting explicitly:
the correct identity is 25 = n(n+1), not n(n—1). More generally, the sum of the arithmetic
progression AP(a,d; k) is

T
L

k(2a 4 (k—1)d)
5 :

(a+jd) =

<
Il
o

by the same pairing argument. The fact that this sum is determined entirely by three

parameters a, d, and k is part of what makes arithmetic progressions so amenable to analysis.

2.4 Avoiding Arithmetic Progressions

We now arrive at one of the most profound questions in the field: how large can a subset
of {1,2,..., N} be if it contains no arithmetic progressions? Such sets are called AP-free
sets, or Salem—Spencer sets after their early investigators.

Definition 2.7 (k-AP-free set). A set A C {1,..., N} is k-AP-free if it contains no k-term

arithmetic progression. Formally, there do not exist integers a and d > 0 such that

a, a+d, a+2d, ..., a+ (k—1)d € A.

Let 7, (N) denote the maximum size of a k-AP-free subset of {1,..., N}, so
rp(N) =max{|A| : AC{1,...,N}, Ais k-AP-free}.

Understanding the growth of r3(N) as N — 0o is one of the central open problems of additive
combinatorics, and sharpening the known bounds has driven the development of most of the

tools presented in this paper.

2.4.1 Coloring Arguments

A powerful perspective on arithmetic progressions comes from Ramsey theory: if we color

{1,..., N} with finitely many colors, must some color class contain an arithmetic progres-



sion?
Definition 2.8 (r-coloring). An r-coloring of a set X is a function y : X — {1,2,...,r}.

A monochromatic arithmetic progression is one whose elements all receive the same color.

The existence of monochromatic arithmetic progressions in any coloring of a sufficiently long

interval is the content of van der Waerden’s theorem, to which we now turn.

2.5 Van der Waerden’s Theorem
2.5.1 Baudet’s Conjecture

The theorem now known as van der Waerden’s theorem did not originate with van der
Waerden. It began as a conjecture attributed to the Dutch mathematician Pieter Baudet,

posed around 1921:

If the positive integers are partitioned into two classes, must at least one class

contain arbitrarily long arithmetic progressions?

Baudet died in 1921, the same year he posed the question, and never published the con-
jecture himself. It circulated by word of mouth through Dutch and German mathematical
communities, eventually reaching Bartel Leendert van der Waerden while he was in Ham-
burg, through his colleagues Emil Artin and Otto Schreier. Van der Waerden proved the
conjecture in 1927, generalizing Baudet’s original two-color formulation to any finite number
of colors. Some authors write “Baudet’s conjecture” to acknowledge the result’s true origin,

though van der Waerden’s name has attached to it ever since.

2.5.2 Statement and Proof

Definition 2.9 (Van der Waerden number). For positive integers r and k, the van der
Waerden number W (r, k) is the smallest positive integer N such that any r-coloring of
{1,2,..., N} contains a monochromatic k-term arithmetic progression.

Theorem 2.10 (Van der Waerden, 1927). For every pair of positive integers r and k,
the van der Waerden number W (r,k) exists and is finite. That is, every r-coloring of

{1,2,...,W(r,k)} contains a monochromatic k-term arithmetic progression.

The content of the theorem lies entirely in the word finite: no matter how large k or r are,
the threshold W (r, k) is a genuine integer. No coloring, however cleverly arranged, can avoid

monochromatic progressions of every length forever.

Proof. We proceed by induction on k, establishing that W(r, k) exists for every r > 1



simultaneously at each step.

Base cases. When k = 1, every single integer is a 1-term progression, so W(r,1) = 1 for all

r.

When k£ = 2, we need two integers of the same color. By the Pigeonhole Principle,
among any r + 1 integers colored with r colors, two must share a color. Those two form a

monochromatic 2-term progression, so W (r,2) = r + 1.

Inductive step. Fix k > 3 and assume W (r, k — 1) exists and is finite for every r > 1. We
show W (r, k) exists.

Set w = W(r,k — 1), which is finite by hypothesis. Let M be a positive integer to be

determined, and partition {1,..., Mw} into M consecutive blocks of length w:

By ={1,...,w}, By={w+1,...,2w}, ..., By={(M-1w+1,..., Mw}.

Take any r-coloring x of {1,..., Mw}. Each block B; is a translated copy of {1,...,w},
and since w = W (r, k — 1), every block contains a monochromatic (k — 1)-term arithmetic
progression under Y. Inside each block B;, fix one such progression. It is determined by a
color ¢; € {1,...,r} and a common difference d; € {1,...,w}. Call the pair (¢;, d;) the type
of block B;.

The number of possible types is at most r-w. Define a new coloring of the blocks By, ..., By
by assigning each block its type; this is an (rw)-coloring of M objects. By the Pigeonhole
Principle, if M > rw + 1, two blocks must share the same type. Choose M = rw + 1, giving

N = Mw = w(rw + 1).

Let B; and B; (with ¢ < j) be two blocks sharing the same type (c,d). Each contains a
monochromatic (k—1)-term AP of color ¢ and common difference d. Since B, is the translate

of B; by (j —i)w, the two progressions are
a, a+d, ..., a+ (k—2)d in B;,

a+(j—t)w, a+(j—i)w+d, ..., a+ (j —))w+ (k—2)d in B,



both colored ¢. Set D = d+ (j —i)w. Then the k terms
a, a+ D, a+2D, ..., a+ (k—1)D

form a k-term arithmetic progression with common difference D. One verifies that the first
k — 1 terms match the progression in B; (since a + mD = a + md + m(j — ¢)w lies in
the appropriate translate), and the final term a + (k — 1)D matches the last term of the
progression in B;. Since all terms receive color ¢, this is a monochromatic k-term arithmetic

progression.

Therefore W (r, k) < w(rw + 1) < oo, completing the induction. O

2.5.3 The Bound and Its Significance

The proof yields the recursive upper bound
W(r k) < W(rk—=1)(r-W(rk—1)+1),

which unwinds into a tower of exponentials growing in k. The first few known exact values
illustrate the explosive growth: W (2,3) =9, W(2,4) = 35, W(2,5) = 178, W(2,6) = 1132.
Beyond k = 6, no exact values are known for r = 2. The value W (2,7) is bounded above by

numbers with thousands of digits, and remains undetermined.

This growth is not merely an artifact of a weak proof — it reflects a genuine combinatorial
phenomenon. Shelah gave the first primitive recursive upper bound in 1988, and Gowers’s
quantitative proof of Szemerédi’s theorem in 2001 provides the best known upper bounds as
a special case, yet these remain towers of exponentials. Recent work has shown that three-
color van der Waerden numbers W (3, k) grow faster than every fixed exponential function

of k, confirming that the growth is intrinsically super-exponential.

Van der Waerden’s theorem is a purely qualitative statement: it asserts only that W (r, k) is
finite, not how large it is, nor what density of integers is needed to force a progression. The
quantitative version of this question — what density of a subset of {1,..., N} guarantees
a k-term arithmetic progression? — belongs to Roth’s theorem and Szemerédi’s theorem,

which we develop in Sections 6 and 8 respectively.



3 Probabilistic Methods

Here is a seemingly paradoxical idea: to prove that a specific object exists, show it has
positive probability in some random model. If a randomly constructed set has a positive
chance of satisfying some property, then at least one concrete set must satisfy it — even if
we cannot write it down explicitly. This is the probabilistic method, and it is one of the

most powerful and philosophically striking tools in combinatorics.

The method is primarily due to Paul Erdds, who used it throughout the 1940s-1970s to
prove existence results that no explicit construction could match. In additive combinatorics,
it answers questions like: do large AP-free sets exist? What is the threshold density for

arithmetic progressions to appear?

3.1 Random Sets

The simplest random model is to include each element of a ground set independently with
some fixed probability.

Definition 3.1 (p-random subset). Let X be a finite set and 0 < p < 1. The p-random
subset A, C X is formed by including each element € X independently with probability
p. The expected size is E[|A4,|] = p|X|.

Random sets tend to behave generically: they have no algebraic agenda, so they avoid addi-
tive structure almost by accident. This is precisely what makes them useful for constructing
AP-free sets.

3.2 First Moment Method

The most direct application of the probabilistic method: if the expected number of bad
configurations is small, then some realization of the random set has none at all.

Theorem 3.2 (First moment method). Let Z > 0 be a random variable. If E[Z] < 1, then
P[Z = 0] > 0. In particular, there exists an outcome with Z = 0.

Proof. Since Z is a non-negative integer, E[Z] > P[Z > 1] - 1. So P[Z > 1] < E[Z] < 1,
which gives P[Z = 0] > 0. O
Example 3.3 (AP-free random set). Let A, C {1,...,N}. The number of 3-term APs
in {1,..., N} is at most N?/2, and each appears in A, with probability p*. The expected

number of 3-APs in A, is therefore at most N?p?/2. Taking p = N~%® makes this expectation
N~—!'/2 — 0. With high probability, A, is 3-AP-free and has size about pN = N'/3. After
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removing one element from each AP that does appear (at most a negligible number), we

obtain a 3-AP-free set of size Q(N'/3), proving r3(N) = Q(N/3).

3.3 Second Moment Method

When we want to show that a random variable is positive with good probability — not just
on some rare event — the second moment method is the right tool.

Theorem 3.4 (Paley—Zygmund inequality). Let Z > 0 be a random variable with E[Z] > 0.
Then

P[Z > 0] > (ELZ])"

Proof. By the Cauchy-Schwarz inequality, E[Z] = E[Z - 17+¢] < \/E[Z2]\/P[Z > 0]. Squar-

ing and rearranging gives the result. O]

The second moment method is most effective when the events contributing to Z are nearly
independent, because then E[Z?] ~ (E[Z])? and the bound on P[Z > 0] approaches 1.

3.4 Exponential Moment Method

Both the first and second moment methods can be too coarse when we want sharp concen-
tration. The exponential moment method, via the moment generating function, provides
much tighter bounds.

Definition 3.5 (Moment generating function). The moment generating function of a

random variable X is Mx(t) = E[e!*], defined for all ¢ where this expectation is finite.

The idea is simple: for any ¢ > 0, Markov’s inequality applied to e!* gives P[X > a] <

e "E[e!X]. Optimizing over t yields the sharpest possible exponential bound.

3.5 Chernoff Bounds

For sums of independent Bernoulli trials, the exponential moment method produces the
celebrated Chernoff bounds, which show that such sums concentrate tightly around their
mean.

Theorem 3.6 (Chernoff bound). Let X1, ..., X, be independent Bernoulli random variables
with PX; = 1] =p;. Set X =), X; and p=E[X]. For any 0 < <1,

PIX > (1+6)u) < e PIX <=0y < e/

11



Proof. For the upper tail, use E[e'Xi] = 1 — p; + pe? < ePil€=1 g0 E[e!X] < emle'=D),
Setting ¢! = 1+ ¢ and applying P[X > (1 + 0)u] < e *1FIrE[etX] yields the bound after

simplification. O

Chernoff bounds are indispensable throughout additive combinatorics. They confirm, for
instance, that a p-random set has size sharply concentrated around pN, allowing us to treat

|A,| as essentially p/N in estimates.

3.6 Lovasz Local Lemma

The union bound is useful when the probability of each bad event is small, but it breaks
down when there are many such events. The Lovasz Local Lemma handles situations where
bad events are numerous but mostly independent.

Theorem 3.7 (Lovasz Local Lemma, symmetric version). Let Ay, ..., A,, be events such
that each A; has probability at most p and is independent of all but at most d other events.
Ifep(d+1) <1, then

m

N«

=1

P > 0.

The condition ep(d 4+ 1) < 1 is tight up to constants. Intuitively, each bad event is unlikely
enough and sufficiently isolated from the others that they can all be avoided simultaneously.
The LLL is a non-constructive result; a remarkable algorithmic version due to Moser and
Tardos (2010) efficiently finds a point in () A;.

3.7 Janson’s Inequality

When the random variable Z counts copies of a structure and we want a lower bound
on P[Z = 0], Janson’s inequality is the right tool. It accounts for dependencies between
overlapping copies.
Theorem 3.8 (Janson’s inequality). Let Z = ), X; where X; are indicator variables. Define
p=E[Z] and A =3, ;P[X; = X; = 1], where the sum is over pairs (i,j) that are not
independent. Then

P[Z =0] < e W22,

When A < 2, Janson’s inequality gives P[Z = 0] < e #(17°(1) which is very small when

p — 0o. This is the regime where a structure (like a 3-AP) is almost surely present.

12



3.8 Application to Arithmetic Progressions

The probabilistic method gives a sharp threshold for the appearance of 3-APs in random
sets, neatly tying together the tools above.
Theorem 3.9 (AP threshold density). Let A, C {1,..., N} be a p-random set.

1. If p>> N=2/3, then A, almost surely contains a 3-term AP.

2. If p<< N72/3, then A, almost surely contains no 3-term AP.

Proof. There are ©(N?) three-term APs in {1,..., N}, each present in A, with probability
p%, 50 u = O(N?p?). When p > N~2/3, i — oo; since A < p? (dependencies are weak),
Janson’s inequality gives Pno AP] — 0. When p < N~%2 u — 0 and the first moment
method gives P[some AP| <y — 0. O

The threshold py ~ N~2/3 is a phase transition: below it, A, is almost surely AP-free; above
it, 3-APs are almost surely present. Such sharp thresholds are a recurring feature of random

combinatorial structures.

4 Sumsets and Additive Growth

With the probabilistic tools in hand, we now turn to the core objects of additive combina-
torics. The central question: what does the size of A 4+ B tell us about the structure of A
and B?

4.1 Sumsets and Difference Sets

We recall the definitions from Section 2 and add the key invariant that will measure additive
structure throughout this paper.

Definition 4.1 (Doubling constant). The doubling constant of a finite set A is

|A+ Al

K[A] = Al

The trivial bounds give 1 < K[A] < |A]. When A is an arithmetic progression, K[A] is close
to 2; when A is a generic set, K[A] is close to |A]. Sets with small doubling are the ones

with rich additive structure.
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4.2 Small Doubling

Small doubling is the central condition of additive combinatorics. Intuitively, |A + A| being
close to |A| means that adding A to itself does not create much that was not already there
— a strong structural constraint.

Definition 4.2 (Small doubling). A finite set A has small doubling if K[A] = O(1),
meaning |A + A| < C]A] for some absolute constant C'.

Arithmetic progressions satisfy |A + A| = 2|A| — 1, so K[A] = 2. Freiman’s theorem (Sec-
tion 5) will say that, conversely, small doubling forces A to look like a generalized arithmetic
progression.

Proposition 4.3 (Trivial sumset bounds). For finite nonempty A, B C Z with |A| < |B],

A+ |B|—-1 < |[A+ B| < |A]-|B|.

Proof. For the lower bound, fix any ag € A. The elements ay + b for b € B are distinct and
lie in A+ B, giving |A + B| > |B|. Similarly |[A+ B| > |AJ; a careful argument using sorted
order gives the stronger bound |A| + |B| — 1. The upper bound |A||B] is just |A x B|. O

4.3 Cauchy—Davenport Theorem

Over a prime field Z/pZ, the lower bound on sumsets is both tight and fundamental.
Theorem 4.4 (Cauchy—Davenport, 1813/1935). Let p be prime and A, B C Z/pZ nonempty.
Then

|A+ B| > min(p, |[A|+ |B|—1).

The theorem says the trivial lower bound is the worst case over Z/pZ: no matter the choice
of A and B, the sumset is at least as large as the trivial bound allows. The condition that

p is prime is essential — over composite moduli the statement fails.

Proof sketch. Induct on |A| + |B|. If A+ B = Z/pZ the bound is immediate. Otherwise
some ¢ ¢ A+ B exists; using the primality of p to avoid degenerate cases, one can replace
B with B" = B\ {by} for a suitable by while keeping |A + B’| > |A| + |B’| — 1 by induction,

then recover the bound for the original pair. O]

4.4 Vosper’s Theorem

When does equality hold in the Cauchy-Davenport theorem? Vosper’s theorem gives a

complete answer, and it is a prototype for the “sumset rigidity” results that follow.
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Theorem 4.5 (Vosper, 1956). Let p be prime and A, B C 7Z/pZ with |A|,|B| > 2 and
|A| +|B| < p. If |A+ B| = |A|+ |B| — 1, then both A and B are arithmetic progressions

with the same common difference.

Equality in Cauchy—Davenport is not achieved accidentally — it forces both sets to be simul-
taneously maximally structured. This is the first appearance of a theme running throughout

the paper: an extremal sumset condition implies an extremal structural condition.

4.5 Ruzsa Distance

To measure how close two sets are in an additive sense, Imre Ruzsa introduced a function
that behaves like a metric.

Definition 4.6 (Ruzsa distance). For finite nonempty A, B C Z, the Ruzsa distance is

|A - Bl

VIATBI

d(A,B) = log

Note d(A, A) = 1log K[A], so small Ruzsa distance is equivalent to small doubling. What
makes this definition powerful is that d satisfies a triangle inequality — it genuinely measures
additive proximity.

4.5.1 Ruzsa Triangle Inequality

Theorem 4.7 (Ruzsa triangle inequality). For finite nonempty A, B,C C Z,
|JA-C|-|B] < |A-B|-|B-C|.
Equivalently, d(A,C) < d(A, B) +d(B,C).

Proof. For each s € A — C, write s = a — ¢ and pick any bs € B; map s — (a — b, bs — ¢) €
(A— B) x (B — (). Different values of s yield different pairs (since a — ¢ determines the
pair up to the choice b, and a careful fiber count shows injectivity). Thus |A — C| <
|A—B|-|B—-C|/|B|. O

4.5.2 Ruzsa Covering Lemma

Lemma 4.8 (Ruzsa covering lemma). Let A, B C Z with |A+ B| < K|B|. Then there exists
T C A with |T| < K such that ACT+ B — B.

15



Proof. Choose a maximal subset T" C A such that the translates t + B for t € T are pairwise
disjoint. Maximality forces every a € A to satisfy (a + B) N (t + B) # 0 for some t € T,
hence a € T+ B — B. The disjoint translates lie in A+ B, so |T|- |B| < |A+ B| < K|B],
giving |T| < K. O

4.5.3 Pliinnecke—Ruzsa Inequalities

The most practically useful consequence of Ruzsa’s framework: small doubling implies small
growth for all iterated sumsets.
Theorem 4.9 (Pliinnecke-Ruzsa inequalities). Let A, B C Z with |A+ B| < K|A|. Then
for all integers m,n > 0,

ImB —nB| < K™™|Al.

The proof, given a clean modern treatment by Petridis (2012), finds a subset A" C A mini-
mizing the ratio |A’+ B|/|A’| and then inductively controls | A’ +mB| using this minimality.
The upshot is striking: if B has small sumset relative to A, then all iterated sumsets mB—nB

remain controlled. Adding B to itself many times does not create explosive growth.

5 Measuring Additive Structure

We now want a quantitative measure of how much additive structure a set possesses. The
right notion turns out to be additive energy, which counts the number of ways to form

repeated sums.

5.1 Representation Functions
Definition 5.1 (Representation function). For finite A, B C Z, the representation func-
tion is

rayp(n) = |{(a,b) € Ax B:a+b=n}|

The sumset is {n : r415(n) > 0}. The representation function carries strictly more informa-
tion than the sumset itself: it tells us not just which sums appear, but how many ways each

sum can be formed.
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5.2 Additive Energy

Definition 5.2 (Additive energy). The additive energy of sets A, B C Z is
E(A, B) = ’{(al,ag,bl,bg) S A2 X 32 tap + bl = as + bg}‘

We write E(A) = E(A, A) for the additive self-energy of A.

Equivalently, E(A, B) = > ra.5(n)% High energy means many repeated sums, a hallmark
of additive structure. Low energy means most sums are distinct, which is characteristic of
random or unstructured sets.

Example 5.3. If A= {0,1,...,n— 1} is an arithmetic progression, then E(A) = O(n?), as
large as possible. A random set of size n satisfies F(A) & n?, since most sums are formed in

essentially one way.

5.3 Energy via Cauchy—Schwarz

The fundamental inequality connecting additive energy and sumset size follows from a single
application of Cauchy—Schwarz.

Theorem 5.4 (Energy—sumset inequality). For finite A, B C Z,

|AP?|BJ?
E(A,B) > .

Proof. By Cauchy—Schwarz,
2
APIBE = (Yo raws(m) < A+ B- Y raws(n)® = |A+ Bl E(4,B).

Dividing by |A + B gives the result. O

The contrapositive is equally useful: large sumset = small energy. Equivalently, small sumset
= large energy. This is the first rigorous version of the structural intuition: sets with small

doubling must have large additive energy.

5.4 Balog—Szemerédi—Gowers Theorem

Energy and doubling constant are related but not the same: a set can have large energy
without having small doubling. The BSG theorem bridges this gap.

Theorem 5.5 (Balog—Szemerédi-Gowers). Let A C Z with |A] = n and E(A) > n®/K.
Then there exists A’ C A with |A'| = Q(n/K) and |A' + A'| = O(K3)|A'|.
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The proof uses a graph-theoretic argument: build a graph on A where (a,a’) is an edge
when a — ¢’ has many representations in A — A, apply a regularity argument to find a dense
subgraph, and extract from that subgraph a subset with small doubling. The BSG theorem
is often used alongside Theorem 5.4: the energy-sumset inequality gives large energy from

small sumset, and BSG extracts a structured subset from large energy.

5.5 Freiman’s Theorem

The centerpiece of sumset theory.
Definition 5.6 (Generalized arithmetic progression). A generalized arithmetic progres-
sion (GAP) of rank r is a set of the form

P={a+md +-+nd,:0<n; <N; — 1}

for integers ag, dy, . .., d, and positive integers Ny, ..., N,. It is proper if |P| = Ny -+ N,.

A rank-1 GAP is an ordinary arithmetic progression. Higher-rank GAPs are “multi-dimensional”
progressions, and they are exactly the structures that appear when doubling is small.
Theorem 5.7 (Freiman’s theorem). Let A C Z with |A + A| < K|A|. Then A is contained

in a proper GAP of rank at most r(K) and size at most f(K)|A|, where r and f depend only
on K.

Freiman’s theorem is the converse of the trivial lower bound: if A+ A is as small as possible,
then A must be structured like a GAP. The original 1973 proof by Freiman used methods
from geometry of numbers. Ruzsa gave a cleaner proof in 1994 using the tools from Section 4.
Recent work by Gowers, Green, Manners, and Tao (2023) established polynomial bounds on

r(K) and f(K), resolving the polynomial Freiman—Ruzsa conjecture over F5.

5.6 Brunn—Minkowski Inequality

The continuous analogue of sumset bounds is a classical result in convex geometry.

Theorem 5.8 (Brunn—Minkowski inequality). For nonempty measurable sets A, B C R",

vol(A + B)Y™ > vol(A)Y™ + vol(B)'/".

The one-dimensional case gives vol(A + B) > vol(A) + vol(B), which is precisely the contin-
uous version of |A+ B| > |A|+ |B|—1. The Brunn—Minkowski inequality underpins isoperi-

metric inequalities and has discrete analogues throughout additive combinatorics, where it
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motivates the structure of proofs about sumset growth.

6 Fourier Analysis in Arithmetic

The Fourier transform converts additive structure into multiplicative structure, enabling a
completely different set of proof techniques. Over finite abelian groups, it takes a particularly

clean form and connects directly to the arithmetic questions we have been studying.

6.1 Characters on Finite Abelian Groups

Definition 6.1 (Character). A character of a finite abelian group G is a group homomor-
phism x : G — C*. Since G is finite, all character values are roots of unity, so |x(g)| = 1 for
all g € G.

For the group G = Z/NZ, the characters are x¢(n) = >N for ¢ € Z/NZ. The collection
of all characters, denoted @, forms a group isomorphic to G called the dual group.
Theorem 6.2 (Orthogonality of characters). For characters x,v € G of a finite abelian
group G of order N,

@) = 4

9cG 0 otherwise.

Characters are the building blocks from which all functions on GG can be reconstructed. The

orthogonality relations make this decomposition unique.

6.2 Fourier Transform

Definition 6.3 (Discrete Fourier transform). For f : G — C on a finite abelian group G of

order N, the Fourier transform of f is

F& =Y flaye =N ced.

zeG

The inversion formula recovers f from f:

flr) = 5 S FQ eI

ced

For aset A C G, we write A(€) = 14(€) = 3,4 ¢ 2N where 1, is the indicator function
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of A. These are the exponential sums over A, and bounding them is a central technique

in analytic number theory and additive combinatorics.

6.3 Parseval’s Identity

Theorem 6.4 (Parseval’s identity). For f,g: G — C,

S @) gl = 5 3 FO5E

z€G ceG

In particular, Y, |f(2)]” = % X¢ [f (€)1

Proof. Substitute the inversion formula for f or g and use the orthogonality of characters to

collapse the double sum. O

Parseval’s identity is the Fourier analogue of the Pythagorean theorem: the ¢? norm is
preserved up to a factor of N. It immediately gives global control on the Fourier transform

from knowledge of f.

6.4 Convolution

Definition 6.5 (Convolution). The convolution of f,g: G — C is

(fx9)(@) = > f)glz—y).

yeG

The key property is that convolution becomes pointwise multiplication under the Fourier
transform: m(f) = f (&) g(&). This is what makes the Fourier transform so powerful for
additive problems. Observe that r4.5(n) = (14 % 15)(n), so the representation function is a
convolution, and the additive energy satisfies E(A, B) = N~' 3~ |A(€)[2|B(€)]? by Parseval.

6.5 Spectrum

Definition 6.6 (Spectrum). For A C G and p > 0, the p-spectrum of A is

Spec,(A) = {£€ G :|A®€)] > plA]}.

Large Fourier coefficients encode additive structure: if 121(5) is large, it means A correlates

with the linear phase e?™¢/N and this correlation implies A has arithmetic regularity at
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frequency €.
Proposition 6.7 (Parseval bound on spectrum size). |Spec,(A4)| < p~?|G|/|A].

Proof. By Parseval, » . |A(€)]2 = N|A|. Each element of Spec,(A) contributes at least
PIAP, 50 [Spec,(A)] - p2|AP < NJA] a

6.6 Bohr Sets

Bohr sets are the Fourier-analytic analogue of arithmetic progressions: sets of integers where
a collection of specified exponentials are nearly constant.
Definition 6.8 (Bohr set). For I' C G and § > 0, the Bohr set is

Bohr(I',0) = {z € G:|x(z) — 1] < 4§ for all y € I'}.

Bohr sets are large: |Bohr(I',d)| > (6/27)"!N. They also have approximate closure under
addition, making them the natural subsets on which to apply density increment arguments.
In Roth’s proof below, a large Fourier coefficient at frequency £ implies that A has extra

density on a Bohr set Bohr({{},d), which in turn contains a long arithmetic progression.

6.7 Roth’s Theorem

Theorem 6.9 (Roth, 1953). Any subset A C {1,..., N} with no 3-term arithmetic progres-

ston satisfies
N
Al=0(——= ).
A (loglogN)

FEquivalently, every subset of {1,..., N} of size Q(N/loglog N) contains a 3-term AP.

Roth’s theorem was the first quantitative upper bound on r3(/N), proving that the bound
r3(N) = o(N) — which was itself not obvious from van der Waerden — holds with an
explicit rate. The modern bound (Kelley-Meka, 2023) gives r3(N) < N exp(—c(log N)'/?),

far stronger but by similar ideas.

6.8 A Toy Proof of Roth’s Theorem

We sketch the Fourier-analytic proof over G = Z/NZ. Write |A| = aN. The number of
3-term APs in A (including degenerate ones with d = 0) is

T(A) = Y La(x)La(z +d) 1a(z + 2d).
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Step 1: Fourier expansion. Write 14 = a+ f where f = 14—« has f(O) = 0. Expanding
T(A) using characters gives T(A) = a® N2 + E, where the error E involves f(£) for £ # 0.

Step 2: The random case. If f = 0 (i.e., A is perfectly uniform), then T(A) = o®N?,
giving Q(a*N?) three-term APs. Any set of density a that “looks random” contains many
APs.

Step 3: Large Fourier coefficient. If A contains no nontrivial AP then T(A) < aN
(only degenerate APs). Since the main term is a®N?, the error E must be large, forcing
some & # 0 with |A(€)] > ca®N.

Step 4: Density increment. A large Fourier coefficient at £ implies A has density at least
o+ ca? on some arithmetic progression P of length N’ > N¢. Apply the argument to AN P
inside P.

Step 5: Iteration. Each step increases the density by ca?.

Since density is bounded
by 1, the process terminates after O(1/a) steps. The subprogression shrinks geometrically,
but remains nonempty as long as a > 1/loglog N. Taking the contrapositive: if |A| >

N/loglog N then A contains a 3-AP. OJ

7 Beyond Linear Structure

Roth’s theorem handles 3-term APs, which are solutions to the linear equation x + z = 2y.
For longer progressions, a single Fourier coefficient is no longer enough to capture the relevant
structure. Gowers introduced the uniformity norms to handle this, and in doing so launched

a new branch of mathematics: higher-order Fourier analysis.

7.1 Gowers Uniformity Norms

Definition 7.1 (Gowers U* norm). For f : Z/NZ — C and k > 1, the Gowers U* norm
is defined by

Iz = 11 C""'f(erZwZ ) ,

h h EZ/NZ
T, hi,..,nE€ / {Ol}k

where |w| = ). w; and C denotes complex conjugation.

The U' norm reduces to |f(0)|]. The U? norm satisfies || f|[{, = N3 > 1£(€)]*, and is
controlled by the largest Fourier coefficient of f. For k > 3, the U* norm captures structure

that ordinary Fourier analysis cannot see.
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The connection to arithmetic progressions is direct. The count of (k + 2)-term APs in A
can be written as an inner product involving |14 — «||y+, and if this norm is small then A
contains roughly the “expected” number of such APs. Roth’s argument for 3-APs is precisely

the k = 1 case of this framework.

7.2 Higher-Order Fourier Analysis

Classical Fourier analysis decomposes functions into linear phases e*™%*/N  Higher-order
Fourier analysis replaces these with polynomial phases.
Definition 7.2 (Polynomial phase). A polynomial phase of degree d is a function of the

form z +— €>™(®) where p : Z — R is a polynomial of degree d.

The Gowers U**! norm being small is equivalent to f having no correlation with any poly-
nomial phase of degree k. This is the starting point for the inverse theory of the Gowers

norms.

7.3 Inverse Gowers Theorems

Theorem 7.3 (Inverse theorem for the Gowers norms, Green-TaoZiegler 2012). Let f :
ZJ/NZ — [—1,1] with || f|jgs+1 > d > 0. Then there ezists a nilsequence of degree < k and
bounded complexity such that

Foce f(z)0(x)| > c(8,k) > 0.

Nilsequences are the natural higher-degree generalizations of linear phases. The inverse the-
orem says: if the U**! norm is not small, the function must correlate with some nilsequence
of degree k. This is the higher-order analogue of the fact that a large U? norm implies a

large Fourier coefficient.

7.4 Nilsequences and Nilmanifolds

Definition 7.4 (Nilmanifold). A nilmanifold of order s is a quotient G/I" where G is a
simply connected s-step nilpotent Lie group and I' C G is a cocompact discrete subgroup.
The commutator series satisfies G; = G, Gj41 = [G, G;], and G411 = {e}.

Nilmanifolds of order 1 are ordinary tori R"/Z", and functions on them are just classical
Fourier series. Order 2 nilmanifolds already produce behavior invisible to classical Fourier

analysis, and it is at this level that 4-term APs live. A nilsequence of order s is a sequence
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of the form n — F(g" - eq/r), where g € G and F' is a Lipschitz function on the nilmanifold.

These objects are the canonical obstructions to uniformity in Gowers norms of degree s+ 1.

8 Modern Developments

8.1 Szemerédi’s Theorem

Van der Waerden’s theorem guarantees monochromatic progressions in colorings. Sze-
merédi’s theorem is the density version of the same statement — and it is strictly harder.

Theorem 8.1 (Szemerédi, 1975). For every integer k > 1 and § > 0, there exists Ny(k, )
such that any A C {1,...,N} with |A| > 6N and N > Ny contains a k-term arithmetic

Progression.

Four independent proofs of this theorem are known, each opening a different branch of
mathematics: Szemerédi’s original combinatorial proof (1975) using the regularity lemma,
Furstenberg’s ergodic theory proof (1977), Gowers’s quantitative proof using uniformity
norms (1998-2001), and for £ = 3 the Fourier-analytic proof of Roth. Each proof method

has since found applications far beyond this theorem.

8.2 Ergodic Theory and Furstenberg’s Correspondence

Furstenberg’s proof revealed a deep connection between additive combinatorics and dynam-
ical systems.

Theorem 8.2 (Furstenberg correspondence principle, 1977). Let A C N with upper density
d(A) > 0. There exists a measure-preserving system (X,B,u,T) and a set E € B with

w(E) =d(A), such that for allk > 1 and ny,...,ng € Z,

dAN(A-n)N--N(A=n)) 2 p(ENT™EN---NT "™E).

Szemerédi’s theorem then follows from the Furstenberg multiple recurrence theorem: for any
measure-preserving 7" and set F with u(E) > 0, there exists d > 0 such that u(ENT~2EN
~.NT~* =D4E) > 0. This correspondence showed that combinatorial density questions are

equivalent to questions about recurrence in dynamical systems.

8.3 Szemerédi’s Regularity Lemma

A cornerstone result in combinatorics that Szemerédi developed specifically to prove his

theorem, but which has since found applications across many fields.
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Definition 8.3 (e-regular pair). For a graph G and disjoint sets U,V C V(G), let d(U, V)
denote the edge density between U and V. The pair (U, V) is e-regular if for all U’ C U
and V' CV with |U'| > ¢|U] and |V'| > ¢|V|,

AU, V') — d(U, V)| < e

Theorem 8.4 (Szemerédi regularity lemma, 1978). For every € > 0 there exists M(g) such
that every graph on n wvertices has a partition V(G) = Vo U Vi U - U Vi with k < M(e),
Vol <en, |Vi| =+ =|Vi|, and all but at most ek pairs (Vi,V;) being e-regular.

The regularity lemma says every large graph looks like a bounded-complexity object at large
scales: most pairs of parts interact with essentially uniform edge density. The bound M (¢)

grows as a tower of exponentials in 1/¢, which is known to be necessary.

8.4 Green—Tao Theorem

Theorem 8.5 (Green—Tao, 2008). The prime numbers contain arithmetic progressions of

arbitrary length.

The primes have density ~ 1/log N in {1,..., N}, which tends to zero, so Szemerédi’s theo-
rem does not directly apply. Green and Tao proved a relative Szemerédi theorem: any subset
of positive relative density inside a sufficiently pseudorandom set contains long arithmetic
progressions. They then constructed a pseudorandom majorant for the primes using sieve
theory and verified the necessary pseudorandomness conditions. The inverse theorem for the

Gowers norms (Section 6.3) was a key input for the k& > 4 cases.

8.5 Approximate Groups

Definition 8.6 (K-approximate group). A finite symmetric set A in a group G (with e € A
and A = A7!) is a K-approximate group if there exists X C G with |X| < K such that
A-ACX A

Theorem 8.7 (Breuillard-Green—Tao, 2012). Every K-approzimate group A is covered by

Ok (1) cosets of a nilprogression of rank and step Og(1).

This theorem classifies all approximate groups: they are essentially nilprogressions, the non-
commutative generalization of GAPs. It unifies Freiman’s theorem, the structure theory of

groups with rapid growth, and results in geometric group theory under a single framework.
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8.6 Sum-Product Phenomena

A set cannot simultaneously have small sumset and small product set — addition and
multiplication cannot both be nearly closed on the same set unless it is very structured.
Theorem 8.8 (Erdés—Szemerédi, 1983). For any finite A C Z with |A| = n,

max (|A+ A, |A-A]) > cn'?

for absolute constants ¢,d > 0.

The conjecture is that ¢ can be taken arbitrarily close to 1, giving max(|A + A|,|A- A|) >
n?=°() The best known exponent is approximately 5/3, due to Rudnev and Stevens (2022).
Over F,, the sum-product phenomenon connects to the Kakeya conjecture and restriction

estimates in harmonic analysis.

8.7 The Polynomial Method and the Cap Set Problem

Definition 8.9 (Cap set). A cap set is a subset A C F% containing no 3-term arithmetic

progression (equivalently, no three elements summing to zero in F%).

Let m3(n) denote the maximum size of a cap set in F¥.
Theorem 8.10 (Ellenberg—Gijswijt, 2017). mg(n) < O(2.756").

The proof, building on Croot-Lev—Pach (2017), uses the polynomial method: encode
the AP-free condition algebraically and bound the size of A by the rank of a certain matrix,
which is in turn bounded by a polynomial degree argument. The bound 2.756™ is significantly
smaller than 3" = |F}|, and the argument is strikingly short — the core idea fits in a few
pages. This resolved the cap set problem, open since the 1970s, and launched a wave of

applications of the polynomial method throughout combinatorics.

8.8 Open Problems

We close with four of the most important open problems in the field.

8.8.1 Polynomial Freiman—Ruzsa

Gowers, Green, Manners, and Tao (2023) resolved the polynomial Freiman—Ruzsa conjecture
over Fy: if |A+ A| < K|A| in F4, then A is covered by O(K*¢) cosets of a subspace of size
> |A|/K*¢. The analogous statement over Z — that Freiman’s theorem holds with polynomial

bounds in K — remains open.
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8.8.2 Erd6s—Turan Conjecture

If A C N satisfies Y., 1/a = 0o, must A contain arbitrarily long arithmetic

progressions?

This conjecture, from 1936, would imply the Green—Tao theorem (since the primes satisfy
the divergence condition) from a much more elementary hypothesis. It remains completely

open.

8.8.3 Kakeya Conjecture

A Kakeya set in R™ contains a unit line segment in every direction. The conjecture that
every Kakeya set in R™ has Hausdorff dimension n is proved for n = 2 and open for n > 3. Its
connection to additive combinatorics runs through the sum-product problem and restriction

estimates for the Fourier transform.

8.8.4 Higher-Order Inverse Problems

The inverse theorem for the U* norm over Z is currently non-quantitative: if || f||y+ > 4,
it guarantees correlation with a degree-3 nilsequence of some bounded complexity, but the
bound on the complexity is not effective. Making this quantitative would yield the first
effective bounds for 5-AP counts in dense sets — a problem that has resisted all current
methods.
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