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Abstract

This paper introduces the fundamental theory of hyperplane arrangements, an im-
portant topic in algebraic geometry and combinatorics, including the intersection poset,
characteristic polynomials, rank, and Zaslavsky’s Theorem, and the theory of separat-
ing hyperplanes before examining some fundamental examples of hyperplane arrange-
ments.

1 Introduction

A hyperplane is simply an (n — 1)-dimensional affine subspace of an n-dimensional vector
space. Hyperplane arrangements are collections of hyperplanes.

The theory of hyperplane arrangements originated in the 1960s. Pioneers like Thomas
Brylawski and Gian-Carlo Rota formalized the geometry using matroid theory, the study
of abstract independence and intersections. By the 1970s, Thomas Zaslavsky connected
the theory of hyperplane arrangements to combinatorics through the use of characteristic
polynomials, formulas that count how many divided regions the slices create. In the 1980s,
Peter Orlik and Louis Solomon introduced the Orlik—Solomon algebra, a breakthrough that
determined the topology of the complement space purely from the combinatorics of how the
hyperplanes intersect. The theory of hyperplanes and hyperplane arrangements has grown
into a vast field which connects topics in algebra, geometry, topology, and computer science.

This paper introduces the foundational concepts of hyperplane arrangement theory. In
this paper, we will investigate how hyperplanes intersect, partition space into regions, and
and are organized into partially ordered structures known as intersection lattices. These lat-
tices encode much of the geometry of the arrangement and lead to important combinatorial
invariants such as the characteristic polynomial and the intersection poset. Additionally,
hyperplane arrangements have many useful applications in optimization, topology, and ma-
chine learning. We will begin by defining hyperplane arrangements and describing their
complements and regions. We will then develop the intersection lattice and characteristic
polynomial before presenting Zaslavsky’s Theorem, which establishes a remarkable connec-
tion between combinatorial data and the number of regions determined by an arrangement.
Finally, we will examine the Braid Arrangement and the Shi Arrangement as examples.
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2 Preliminaries

Notation
Unless otherwise stated, all vector spaces are in the field of R.

V' = R"™ denotes the ambient vector space.

A denotes a finite hyperplane arrangement.

H denotes an individual hyperplane of A.

L(A) denotes the intersection poset of A.

p denotes the Mébius function on L(.A).

X(A, t) denotes the characteristic polynomial of A.

r(A) and b(A) denote the numbers of regions and bounded regions, respectively.

B,, denotes the braid arrangement, while S,, denotes the Shi arrangement.

2.1 Hyperplanes

Definition 2.1 (Hyperplane). Let V' = K™ be a vector space over a field K, typically R or
C. We will first define linear hyperplanes and then extend it by translation.
A linear (or central) hyperplane is an (n — 1)-dimensional subspace H of V| that is,

H={veV:a-v=0},

where oo = (v, ..., ) is a fixed nonzero vector in V', and « - v denotes the dot product

n
[ — (a17,',7an)'(1}17..-7vn) :Zalvl'
i=1

Here, o must not equal 0, as this guarantees that a- v = 0 is a constraint on v. Imposing
this single linear equation removes one degree of freedom from V', so H has dimension n — 1.
Since o - 0 = 0, every linear hyperplane passes through the origin, and therefore H must be
a genuine linear subspace of V.

An affine hyperplane is a translate of a linear hyperplane. With the same nonzero vector
a and a scalar a € F, we define

J={veV:ia-v=a}.
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Hy:y=0

Figure 1: A central arrangement of lines in 2D space.

When a = 0, J reduces to the linear hyperplane H above. When a # 0, J no longer passes
through the origin and is not a subspace, but it remains a flat, (n — 1)-dimensional set:
choosing any fixed vy € J,

J=v+H={v+h:heH},

so J is H shifted by vy.

In R?, a hyperplane is a line, and in R?, a hyperplane is a (2-dimensional) plane (See
Figures 1 and 2). This definition applies to all dimensions, but hyperplane arrangements
become harder to visualize beyond the third dimension.

Definition 2.2 (Hyperplane Arrangement). A hyperplane arrangement is a finite collection
A = {Hl,HQ,...,Hm}

of hyperplanes in V. The integer m = |A] is called the size of A, and n = dimV is its
ambient dimension.

Definition 2.3 (General Position). An arrangement A = {Hy,..., H,,} of hyperplanes in

V = R" is in general position if, for every subset S C {1,...,m},
codim (ﬂ H,) = min(|5], n),
icS

whenever (,.q H; # 0. Every collection of k < n hyperplanes meets in codimension &, and
any n + 1 or more hyperplanes have empty common intersection.

Definition 2.4 (Coning and Deconing). Given an affine arrangement 4 in K", with each
hyperplane H; defined by a; - = a;, one constructs its cone cA in K™ as follows. We
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Figure 2: An affine arrangement of hyperplanes in a 3D space.
By Kilom691 - Own work, CC BY-SA 4.0, https://commons.wikimedia.orq/w/index.php ?curid=37508909

introduce a new coordinate xg and homogenise each defining equation, or rewrite each term
with the same degree by writing
a; - — a;xg =0,

which now passes through the origin in K™*! and recovers the original equation o; - © = q;
upon setting xyg = 1. We can then adjoin the additional hyperplane {xy = 0}, called the
hyperplane at infinity. The resulting collection cA is a central arrangement in K™+ and
this construction reduces many affine problems to the central case.

The inverse operation, deconing, recovers A from cA removing the hyperplane {z, = 0}
and setting o = 1 in each remaining (homogeneous) equation, to restore the original affine
equations in K.

Example 2.5 (The Empty Arrangement). The simplest arrangement possible has no hy-
perplanes at all: the empty arrangement A = @ in K™ has m = 0 hyperplanes. Since no
equations remove any points from K", its complement K™\ (J, .4 H is all of K", which is
connected; so the empty arrangement has exactly one region. This serves as the natural base
case for inductive arguments that build an arrangement one hyperplane at a time.
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Example 2.6 (The Boolean Arrangement). The next simplest example is the Boolean ar-
rangement B, consisting of the n coordinate hyperplanes

{1'1:0}, Zzl,,’n

A point z = (x1,...,z,) avoiding every hyperplane can be determined, up to region, solely
by the sign of each coordinate x;. Since each of the n coordinates independently takes one
of 2 signs, B,, has 2"regions.

2.2 The Complement and Regions

Definition 2.7 (Complement). The complement of A is

MA) =V \ |JH

HeA

i.e. everything left over after removing all the hyperplanes. Given an arrangement A, the

structure of M (.A) changes based on whether K =R or K = C.

In R, a real hyperplane has codimension 1, so removing it divides the ambient space,
similar to the way removing a line from R? leaves two separate pieces. Consequently, M (A)
breaks apart into finitely many disjoint pieces called regions. Fach region is an open, convex
set that is either a convex polyhedron, or, in the central case, a convex cone radiating from
the origin. Thus

M(A) = |_|Ri,

a disjoint union of open convex cones/polyhedra R;.

disjoint union of open convex cones/polyhedra, K =R,
M(A) = {

a connected, non-compact complex manifold, K =C.

Definition 2.8 (Regions and Chambers). When K = R, the connected components of
M(A) are called regions or chambers. We write

r(A) = #{regions of A}.

Each region is an open convex set and its closure is a (possibly unbounded) convex polyhe-
dron. The closure of a bounded region is compact. We notate the number of bounded regions

with b(A).

Definition 2.9 (Partially Ordered Set)). A partially ordered set (or poset) is a pair (P, <)
consisting of a set P together with a binary relation < on P that is:

e Reflexive: x < z for all z € P;

e Antisymmetric: if v <y and y < z, then z = y;
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e Transitive: if z <y and y < z, then x < 2.

Note that not every pair of elements need be comparable — if + £ y and y £ z, we say x
and y are incomparable.

Definition 2.10 (Faces and the Face Poset). A face of A is a nonempty set of the form

F=(H"n(H n()H

HeS HeT HeU

where {S,T,U} partitions A and H*, H~ denote the two open half-spaces of H. The set of
all faces, ordered by inclusion of closures, is the face poset F(A). The faces of dimension n
are the regions. Faces of dimension n — 1 lying on exactly one hyperplane are the facets.

3 Separating Hyperplanes

Definition 3.1 (Separating Set). Let A be an arrangement with hyperplanes Hy, ..., H,,
and let R, R’ € R(A) be two regions with sign vectors o(R),c(R’) € {+, —}"™. The separat-
ing set of R and R’ is

S(R,R') = {Hie A : o(R); #0(R): },

i.e. the set of hyperplanes on which R and R’ lie on opposite sides. A hyperplane H € S(R, R)
is said to separate R and R'.

Note that S(R, R') = @ iff R = R/, since the sign vector determines the region uniquely.

Definition 3.2 (Region Graph and Distance). Define a graph on the vertex set R(.A) by
joining R and R’ with an edge whenever |S(R, R')| = 1, i.e. whenever R and R’ share a facet
(a codimension-one face) lying on a single hyperplane of A. Call this the region graph of A.
For any two regions R, R', set

d(R,R') = |S(R, R)|.

Proposition 3.3. The quantity d(R, R') is the graph distance between R and R’ in the region
graph. The minimum number of edges in a path from R to R', i.e. the minimum number of
hyperplane intersections needed to go from R to R' through a sequence of adjacent regions.

Proof. A path of adjacent regions R = Rq, R1,..., R, = R’ crosses one new hyperplane at
each step, so S(R, R') C U, S(R;-1, R;), giving d(R, R') < k. Taking k minimal, a straight-
line segment from a point of R to a point of R’, perturbed to avoid all flats of codimension
> 2, crosses each hyperplane of S(R, R') exactly once and no other hyperplane, realizing a
path of length |S(R, R’)|. Hence the minimum path length equals |S(R, R')|. O

This fact is used in the proof of Theorem [6.2} two points near a region R” € R(A”) on
either side of Hy lie in the same region of A’ because no hyperplane of A’ can separate them.
Any such hyperplane would have to cross Hy within R”, which the minimality of R” rules
out.
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3.1 The Poset of Regions

Let base region Ry € R(A). Distances from Ry give R(A) the structure of a graded poset.
Definition 3.4 (Poset of Regions). Define a partial order on R(A) by
R<R <<= S(Ry,R)C S(Ry,R),

with rank function R +— d(Ry, R). This poset, denoted P(A, Ry), is the poset of regions with
respect to Ry.

The base region Ry is the unique minimal element (rank 0), and regions farthest from
Ry, that are separated from Ry by every hyperplane, are the maximal elements.

Example 3.5 (Braid Arrangement). For A, _;, take Ry = Rjq, the region corresponding to
the identity permutation (x; > xo > --- > x,,). We check that d(Ry, R,) equals the number
of inversions of o, i.e.

d(Ria, Rp) = {(3,5) i < g, 07 (i) > o7 (j)}]-
The poset of regions P(A,,_1, Riq) is then isomorphic to the weak order on S,,.

4 The Intersection Poset

4.1 Definition and Basic Structure

Definition 4.1 (Intersection Poset). Let A be a hyperplane arrangement in V. The inter-
section poset (also called the intersection lattice in the central case) is

v ={NH ‘ SCA (N H#o},

HeS HeS

where the empty intersection is taken to be V' itself. The partial order on L(.A) is given by
reverse inclusion:
X<Y <<= YCX

The unique minimum element is 0 = V' (the empty intersection).

The reverse-inclusion convention is necessary because it makes co-dimension increase as
we moves up the poset, which aligns with the intuition that “more hyperplanes imposed =
higher in the lattice.” In the central case, L(.A) is indeed a geometric lattice. 1t is graded,
atomic, and semimodular.

Definition 4.2 (Geometric Lattice). A finite lattice L is a geometric lattice if it is:

(i) Graded: every maximal chain has the same length.
(ii) Atomic: every element is a join of atoms (atoms are the elements covering 0)

(iii) Semimodular: for all x,y € L,
TNy<xr — y<xVy,
where < denotes covering.

The intersection lattice of a central arrangement is always a geometric lattice.

7
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4.2 The Mobius Function
Definition 4.3 (Mobius Function). Let P be a finite poset. The Mébius function u :
P x P — 7 is defined recursively by

ple,x) =1, plwy)=— > px,z) forz<y,

r<z<y

and p(z,y) = 0 if x £ y. For the intersection poset L(A), we write u(X) for u(0, X) with
0=V.

Example 4.4. Let A be three lines Hy, Hy, Hs in R? in general position (no two parallel,
no common point of intersection). We compute p(X) for every flat X € L(A), following the
recursive definition, working rank by rank.

Rank 0. The unique rank-0 flat is 0 = R? itself, with
#(0) = p(0,0) = 1.
Rank 1. Each line H; covers only 0 in L(A), so

/L(Hz) == Z M(Z) = _M<O) =-1 i1=1,2,3.

0<Z<H;

Rank 2. Since the lines are in general position, each pair meets in a distinct point: p;s =
Hy, N Hy, p13s = Hiy N H3, pas = Hy N H3, with no point common to all three lines. Each p;;
covers 0, H;, and H; in L(A), so

upis) = = (u0) + p(H) + p(Hy)) = =(1+ (-1 + (=) =1, {i,j} € {1,2,3}.

The intersection poset L(.A) has one element of rank 0 (1 = 1), three elements of rank 1
(u = —1 each), and three elements of rank 2 (1 = 1 each). This matches the fact that for
an arrangement in general position, p(X) = (—=1)""%) for every flat X.

Plugging these values into Definition gives

XA =1 +3-(=1)-t" + 3-1-¢% => -3t + 3,
~—~ —— —

0 Hi,Ho,Hs P12,P13,P23
which returns (A, —1) =1+ 3+ 3 = 7, in agreement with r(A) = 7.

Proposition 4.5 (Mébius Inversion). For any functions f,g : P — Z on a finite poset P,

g(x)=> fly) <= [f@)=> uly.)gy).

y<z y<z

This is the Mobius inversion formula.
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4.3 Hasse Diagrams

Definition 4.6 (Hasse Diagram). The Hasse diagram of a poset P is a directed graph in
which:

(i) nodes correspond to elements of P,

(ii) an edge x — y (drawn upward) exists if and only if z < y (i.e. y covers z: x < y and
there is no z with z < z < y).

For an arrangement in R? with m lines in general position, L(A) has 1 +m + (') elements:

V itself, the m lines, and the (’;‘) intersection points.

Figure 3: Hasse diagram of the Boolean lattice Bj, the lattice of subsets of {1,2, 3} ordered
by inclusion. This is the prototypical example of a geometric lattice.

Example 4.7 (Hasse Diagram of the Intersection Lattice L(B;)). Recall the Boolean ar-
rangement By = {Hy, Hy} in K2, where H, = {x; = 0} and Hy = {zo = 0}. The intersection
lattice L(A) of an arrangement A is the poset of all nonempty intersections of subsets of
hyperplanes in A, ordered by reverse inclusion, with 0 = K2 (the empty intersection) as the
minimum element.

For B, the intersections are:

e the whole space K? (empty intersection),
e the two hyperplanes themselves, H; and Ho,
e their intersection Hy N Hy = {(0,0)}, the origin.

Note the diagram is read bottom-up by codimension. 0 has codimension 0 (it is all of
K?), the atoms H;, H, have codimension 1, and 1 = {0} has codimension 2.
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Figure 4: Hasse diagram of L(Bs).

5 Rank

5.1 Rank of an Intersection
Definition 5.1 (Rank of an Element). For X € L(A), the rank of X is
rank(X) = codim(X) = dimV — dim X.

Thus rank(V) = 0 (the minimum element has rank zero) and the hyperplanes themselves
have rank 1.

Definition 5.2 (Rank of an Arrangement). The rank of A is

rank(A) = rank( ﬂ H) = codim( ﬂ H).

HecA HecA
In other words, it is the rank of the largest element of L(.A) (the maximum 1, if it exists).

For a central arrangement, the rank equals the dimension of the subspace spanned by
the normal vectors {as, ..., a;} of the hyperplanes H; = Kerca;. Thus rank(A) < n always,
with equality iff A is essential.

5.2 Graded Structure of the Intersection Lattice

Proposition 5.3. For a central arrangement A, the intersection lattice L(A) is a graded
poset of rank rank(A), with rank function X — codim(X). In particular:

(i) rank(0) = 0 (where 0 = V).
(ii) Every saturated chain from 0 to X has length rank(X).

(i1i) The atoms of L(A) (elements of rank 1) are the hyperplanes in A.

10
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5.3 The Characteristic Polynomial

The characteristic polynomial represents the Mobius function of the entire intersection poset
into a single combinatorial invariant.

Definition 5.4 (Characteristic Polynomial). The characteristic polynomial of A is
XA = > p(X) ™ = Y (X))
XeL(A) XeL(A)

where pu(X) = ;(0, X) is the Mébius function of L(A), and n = dim V. This is a polynomial
in t of degree n, with integer coefficients.

Some sources instead write the characteristic polynomial using rank(X) directly, i.e.
3 (X)) grank(A—rank(X) “which agrees with the definition above when A is essential. We
follow the convention used in Orlik-Terao.

6 Zaslavsky’s Theorem

Zaslavsky’s theorem (1975) is the central result connecting the combinatorics of L(.A) to the
geometry of the complement M (A) over R. Its proof relies on a recursive tool, deletion-
restriction, which we introduce first.

6.1 Deletion and Restriction
Definition 6.1 (Deletion and Restriction). Let hyperplane Hy € A. We define:
A= A\ {Hy} (deletion), A"={HNHy: He A’} (restriction to Hy).

Here A’ is an arrangement in the same ambient space as A, with one fewer hyperplane, while
A" is an arrangement inside Hy itself (so one dimension lower). Both are strictly smaller
than A, which makes them well suited to induction on the number of hyperplanes.

We call Hy a coloop of A if rank(A") = rank(A) — 1, i.e. removing H, actually lowers the
rank. Geometrically, this means Hy’s normal direction is not needed to explain any of the
other hyperplanes.

A region R of A is relatively bounded if it is bounded modulo the directions the arrange-
ment does not constrain (if 4 is essential this is the same as ordinary boundedness). We
write b(A) for the number of relatively bounded regions.

Theorem 6.2 (Deletion-Restriction). With A" and A" as in Definition [6.1]
X(-A7 t) = X(A/7 t) - X(A”> t)'

This recurrence, together with Zaslavsky’s formula (proved below), gives a recursive
algorithm for counting regions:

r(A) = r(A) + r(A"),

which has a clean geometric interpretation. The hyperplane Hj either does not cut a region
of A’ (contributing to r(.A")) or cuts it into two (contributing the new region to r(.A”)).

11
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6.2 Statement of Zaslavsky’s Theorem

Theorem 6.3 (Zaslavsky). Let A be a real hyperplane arrangement of rank ¢ = rank(A) in
R™. Then:

(i) The number of regions satisfies

(ii) The number of bounded regions satisfies
b(A) = (1) x(A,1).

Part (ii) implies b(\A) = 0 whenever A is central (since then x(A,1) = 0 by the semi-
modular property of L(A)). Intuitively, no bounded region can exist when all hyperplanes
pass through the origin.

We give two proofs. The first proceeds by induction using deletion-restriction (Theorem
6.2) and the second uses the Mobius inversion.

First proof of Theorem[6.5. Part (i). The base case is A = @. With no hyperplanes, all
of R™ is a single region, so r(@) = 1, matching (—1)"xz(—1) = (=1)"(=1)" = 1 since
Xo(t) =t

For the inductive step, fix Hy € A and form A’, A” as in Definition [6.1] Both 7(4) and
(—1)"xa(—1) satisfy the recurrence

r(A) =r(A) +r(A"),  xalt) =xa(t) — xa(t)

(the first because Hy either misses a region of A’ or cuts it in two, one new region for each
region of A” and the second is Theorem [6.2)). Since both sides agree at @ and satisfy the
same recurrence, they agree for all A.

Part (ii). The base case A = & gives b(@) = 1, matching (—1)%x4(1) = 1.

For the inductive step, set d(A) = (—1)""k(Ay 4(1), and consider two cases for Hy.

Case 1: Hj is not a coloop. Then rank(A"”) = rank(A) — 1, and Theorem [6.2] evaluated
at t = 1 translates into d(A) = d(A’) + d(.A”), matching the geometric splitting of bounded
regions under deletion-restriction.

Case 2: Hj is a coloop. Then:

e H(A) = 0. Since Hy’s normal direction is independent of every other hyperplane, any
point can be moved indefinitely in that direction without crossing another hyperplane,
so no region is relatively bounded.

o L(A) = L(A"). Since Hy's direction is independent of the rest, intersecting with H
preserves all incidence data, giving a rank-preserving poset isomorphism between the
intersection lattices of A" and A”.

The isomorphism L(A’) = L(A") gives x4 (1) = xa~(1), so d(A) = 0, matching b(.A) = 0.
In both cases b(A) and d(.A) satisfy the same recurrence and agree at the base case, so

b(A) = d(A) for all A. O

12
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Second proof of Theorem [6.3 Let (A) denote the Euler characteristic of a space A. If A
is cut into f; cells of dimension ¢, then ¥(A) = fo — f1 + fo — -+--. We use that an affine
subspace of dimension k has ¢ = (—1)¥, in particular ¢ (R") = (—1)".

The space R™ decomposes into faces of A. Group these faces by their minimal flat X €
L(A) (the smallest flat containing the face). The faces with minimal flat X correspond to the
regions of the restricted arrangement A%, each of dimension dim X. The same decomposition
applies inside any flat W in place of R™ using only flats X < W in the reverse-inclusion
order (i.e. X D W). Comparing Euler characteristics gives, for every flat W,

(=)W = (W) = Y (=) r(AY),

X>W

Mébius inversion on L(.A) then yields

(1A (%) = 37 (X, Y) (~ 1)

Y>X

Specializing to X =0 (so AX = A, dim X = n) gives

(D) r(A) = Y p(Y) (1) = xa(-1),

YeL(A)

which is part (i). Part (ii) follows from the same style of argument, using instead that a
closed convex region has Euler characteristic 1 if bounded and 0 if unbounded, and carrying
out the analogous inversion restricted to relatively bounded pieces. O]

Proposition 6.4. An arrangement of m hyperplanes in R™ has at most

r(A) < Z (’Z)

k=0

regions, with equality if and only if A is in general position (every k hyperplanes meet in a
codimension-k flat for all k < n).

Example 6.5 (Lines in R?). For m lines in general position in R?:

H(A) = (@;) +(”;)+(7;) —1gmy 2D,

Form =3: r=1+3+ 3 = 7 regions, b = 1 bounded region.

7 Example Arrangements

In this section we will cover some fundamental examples of hyperplane arrangements.

13
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7.1 Braid Arrangement
Definition 7.1 (Braid Arrangement A,,_1). The braid arrangement (or type-A,_1 arrange-
ment) in R" is
Anflz{Hij:1§i<j§n}, H;j ={xeR":z; =ux;}.
It consists of (;) hyperplanes.

The arrangement lives in the n-dimensional space R", but since all hyperplanes contain
the line R(1,1,...,1), the effective (essential) ambient dimension is n—1. We usually restrict
to the hyperplane ) x; = 0 to make it essential.

Example 7.2 (A;: one line in R?). The single hyperplane {z; = x5} divides R? into 2
regions (half-planes), consistent with x(A;,¢) = ¢t — 1 and Zaslavsky: (—1)*y(A;,—1) =
(1+(=D- (1)) =1-(-1) =2

Proposition 7.3. The regions of A,_1 are in natural bijection with the permutations of
n] ={1,...,n}. Specifically, each region is of the form

R, = {xeR": To(1) > To(z) > 0 > xg(n)}

for a unique o € S,,. Hence

T(Anfﬁ = n!

Proof. The regions are determined by the total orderings of the coordinates; each total
ordering corresponds to a unique permutation o. Since there are n! total orderings of n
distinct real numbers, there are n! regions. O]

7.2 Characteristic Polynomial of A,
Theorem 7.4. The characteristic polynomial of the braid arrangement is

n—1

X(Aort) = (E=1)(t=2)---(t = (n—1)) = [t k).

k=1

Corollary 7.5. Zaslavsky’s theorem applied to Theorem gives:

MAs) = (1" (A —1) = () [[-1— ) = [[+1) =

confirming Proposition 7.3

14
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7.3 The Partition Lattice

Definition 7.6 (Partition Lattice). The partition lattice 11, is the poset of all set partitions
of [n]. m < o iff every block of 7 is contained in some block of o.

Theorem 7.7. There is a poset isomorphism
L(A,1) = 11,.

Under this isomorphism, the flat ﬂ(m.)es H;; corresponds to the partition m whose blocks are
the connected components of the graph on [n| with edge set S.

Example 7.8 (Partition lattice for n = 3).

7.4 Configuration Spaces
Definition 7.9 (Configuration Space). The configuration space of n ordered distinct points
in C is
Conf,(C) = {(21,...,2,) € C": z; # z; for all i # j}.
Proposition 7.10. The complex complement of the complezified braid arrangement satisfies

M(AS ) = Conf,(C).

The fundamental group m1(Conf, (C)) is the pure braid group P,, and the quotient Conf, (C)/S,
has fundamental group the full braid group B, .

7.5 The Shi Arrangement

Among arrangement is the Shi arrangement, introduced by Jian-Yi Shi in 1986.
Recall that the braid arrangement in R™ consists of the hyperplanes

T = Ty, 1<i<j<n.

The Shi arrangement adds to this collection by adding one parallel translate of each braid
hyperplane. It is defined by

Since not every hyperplane passes through the origin, &, is an affine arrangement rather
than a central arrangement. In total,

1S, | = 2(”) —n(n—1)
2
hyperplanes are present.

Geometrically, the Shi arrangement can be viewed as a refinement of the braid arrange-
ment. Each hyperplane x; = x; is accompanied by a parallel copy shifted one unit away.
Although this modification appears small, the additional hyperplanes increase the number
of regions and produce a much richer combinatorial structure.

An important result of the Shi arrangement is Shi’s region-counting theorem.

15
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Theorem 7.11 (Shi). The number of regions of the Shi arrangement is
r(Sy) = (n+1)" 1
For example,
7”(82) = 3, 7’(83) = 16, 7’(84) = 125.

Compared with the braid arrangement, whose number of regions is n!, the Shi arrangement
grows significantly faster.
The characteristic polynomial of the Shi arrangement also has a simple factorization.

Theorem 7.12. The characteristic polynomial of S, is
X(Spyt) = t(t —n)™ .
Applying Zaslavsky’s theorem recovers the number of regions:
(=1)"x(Sn, —1) = (=1)"(=1)(=1 = n)" " = (n+ 1)" 7,

illustrating the close relationship between the combinatorial invariant x(S,,t) and the ge-
ometry of the arrangement.

7.5.1 Parking Functions and the Pak-Stanley Labeling

Definition 7.13 (Parking Function). A parking function of length n is a sequence (ay, . .., a,)
of positive integers whose increasing rearrangement b; < by < --- < b,, satisfies

b; <1 foralle=1,...,n.

The name comes from the following model: n cars, in order, each attempt to park in one
of n spots on a one-way street, with car ¢ preferring spot a;. Each car drives to its preferred
spot and, if occupied, continues forward to the next available one. A parking function is a
preference sequence for which every car successfully parks. The number of parking functions
of length n is

(n+1)",

matching Theorem [7.11] explained by this bijection.

Definition 7.14 (Pak-Stanley Labeling). Let the base region Ry = {x; > 29 > -+ >
xn,} NS, (the region of S, containing the braid base region). For a region R € R(S,) and
each pair 7 < j, set

(R) 0 if #; — x; = 0 does not separate Ry from R, and x; — z; = 1 does not either,
Q5 = .
! 1 if one of z; —x; =0, x; — x; = 1 separates Ry from R,

following the separating-set formalism of Definition [3.1} applied here to the pair of par-
allel hyperplanes indexed by {i,j}. The Pak-Stanley label of R is the vector A\(R) =
(M(R), ..., \u(R)) where \;(R) counts, for each i, the number of j # i such that the hyper-
plane separating x; and z; closest to I}y has already been crossed in the direction increasing
x; — x;j. (See [I], Lecture 6, for the precise recursive definition.)
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Theorem 7.15 (Pak-Stanley). The labeling A : R(S,,) — Z%, of Definition is a bijec-
tion between regions of S,, and parking functions of length n. Moreover,

SN (R) = d(Ro, ),

the separating-hyperplane distance from Definition [3.3.

Theorem [7.15] gives a combinatorial proof of Shi’s region-counting theorem. Since parking
functions of length n number (n + 1)"!, and X is a bijection, we recover r(S,) = (n +
1)"~! without any appeal to the characteristic polynomial at all. This connection between
the geometry of S,, the algebra of x(S,,t), and the combinatorics of parking functions
demonstrates how the same answer can arise from three different proofs, geometric, algebraic,
and bijective.The Shi arrangement continues to play a central role in the study of affine
Coxeter arrangements, root systems, and diagonal harmonics, and algebraic combinatorics.
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