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Abstract

This paper surveys the theory of rational approximation to irrational numbers,
beginning with Dirichlet’s theorem, proved both by the pigeonhole principle and by
Minkowski’s convex body theorem, and extending through Hurwitz’s sharp constant,
the simultaneous approximation theorem, and the irrationality exponent u(ca). These
results culminate in Roth’s theorem, which establishes that u(a) = 2 for every algebraic
irrational, and in Schmidt’s Subspace Theorem, its higher-dimensional generalization.
The paper concludes by examining a structural feature shared by both results: their
proofs are ineffective, yielding sharp exponents while providing no computable bound

on the size of solutions, a limitation that has resisted removal.

1 Dirichlet’s Approximation Theorem

Theorem 1.1 (Dirichlet’s Approximation Theorem). Let x be a positive real number. For
every positive integer N, there is a rational number p/q such that 1 < q < N and |z —p/q| <
1 1

NS P

Proof. Let o be an irrational number and N be a positive integer. For every «, there is a
constant k = 0,1, 2...N such that ka = y, + z, where y;, is an integer and x;, is a real number

in the range [0,1).

As per the Pigeonhole Principle, if there are n items and m containers such that n > m,
then in one container there will be 2 or more items. Now, since there are N intervals of

length % and N + 1 numbers xj, then at least two such z;, lie in the same interval.

Now these two xj, be z; and z; such that i < j, then |(j —i)a — (y; — v;)| and rearranging

these terms to match our original form to approximate irrational numbers of ka = y;. + wy,



< -L because both such z lie in

we get |jo —m; — (i — my)|. This is simply |z; — x| < & =

the same % interval.

Dividing through by (7 — i) reveals that

m; —my | < 1 < 1
J— =N = (j—i)

o —
, which completes the original proof. O

Theorem 1.2 (Minkowski’s Theorem). Suppose C' to be a symmetric, convex, bounded subset
R. If vol(C) > 2¢, then C contains at least one lattice point other than 0.

Proof. A subset C of R? is bounded if it does not stretch or move towards infinity in any
direction, and more formally, if there exists some real number R such that every point x in
C satisfies |z| < R.

e Ex: 22 + 4% <1 in R?; bounded
e The real line R; not bounded

A subset C of R? is convex if two points x and y in C' contain the entire line segment between

them also in C.
Finally, a subset C' of R? is symmetric if whenever x € C, then -x € C, unsurprisingly.

Let C' = 1C = 1z :x € C, then vol(C’') > 1. Since C has volume V in R%, then C has

volume in %d. Following this, the claim is that there exists a nonzero integral vector v € Z,

such that v € C'—(C". By the symmetric property we defined earlier, if z € C" and x+v € (',
1 1

then —z € C exists. Hence, v = 2(—z) + 1(v + z) € C’ by convexity. Therefore, C' = 1C

Before we continue on to see how Dirichlet’s Approximation Theorem extends to Minkowski’s
Theorem, we need to show how disjoint translates (simply C” shifted by u such that (C" +
u) N (C" 4+ v) = 0) can’t all fit in C” and how the set subtraction C' — C” must contain a

nonzero integer point.

Proof: By contradiction, suppose that the subtraction set C' — C' N Z = {0}, then C' + u
and C'+ v are disjoint for different u,v € Z%. Suppose D is the diameter of C”’, then we have

lJ (¢ +w<C[-(V+D),N+DJ"

u€[—N,N]¢



Considering the volume on both sides and the fact that the the disjoint translates are con-

tained within the larger sets,
(2N + 1) - vol(C") < 2%(N + D)%
This further implies that

d
1 < vol(C") < (2(2%—1?)> |

Now, as N — o0, this inequality becomes false and the contradiction is apparent.

Minkowski’s Theorem is essentially that If C' is a symmetric, convex, bounded subset of R"
and vol(C') > 2", then C contains at least one lattice point other than 0. Later on, we will see

that this number 2 is a specific bound seen everywhere in Diophantine approximation. [J

Generalizing Minkowski’s Theorem even further, we prove a general result:

Theorem 1.3 (Blichfeldt). Suppose A C R™ be measurable with vol(A) > k, then we can
find some x € R" such that A+ x contains at least k + 1 points from Z".

Definition 1.4 (Lebesgue Measure). The Lebesgue measure p on R™ is the unique translation-

imvariant measure satisfying

n

p(far, br) X - X [an, ba)) = [ [ (b — a2)

i=1

for all closed bozes in R™. For a set A C R"™, we write vol(A) = pu(A) and say A is measurable
if w(A) is well-defined. Lebesgue measure generalizes the notion of length in R, area in R?,
and volume in R3. Recall that translation-invariance means p(A+z) = u(A) for all x € R™.
Furthermore, as a measure, p is countably additive, meaning that for any pairwise disjoint

measurable sets Ay, Ay, ... we have

H (U Ai) = Z/‘L(A’L)

Proof. Denote f(z) =3 czn Laya(y)-

This function essentially counts how many integer lattice points there are using the indicator

function, and without generality A is bounded, since the Lebesgue measure is inner regular.
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= vol(A)

>k

Thus, max,cpq» f(x) > k+ 1.

To put it simply, if the average value of f(x) exceeds k, then f(x) can’t be < k for every
single shift, meaning that at least one shift = where f(z) > k exists since f(x) always outputs

an integer. O

Theorem 1.5 (Dirichlet’s Approximation on Minkowski Convex Body Theorem). For any

a € (0,1) and N € N, the pair of natural numbers m,n such that m < N exists where

n 1
R — < -
\a m| mN

Proof. Given the parallelogram
P =< (z,y) ||<N—|——1|— |<—1 C R?
=<(z,y): |z ax
Y B% () N

22N +1) 2

, P is bounded and symmetric convex with |P| = By Minkowksi’s theorem,

there exists some (m,n) € PNZ2.

For this parallelogram, [m| < N + 3, so this means m is an integer where [m| < N and by

symmetry, it means that |am — n| < % Dividing both sides by m brings us to the original



Dirichlet’s Approximation Theorem we know: |a — 2| < L. O

P
y=oar+ 5

y=ar—

Figure 1: The strip P around the line y = ax, with the lattice point (m,n) guaranteed by
Minkowski’s theorem.

2 Simultaneous Dirichlet Approximation

Before actually diving into the specifics and recent improvement on Dirichlet’s Approxima-
tion Theorem, the discussion of simultaneous approximation is also an adjacent section that

I believe should be covered.

Theorem 2.1 (Simultaneous Dirichlet’s Approximation Theorem). Let a,...,a, be real

numbers. For any integer Q > 1, there exist p1,...,pn, € Z and ¢ =1,...,Q such that

1
qu/n

Proof. Consider the region C' in R"! defined by

Di
o; — —

q

for all 1.

—(Q+1><$0<(Q+1), OéiiUo—Q_l/n<l’i<O{i$0+Q_1/n, 1< <n.



Since C' is defined by n + 1 independent constraints (n for each x; and one more for z;), all
these constraints are simply independent intervals of the region C'. This means that C'is a

box in R*+1,

For x, the constraint is:
—(Q@+1) <z < (Q+1)

This is an interval of length:

Q+1)—(—(Q+1)=2Q+1)

For z;, the constraint for each x; is:

o;Tg — Q_l/n < x; < oxg + Q_l/n

This is an interval centered at «;xq of length:

(o + Q7Y™ — (g — Q7Y™ = 2Q7 1/

Volume = v(C) = 2(Q + 1) - (2@‘1/”)” —2Q+1)- %n _ 2”“(8 +1)

zo dimension n dimensions of x;

Since () > 1 we have % > 1, therefore v(C) > 27+,

v(C) =2(Q +1)(2Q /™)™ > 2ntL,
O

Lemma 2.2. If (zg,x1,...,2,) € C, then (—x¢, —21,...,—2,) € C to guarantee symmetry

for this new box C.

Lemma 2.3. The region C' defined by
C={(zo,21,...,2,) ER"™ : |zo| < Q+ 1, |ayzo — x| < QY™ forall1 <i < n}

1s bounded, symmetric, and convex.



Proof. Bounded: The constraint |z¢| < Q + 1 bounds xo. Since |o;zg — 2;| < Q™" and
7 is bounded, each ; satisfies |x;] < |o||zo| + Q~1/™, which is also bounded. Hence C is
bounded.

Symmetric: Suppose (g, z1,...,2,) € C. Then | — zg| = |zo| < @ + 1 and for each i,

|ai(—20) — (—z;)| = |oywo — 2] < Q™M™

so (=g, —T1,...,—x,) € C. Hence C is symmetric.

Convex: Let (zo,..., %), (Yo,-..,yn) € C and t € [0, 1]. By the triangle inequality:
[tzo + (1 = t)yo| < tlwo] + (1 —1)[yol < Q@+ 1,

And finally, hence C' is convex. 0
Since C' is symmetric, convex, bounded, and v(C) > 2" Minkowski’s theorem guarantees
a nonzero integer point (q,py,...,p,) € C NZ"

If ¢ = 0 then |p;| < Q=™ < 1, forcing p; = 0 for all i, contradicting that (¢,p1,...,p,) # 0.
Hence g # 0.

By symmetry of C', we may replace (q,p1,...,pn) by (—¢,—p1,...,—pn) if necessary to
arrange ¢ > 0. Since |¢| < @Q + 1 and ¢ is a positive integer, we have 1 < ¢ < Q.

The constraint on x; gives |a;q — p;| < @™/, Dividing both sides by ¢:

Di
o — —

q

—1/n
L@

= for all 7.
q qQt/m

Although we took quite a detour from Minkowski to Blichfeldt to discover Simultaneous
Dirichlet, the inherent beauty in this reveals all the connections and complexity that arise

from the native Dirichlet’s Approximation Theorem.

Dirichlet vs Simultaneous Dirichlet

In one dimension, Dirichlet yields |o — p/q| < 1/¢?, corresponding to exponent 2 = 1+ 1/1.

In n dimensions, simultaneous Dirichlet gives exponent 1+ 1/n, which weakens as n grows:



n | Exponent | Bound
1 2 1/¢?

2 3/2 1/¢%?
3 4/3 1/q"/3
n| 1+1/n | 1/¢"FYn

3 Hurwitz Theorem

Theorem 3.1 (Hurwitz Theorem). For any irrational number &, there ezists infinitely many

rational number % such that

‘ h‘ - I
k V52
has infinitely many rational solutions —Iy.

Taking the logical next step from Dirichlet’s approximation Theorem, Hurwitz’s Theorem
provides an even sharper error bound on approximating irrationals. In addition, we also see
that the golden ratio is the hardest to approximate using this theorem for reasons that will

be covered after defining continued fractions.

Definition 3.2 (Continued Fractions). A finite continued fraction is denoted as

S
a’n
A finite continued fraction can be a rational number, and in accordance, a rational number
can be reperesented as a finite continued fraction. The nth convergent is a rational number
hn

known as 7, representing the each continued fraction term of a,.
n

In contrast, an infinite continued fraction is an irrational number. Interestingly enough, as
the nth convergent gets closer to the value of its infinite continued fraction and each term
gets more accurate, like numerically evaluating a limit that approaches infinity. Hence, we

get that
hnfl

knfl

<‘§—

hy,
s



This result is important in context of approximating irrational numbers, but also in the sense
that it explains why the golden ratio is so difficult to approximate since its growth rate is

slow (each a,, is only 1!).

Theorem 3.3 (Legendre’s Theorem). Every rational approzimation to an irrational & that
1s accurate to within # must be a convergent. More precisely, if % is in lowest terms with

’ ‘ < S

, then = 1s one of the convergents of §.

Building off of Legendre’s Theorem that gives us the basis to classify a convergent continued

fraction, we now introduce how nth convergents and reciprocal intertwine.

Lemma 3.4. For any real number x > 1, the nth convergent of% is the reciprocal of the

(n — 1)st convergent of x.

Proof. Letx = aqp+————and ; =0+ —————1If Zﬁ and Z—" are the convergents
1 1 n n
1 1
as + — ay + —

for x and % respectively, then:

Convergents of © | Convergents of %

P-1 Zil,pOIZZGO h@ ::0,h1:: 1,h21: aq
q-1=0,90 =1 ko =1,k = ao, ko = apa; +1
Pn = AQpPn—1 + Pn—2 hn ::anflhn71‘+'hn72

Gn = AnQn-1 + Gn—2 kn ::an—lkn—1‘+'kn—2

Comparing these recurrences, we observe that the sequences (h,) and (g,_1) satisfy the
same recurrence relation h,, = a,_1h,_1 + hy,_o, and similarly (k,) and (p,_1) satisfy k, =

Gp_1kn_1 4+ kn_o. Moreover, the initial conditions match: hy =1 = gy and k; = ag = py.

By induction on n, we conclude that h,, = ¢,_; and k, = p,,_; for all n > 1. Therefore:

ky, Pn—-1 Pn-1’
Qn—1
which is the reciprocal of the (n — 1)st convergent of x. O



To prove Hurwitz Theorem, we need to show that for any three consecutive convergents, at
least one of them satisfies the Hurwitz bound.

hn—l h_n hn+1
k'nfl ’ kn’ kn+1

expansion of £&. We will demonstrate that at least one satisfies the Hurwitz bound. Define
-

Our goal is to show that min(vy,_1,v,) < N Since ¢ lies between consecutive convergents,

of the continued fraction

Proof. Consider any three consecutive convergents

’Yn:kr%

we have " " " 5 .
g _ + § _ n—1 _|En n—1 _ .
kn kn—l kn kn—l knkn—l
Multiply both sides by k2k2 ;:

’Ynk?z_l + 771—1’5727, - knkn—l =0.

Replacing n with n + 1 yields an identical relation:

'7n+1k721 + ’Vnk?z—f—l - kn+1kn = 0.

For a finite continued fraction, the recurrence k, 1 = a,i1k, implies k, 1 — k, = a,1k,.

This gives

a72’b+17721 + 2’YTL(7TL—1 - ’Yn-f—l) =1- ai_yl(IYn —-1- Tn —+ 1)2

For the right side to remain less than 1, we need v,_1 # V,41. If they were equal, the

previous relation would be violated, implying £ is rational—a contradiction.

We observe that

k2 f— hn—l _ /{72 5_ hn+1
n kn—l n °

kn—l—l

hnfl hn 1
e i) = el i)
! 5 knfl i 5 knJrl

Since ¢ is irrational, k,_1 # k.1, thus v,_1 # Yn11. Let v = min(v,_1, Vo, Yne1). Then

This is equivalent to

’Yz(k}zz +4) < 5%2; + 29 (V-1 + Yn41) < L.

10



Since a,,; > 1, we have 5y? < 1. Therefore v < \%7 and thus

. 1
mln(/)/n—ly Tn '7n+1) < %

The Hurwitz bound ﬁ is the tightest constant for which infinitely many rational approx-
imations exist. Once approximations exceed f%k% in accuracy, only finitely many solutions
remain, revealing a whole new area of Diophantine approximation involving narrowing down
what constitutes the range of solutions through p-adic analysis (which I will not be cover-
ing). O

4 Irrationality Measure

Throughout this paper, we have seen how there have been many different generalizations and
new forms of our original problem of approximating irrationals such as the Hurwitz Theorem.
As accuracy varies as the degree of the error term increases for specific constraints, we can

actually measure and quantify this whole concept through the irrationality measure.

Definition 4.1 (Irrationality Measure). Let o be a real number, and let R be the set of

positive real numbers p for which

1
0<|z— E\ <=
q qr
has (at most) finitely many solutions %’ for p and q integers.
Then the irrationality measure is defined as the threshold at which Liouville’s approximation

theorem kicks in and x is no longer approximable by rational numbers,

= inf .
plx) = inf 1,

The inf function is the infinum, which is the greatest lower bound of a set C' defined as a
quantit m such that no member of the set is less than m, but if e is any positive quantity

however small, there is always one member less than m + e.

If the set R is empty , then u(x) is defined to be u(z) = oo, and z is a Liouville Number.

For a nonempty R, there are three possible options:

11



1 if x is rational
pw(x) = ¢ 2 if z is algebraic of degree > 1

2 if x is transcendental

The definition of irrationality exponent can be reframed as follows: if = has irrationality

exponent p, then p is the supremum of all values such that the inequality

P C
qrte

holds for any € > 0 and all sufficiently large ¢, where C' is a constant depending on = and ¢.

For irrational numbers with a continued fraction expansion z = [ag, a1, as, . ..] and conver-

gents p,/qn, the irrationality exponent admits an explicit formula:

Ing,
w(zr) =1+ limsup D1
This can be rewritten as l
p(x) = 2 4 limsup Mt

A classical example is the golden ratio ¢, which satisfies

(o) =2,
a consequence of the equation combined with the continued fraction expansion ¢ = [1;1,1,1,. ..
where all partial quotients equal 1.

Below are some common constants and their respective upper bounds, showing the differences

in their irrationality measures.

Constant = | Upper Bound on pu(x) Reference
0 7.1032 Hata (1992), Baker’s method
e 2 Hermite-Lindemann, transcendence
In2 3.891393 Hata (1993), linear forms
¢(3) 5.513891 Rhin-Viola (1999), Padé approximants
¢ (golden ratio) 2 Hurwitz, convergents

Table 1: Known upper bounds on the irrationality exponents of special constants.

More interestingly, the Liouville constant L = 7 10~ = 0.110001... has pu(z) = oco.

12



5 Roth’s Theorem / Subspace Theorem

Let o be an irrational, real number. Given a rational number z/y with x,y € Z, ged(z,y) = 1
and y > 0, we define the quality of x/y to be the real M such that |a — z/y| = y= if
la —z/y] < 1; if |a — x/y| > 1 we set M = 0. Dirichlet’s Theorem implies that every

irrational real number has infinitely many rational approximations of quality < 2:

Theorem 5.1. Let « € R, o ¢ Q. Then there are infinitely many pairs of integers x,y such
that
<y? y>0

The famous theorem of Roth implies that if « is an irrational algebraic number, then for

every 0 > 0, it has only finitely many rational approximations of quality > 2 + §.

Theorem 5.2 (Roth’s Theorem). Let o € C be an irrational algebraic number and let 6 > 0.
Then there are only finitely many pairs of integers (x,y) such that

<y y>0.

Roth’s Theorem is easy to prove if a € C\ R, or if « is a real quadratic number. For real

algebraic numbers « of degree > 3, the proof of Roth’s Theorem is very difficult.

In the formulation of the Subspace Theorem, we need some notions from linear algebra,
which we recall below. Let n be an integer > 1 and » < n. We say that linear forms
Ly = 370X, ..., Ly = 370 an X with coefficients in C are linearly dependent if
there are ¢y, ...,¢c, € C, not all 0, such that ¢; L1 +---+¢.L, = 0. Otherwise, Lq,..., L, are
called linearly independent. If » = n, then L4,..., L, are linearly independent if and only if
their coefficient determinant det(Ly, ..., L,) = det(wj)1<ij<n # 0.

A linear subspace T' of Q" of dimension r can be described as
T = {Zziai:zl,...,zre(@},
i=1

where aq, ..., a, are linearly independent vectors from Q™. Alternatively, 1" can be described

as

T={2xeQ":Li(x)=0,...,L,_.(x) =0}

where Ly,..., L, _, are linearly independent linear forms in X1,..., X, with coefficients in

13



Q.

The norm of x = (xy,...,x,) € Z" is given by

llz|| :== max(|x1], ..., |xza])-

Theorem 5.3 (Subspace Theorem). Let n > 2, let
Li(X)=aaXqi+ 4+ apn X, (i=1,...,n)

be n linearly independent linear forms with algebraic coefficients in C and let 6 > 0. Then

the set of solutions of the inequality
|Li(2) -+ Ln(2)] < ||| 7°

inx € Z" is contained in a union Ty U --- U T, of finitely many proper linear subspaces of
Q.

We show that the Subspace Theorem implies Roth’s Theorem.

Subspace Theorem =— Roth’s Theorem. Let (z,y) (with y > 0) be a pair of integers
satisfying | — 2 /y| < y=27°. Multiplying with y? gives

ly(z — ay)| < y~°.

Since the linear forms Y and X — aY are linearly independent, this is an inequality to
which the Subspace Theorem is applicable, except that on the right hand side we have y
instead of ||z|| = max(|z|, |y|). However, we certainly have |z/y| < |o| + 3y < |a| + 1. So
[z| < (la| + 1)y =: Cy and then also, [[z|| < Cy. With this observation, our inequality
becomes

y( — ay)| < C%l] 2,

and now we can apply the Subspace Theorem. We infer that the pairs (z,y) lie in only

finitely many proper, i.e., one-dimensional, linear subspaces of Q2.

Pick one of these subspaces, say T. We show that T' contains only finitely many solutions
of the stated inequality. We have T' = {A(zo,v0) : A € Q} where for (x¢,yo) we may take
a pair of integers with ged(zg,y0) = 1. If (z,y) € T N Z? and satisfies the inequality, then

14



(z,y) = Ao, yo) with X\ € Z, and

Zo
a__
Yo

0<

x
a2 < gt
Y

implying that |A| is bounded in terms of T". So indeed 7" contains only finitely many solutions.

Roth’s theorem easily follows. 0

The Subspace Theorem states that the set of solutions of the inequality is contained in a
finite union of proper linear subspaces of Q", but one may wonder whether the inequality
doesn’t have only finitely many solutions. For instance, it may be that there is a non-zero
xg € 7" with Li(z9) = 0. Then for every d € Z, the point dzg is a solution, and this gives

infinitely many solutions. To avoid such a construction, let us consider
0 <|Li(z) - La(2)| < 2] 7°

inx € Z".

For instance, let n = 2. Then the solutions lie in finitely many one-dimensional subspaces of
Q?, and similarly as in the proof of Roth’s Theorem, each of these subspaces contains only
finitely many solutions. So altogether, if n = 2 then the inequality has only finitely many
solutions. We now give an example showing that the inequality may have infinitely many

solutions if n > 3.

Example. Let 0 < § < 1 and consider the inequality
0 < |(x1+ V2q + \/§I3)($1 — V2, + \/§I3)($1 — V2, — \/§$3)| < ||JU||_(s

to be solved in x = (1, 79, r3) € Z3. The three linear forms on the left-hand side are linearly

independent.

We examine the triples of integers x = (x1, z9, x3) € 72 with x5 = 0 and z,79 # 0. For these

points, ||z|| = max(|z|, |z2|,0). By Dirichlet’s Theorem, the inequality

< ao| 72

has infinitely many solutions (z1,z2) € Z? with xy # 0. For these solutions, ||z| has the

same order of magnitude as |xs|. Indeed,

|21 /22| < |5B2|_2+\/§ <142,

15



and so ||| = max(|aa], as]) < (1 + V)|,

For the points under consideration,

0< ’(xl + \/55132 + \/5333)(231 — \/55132 + \/5333)(331 — \/55132 - \/3%3)‘
= (21 + V23) (1 — V212)?|
< (L+ V2l - (23" < (L+ V2P|l < 2],

provided ||z|| is sufficiently large. It follows that the inequality has infinitely many solutions
x lying in the subspace x3 = 0. In a similar manner, one can show that the inequality has

infinitely many solutions in the subspaces 1 = 0 and x5 = 0 as well.

By the Subspace Theorem, the solutions of the inequality with xjzox3 # 0 lie in finitely
many proper linear subspaces of Q3. With a more refined argument one shows that the

inequality has only finitely many solutions with xzox3 # 0.

We give a generalization of the Subspace Theorem which may be useful for certain applica-

tions.
We say that a system of » > n linear forms Ly,..., L, in the variables Xi,..., X, is in
general position if each n-tuple of linear forms among Ly, ..., L, is linearly independent.

Theorem 5.4 (Generalized Subspace Theorem). Let

Li<X):O[i1X1+"'—|—Oéian (izl,...,r,r>n)

be r linear forms with algebraic coefficients in C in general position and let & > 0. Then the

set of solutions of the inequality
|Li(@) -+ Li(2)] < [lz]"7"7°

i x € Z" 1s contained in a union Ty U --- U T} of finitely many proper linear subspaces of
Q.
This can be deduced by combining the Subspace Theorem with the following lemma.

Lemma 5.5. Let My, ..., M, be linearly independent linear forms in Xq,..., X, with com-

plex coefficients. Then there is a constant C' > 0 such that

2] < Cmax{[M;(z)],. .., |Mn ()]}

16



for all x € C".

Proof. Since the linear forms M, ..., M, are linearly independent, they span the complex
vector space of all linear forms in X, ..., X, with complex coefficients. So we can express
X1,...,X, as linear combinations of My,..., M,, i.e.,

Xl:ZBZJM] with 513 eC (7/:1,,71)

Jj=1

Take © = (z1,...,2,) € C" and put M := maxj<;<, |[M;(x)|. Then
< <
s ] < Z Bl - (e} < € 1

with C' 1= max;<;<, Z?:l |83 -

Proof of the Generalized Subspace Theorem. We partition the solutions z of the in-
equality into a finite number of subsets according to the ordering of the numbers |L;(z)|, ..., |L.(z)],
and show that each of these subsets lies in at most finitely many proper linear subspaces of

Q™. Consider the solutions x € Z" from one of these subsets, say for which
| Ly(z)] < -+ < [Le(2)]-

By the preceding Lemma, for : = n+1, ..., r, there is a constant C; such that for all solutions

x under consideration,

2] < il L)l

since Ly, ..., L,_1, L; are linearly independent, and |L;(z)| has the largest value. Substituting

this into the inequality gives
[Li(2) -+ Lo(@)] < Of]|™"7° H |Li(@)| "t < C - (Csa - C) ]|~
i=n+1
So the solutions x under consideration lie in at most finitely many proper linear subspaces
of Q. O
We deduce a result on simultaneous approximation.

Theorem 5.6. Let aq,...,qa, be algebraic numbers in C and let C > 0, § > 0. Then the
inequality
0 < |arzy + - + anzy| < Clz|t 70

17



inx=(r1,...,T,) € Z" has only finitely many solutions.

For n = 2 this result is equivalent to Roth’s Theorem.

Proof. We proceed by induction on n. For n = 1 the assertion is obvious (here we use our
assumption cyxy; # 0). Let n > 1 and suppose the theorem is true for linear forms in fewer

than n variables.

We apply the Subspace Theorem. We may assume that at least one of the coefficients
a1, ...,q, is non-zero, otherwise there are no solutions. Suppose that a; # 0. Then the
inequality implies

|(oz1x1 + -+ OéniUn)xz e $n| < C’Hx||_5

and by the Subspace Theorem, the solutions of the latter lie in a union of finitely many proper
linear subspaces T1,...,T; of Q". We consider only solutions with ayz1 + -+ - + a,x, # 0.
Therefore, without loss of generality we may assume that ayxq + - - - 4+ @, ,, is not identically

0 on any of the spaces T1,...,T;.

Consider the solutions of the inequality in 7;. Choose a non-trivial linear form vanishing
identically on T;, ajxy + - - - + a,x, = 0. Suppose for instance, that a,, # 0. Then z,, can be
expressed as a linear combination of x1,...,x,_1. By substituting this into the inequality

we obtain an inequality

2—n—0
0 < |frzy+ -+ Bp1ny| < Cllz||' "0 < C ( max |xz|> :

1<i<n—

By the induction hypothesis, the latter inequality has only finitely many solutions (z1, ..., z,_1).

So T; contains only finitely many solutions z of the inequality.

Applying this to T7,...,T; we obtain that the inequality has altogether only finitely many

solutions. 0
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