THE PROBABILISTIC METHOD

MATEO BRODY

ABSTRACT. This expository paper discusses the application of the probabilistic method
across various areas in combinatorics, elucidating the core principles of the method through
a number of examples. Starting with introductory problems, we will build increasingly
complex techniques and prove a collection of important theorems and lemmas. Ultimately,
we will conclude with a brief discussion of how the probabilistic method facilitates structural
understanding despite being inherently non-constructive.

1. INTRODUCTION

Questions in Combinatorics themselves with proving existence of objects satisfying a cer-
tain set of properties. Often, direct proof of the existence of such objects is complicated;
explicit constructions may be difficult to generalize or be sufficiently complex that finding
them is challenging. The Probabilistic Method gives an alternative means of proof: one
considers a broader set of objects and, through argument, shows that a random object sat-
isfies the desired properties with non-zero probability—thus implying the existence of the
desired object. Notably, the probabilistic method is entirely non-constructive: nowhere in
the process is the object explicitly constructed.

In effect, the probabilistic method is based on a relatively simple idea. First developed by
Paul Erdos, the method stems from the following preposition: if a randomly chosen object
satisfies a property with nonzero probability, then there must necessarily exist some object
satisfying the property.

In many cases, demonstrating the above proves to be significantly easier than explicit
construction. One such example is in Ramsey Numbers.

Definition 1.1. The Ramsey Number R(s,t) is the minimum number of vertices n such that
any two-coloring of the edges E on a complete graph of n vertices will contain a monochro-
matic clique of size s or of size t.

In fact, Erdos first conceived of the Probabilistic Method in order to bound certain families
of Ramsey Numbers. His first use of the method in 1947 was to produce the following:

Theorem 1.2. Erdos, 1947: Forn,r € Z*, if (2)217(9 <1, then R(r,r) >n

Proof. Erdos’ method involved imagining a graph where every edge was colored red or blue
uniformly and independently at random. He then considered every clique K,; using the
union bound he showed that, if (2)21_(;) < 1, then with positive probability the coloring
gave no monochromatic K,. From this he concluded that there existed some coloring on n
vertices such that no monochromatic K, existed, and thus by definition, R(r,7) > n. We
will rigorously prove this theorem in section 2. Right now, the important takeaway is that
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through this probabilistic argument, we are able to prove the existence of a desired coloring
— despite having no knowledge as to how one might construct it. [

Since Erdos’ creation of the method, the idea has been refined and adapted into numerous
techniques and important theorems. Through these increasingly sophisticated tools, the
probabilistic method has been gradually implemented to produce stronger bounds and tackle
problems of greater complexity. Developed and explored by Alon and Spencer in their work
The Probabilistic Method, [AS11] the technique is now an integral problem-solving tool across
Combinatorics.

In this paper, we will discuss and gradually build a number of key techniques in the prob-
abilistic method. Several interesting problems, applications, and examples will be provided
to illustrate these methods. Although the probabilistic method is a rich and vast means of
tackling questions in Combinatorics, this paper will focus namely on:

e The First Moment Method

e The Bollobas Two Families Theorem
e Alterations

e The Second Moment Method

e The Lovasz Local Lemma

e Martingale Inequalities

e Dependent Random Choice

e Containers

2. PRELIMINARIES

We adopt the following basic conventions:

e [n] is used to denote the set {1,2,....,n}
e Unless specified, the base of a particular logarithm is assumed to be e.

Moreover, a number of later examples will involve asymptotic analysis. For this, we introduce
certain asymptotic notation. Each item below describes the behavior of functions f and g
as the parameter X tends to infinity.

Definition 2.1. We say that a particular function g(X)is o( f(X)) if limx % =0. We
use this interchangeably with f(X) < g(X), which has the same meaning.

Definition 2.2.
For functions f(X) and g(X), f(X) < g(X) iff f(X) < Cg(X) as X tends to infinity for
some real constant C' > 0.

Definition 2.3.
whp (with high probability) indicates probability p = 1 — o(1)

The Probabilistic Method borrows techniques from Probability Theory. Naturally, we ref-
erence a number of conventions and definitions relating to probability. While more advanced
techniques will be introduced in subsequent sections, sufficient prerequisite knowledge on
basic probability is required. In particular, we introduce the following definitions:

Definition 2.4. An Event A is a particular outcome or set of outcomes of some random
experiment. We denote P(A) as the probability that event A occurs.
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Definition 2.5. For two events A;, As, define P(A; A As) as the probability that both A,
and Ay occur. In general, let

denote the probability that events Ay, As, ..., A, occur. Moreover, let P(A; U As) be the
probability that at least one of A; or Ay occur.

Definition 2.6. For an event A, we let A denote the event that A does not occur. Since
precisely one event out of {A, A} must occur, it follows that P(A) = 1 — P(A).

A basic understanding of indicator variables is also needed.

Definition 2.7. For an event A, we define the indicator variable X4 as a random variable
that equals 1 when A occurs, and 0 otherwise. Observe that

E[X4] =P(A)
since E[X 4] is just Pr(A occurs)x1 + Pr(A does not occur)x0
Later sections will also denote the notion of dependencies, for which we define the following:

Definition 2.8. For events A and B, let P(A|B) be the probability that A occurs, given
that B occured. Explicitly, we define
P(A A B)

PAIB) = —5 5

The probabilistic method is frequently applied to the study of graphs, and hence we define
some basic Graph Theory conventions.

Definition 2.9. Let v be a vertex in graph G = (V, E'). The neighbors of v, denoted N (v),
is the set of vertices which are connected to v by an edge.

For a particular S C V(G), we let N(S) be the set of vertices such that a € N(S) iff
a € N(v) forallv e S.

Definition 2.10. For some graph G = (V, E), a subgraph is a graph H = (V' E') satisfying
V' CV and E' C FE, such that any edge in E’ connects two vertices in V.

Definition 2.11. A clique is a subgraph of some graph G = (V, E)) with n vertices and ()
edges. That is, for any two vertices in the clique, there exists an edge connecting them.

3. BASIC APPLICATIONS AND THE FIRST MOMENT

To reiterate, the probabilistic method proves the existence of a desirable object through
non-constructive means. To do so, we formulate a random construction and show it satisfies
the properties of the desired object with non-zero probability. We illustrate how this method
may be applied with a basic example.

Definition 3.1. A graph is bipartite if the vertices can be partitioned into two disjoint sets
such that every edge connects a vertex in one set to a vertex in the other.

Theorem 3.2. Every graph with m edges has a bipartite subgraph with at least %3 edges
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Proof. Define the graph G = (V, E). Assign a random 2-coloring to the graph G by coloring
every vertex z € V black or white, uniformly and independently at random. Denote the set
A C F as the set of edges with one black endpoint and one white endpoint. Then (V, A) is a
bipartite subgraph of G, since the edges A exclusively connect from the set of black vertices
to the set of white vertices.

Consider some edge k. Since every vertex is colored independently and uniformly at
random, the probability that k € A is 1/2. Let I} be the indicator variable that is 1 if k € A
and zero otherwise. Then

Al =)"I

keE
and by Linearity of Expectation,

B[] = S E(] = S P(k € A) = 1/2/)
keE keE
Observe that with positive probability, X > E[X] for a random variable X. Therefore
there must exist some random coloring where the set A satisfies A > E[|A|] = 1/2|F|. Then,
(V, A) is the desired subgraph of G. [

In essence, the argument in Proof 3.2 begins by selecting a random vertex-coloring of the
graph and then analyzing the properties of the resulting coloring. In particular, we showed
that the expected number of edges in A is %|E |. Using this expectation, we proved that the
random coloring satisfies the desired inequality,

1
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with positive probability. Consequently, it followed that among all possible vertex-colorings,
there must exist at least one coloring that satisfies the required condition.

Although applications of the probabilistic method are typically more involved, they gen-
erally retain this flavor-one constructs a random object, makes an observation about the
object, and then uses this observation to show that it satisfies a certain set of desired con-
ditions with positive probability.

In Theorem 3.2, our observations leveraged the fact that X > E[X] with positive prob-
ability. Likewise, X < E[X] with positive probability. These inequalities are sufficiently
powerful that we formalize the into a proposition, to be referenced later.

Proposition 3.3. For a random variable X, X >E[X] and X < E[X] with non-zero prob-
ability.

if X < E[X] always, then E[X]| < E[X], a contradiction, from which the proposition
follows. An analogous proof shows X < E[X] is always possible.

This proposition is one of many techniques that let us use expected value to make particular
conclusions about probability. One of the most important of these techniques is known as
the First Moment Method:

Theorem 3.4. The First Moment Method: For a discrete non-negative random variable
X, if E[X] < 1, then X = 0 with positive probability.

Proof. Suppose for the sake of contradiction that X = 0 occurs with probability 0.
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Define the set @ = {po, p1, P2, ..., Pn, ..} Where p; is the probability that X attains value
1. Recall that by definition,

o0

E[X] = Z ipi

i=1

o0 o0
Zipi > Zpi
i=1 n—1

But note that the RHS is just the probability that X > 0, so

Since ¢ > 1, it follows that

E[X] =) ipi>P(X >0)=1
i=1
Thus, E[X] > 1, contradiction. It follows that if E[X] < 1, then X = 0 with positive
probability. [ |

In practice, we apply the first moment method to perform an argument analogous to
complementary counting: rather than considering "good” or desirable characteristics, we
take a random construction and observe the number of "bad” properties that we wish to
avoid. If we can show that the expected number of "bad” properties is less than one, the
First Moment Method guarantees that some construction has no bad properties.

With this in mind, we revisit Theorem 1.1 from the Introduction.

Theorem 3.5. Erdos, 1947: For n,r € Z*, if (2)21_(;) <1, then R(r,r) >n

Remark 3.6. Recall that the Ramsey number R(r,r) is the minimum number of vertices n
such that any two-coloring of the edges E on a complete graph of n vertices will contain a
monochromatic clique of size r.

Proof. Let G = (V, E) be our complete graph with |V| = n. Assign a random 2-coloring to
G by coloring each edge e € E Black or White, uniformly and independently at random.

Consider an arbitrary subset of r vertices. Denote X as the event that this particular
subset is a monochromatic clique; that is, all (;) edges connecting vertices in the subset are
of the same color. These monochromatic cliques are the ”"bad” properties that we wish to
avoid.

Out of 2() possible colorings of these edges, only two give a monochromatic clique K. It
follows that

P(Xy) = o =20
2(2)

Let X be the total number of monochromatic cliques K. There are a total of (:f) subsets

of the n vertices with size r. Hence by linearity of expectation,

i) = () Pixe) = ()20

If (") 21-(2) = E[X] < 1, then the First Moment Method gives that there must exist some
coloring with no monochromatic K. By definition, this forces R(r,r) > n.



Another subject of frequent study in Combinatorics is the enumeration of sets satisfying
certain constraints. In particular, sum-free sets have been a popular area of inquiry.

Definition 3.7. A subset S of the real numbers R is sum-free if there are no elements
x,y,z € S such that z +y = 2.

Here again, the Probabilistic Method can provide some interesting results.
Theorem 3.8. Fvery set of k non-zero integers has a sum-free subset of size > k/3

Proof. Denote our set of integers as A, with |A| = k. Let X be a variable chosen uniformly
at random from [0, 1]. Construct a new subset A’ such that

A={aecA:{aX)} € (1/3,2/3)}

That is, we include an element a of A in A’ if the fractional part of aX is between 1/3 and
2/3.

We claim that A’ is necessarily sum-free. For any three particular elements a,, a,, and a,
in A’, consider the quantities a, X, a,X, and a,X. By definition, all three of a, X, a,X, and
a,X must have fractional parts between 1/3 and 2/3. Observe that summing two fractional
parts in the domain (1/3,2/3) never yields a fractional part in this domain. Therefore it is
necessarily true that

az X + ay X # a, X

Dividing out the constant X, it follows that a, + a, # a.. Performing this argument for all
choices of a,, a,, and a, in A’ proves that A’ is always sum-free.

Since X is chosen uniformly from [0, 1], X is also uniformly random between [0, 1]. Thus
for any element a € A, P(a € A") = 1/3. By linearity of expectation,

E[|A'|] = 1/3k

so by Proposition 3.3, there must exist some X such that |A’| > 1/3k. This set A" is our
desired sum-free subset. [

4. SET FAMILIES

In Section 3, a majority of the results hinged on Proposition 3.3 and Theorem 3.4 and
bounded a particular quantity based on its expected value. However, leveraging expected
value does not necessarily yield particularly strong bounds. For instance, suppose we wished
to find the maximum of some variable X. By applying Proposition 3.3, we may only show
max(X) > E[X]. But if X is on occasion significantly larger than E[X], this bound is weak.
In effect, we require the maximal X to be near E[X] for this method to be reasonably ap-
plied. Combinatorially, this translates to desirable (in this example, maximal) objects being
frequent and similar to the expected case. Hence, the first moment method is applicable only
when objects are frequent but difficult to characterize through explicit construction (infor-
mally, these scenarios have often been characterized as "trying to find hay in a haystack”).
This is the case in certain questions studying Set Families.

Definition 4.1. A Set family K is a collection of subsets of some particular ”ground” set,
typically [n]. Explicitly, every element of K is a subset of the ground set.

Probabilistic methods have often been used to bound and constrain set systems satisfying
particular properties. One of the strongest results is the Bollobas two family theorem:
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Theorem 4.2. Bollobas Two Family Theorem: Let Ay, As...A,, and By, Bs....B,, be
sets such that A; N B; =0 and A; N Bj # 0 for all0 <i,j <m, i#j. Then

m —1
3 (|AZ| + sz!> <1
i=1 Al
Proof. Suppose that for particular sets Ay, As...A,, and By, Bs....B,,, the hypothesis of the
Bollobas Two Families theorem holds. That is, A; N B; = 0 and A; N B; # 0 for all
0<i,j<m,i#j.

Let S = (U~, 4) U (U~ B;). In other words, S is the set of all elements contained in
any of Ay, As...A,, or By, Bs..., B,,. Consider a random permutation of the elements of S.

Denote P; as the event that all the elements of A; precede the elements of B; in the
permutation. By the hypothesis, the sets A; and B; are disjoint. In a random permutation,
any order in which the elements in A; and B; appear in the permutation is equally likely. In

total, there are
(|Ai| + |Bi|>
| Al

potential orderings. Among these orderings, there exists only one in which all elements in
A; precede all elements in B;. Hence, it follows that

o= ()

We continue the proof with the following lemma:

Lemma 4.3. if sets Ay, As...A,, and By, Bs....B,, satisfy the hypothesis of the Bollobas
Family Theorem, then for all i # j, only one of P; and P; may occur in some permutation.

Proof. Suppose for the sake of contradiction that F; and P; both occur in a particular random
permutation. That is, A; precedes B; and A; precedes B;.

By definition, there must exist at least one element ¢ such that ¢ € A; and ¢ € B;.
Similarly, there must exist at least one element r with r € A; and r € B;.

Since A; precedes B;, ¢ € A; must precede r € B;. But since A; precedes Bj, r € A; must
precede ¢ € Bj-hence, we arrive at a contradiction. It follows that only one such P; may
occur for a particular permutation. [ |

Thus by Lemma 4.3, no P, and P; can occur simultaneously; i.e. the events are disjoint.
If the sum across all i of P(P;) was greater than one, then there must necessarily exist a
permutation where F; and P; occur. But this is impossible by Lemma 4.3, so the inequality

= = (|A;] + |B; -
i=1 i=1 v

follows as desired. [ |

The Bollobas Two Family Theorem is an incredibly powerful problem-solving technique.
In particular, it resolves a number of questions involving hypergraphs.

Definition 4.4. A Hypergraph is a graph G = (V| FE)) where each edge e € E may connect
between 1 and |V'| vertices. Note that E is a Set Family of subsets of vertices V.
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Definition 4.5. An n-uniform hypergraph is a hypergraph G = (V, E') where for each edge
e € I, |le| = n. For instance, a "standard” graph is effectively a 2-uniform hypergraph.

Definition 4.6. A hypergraph G = (V, E) is covered by M C V if for every edge e € E, e
overlaps with at least one vertex in M.

Theorem 4.7. If every r-uniform hypergraph with at most (Tjs) edges can be covered by

a set M of size s, then it is necessarily true that every r-uniform hypergraph, regardless of
size, 1s covered by M.

Proof. Let M be a set of vertices with |M| = s. Let M cover every r-uniform hypergraph
with at most (’":fs) vertices.

Suppose for the sake of contradiction that there exists an r-uniform hypergraph G such
that M does not cover GG. Consider the procedure of iteratively removing edges from G until
M suffices to cover the remaining graph.

We say that an r-uniform hypergraph graph is critical if the graph is not covered by M,
but we may remove precisely one edge so that the remaining graph is covered by M.

At some point during the process of iterative removal, G must necessarily be critical. We
denote () as the number of edges in G at the moment when it is critical. Since we assumed
that M covers every hypergraph with at most (“LS) vertices, it follows that

T

0> (r + 3)
r
since by definition, M does not cover (). Let the edges in G at the moment it is critical be
Ey, By, Es... Eg; in particular, let ; be the edge that may be removed so that the remaining
graph is covered by M. Now, set S; = M, and S; = M/E; for all 2 < i < ). Then the

families Ey,...Eq and S;...Sg satisfy the hypothesis of the Bollobas Two Family Theorem.
Explicitly,

El-ﬂSi:Q)andEiﬂSj;é@foralli;éj

Applying the Two Family Theorem,
Q -1
E; i
Z (\ | ;F S |) <1
i=1 |Sil
but |E;| is always r since the graph is r-uniform and we let |S;| = s, so
Q —1 —1
i=1 [Sil 5

This implies Q < (Tis), but we have already shown ) > (Tis), contradiction.
It follows that there cannot exist any critical graph, and hence all graphs are covered by

M. |

For a more visual proof of Theorem 4.7, see [Penl7]



5. ALTERATIONS

Frequently, random probabilistic constructions come close to satisfying a particular prop-
erty, but don’t fully do so. Consequentially, very basic probabilistic method arguments are
unable to produce strong results. Consider the following example:

Definition 5.1. In graph G = (V, E), A subset of vertices U C V is dominating if every
vertex v € V with v ¢ U has a neighbor in U.

Question 5.2. Given a graph G = (V, E) with minimum degree 0, what is the smallest
dominating subset U ?

Suppose we were to attack this question with an analogous approach to what has been
done in previous sections. Following the line of reasoning of sections 2 and 3, we might
construct a random vertex subset of size k and hope that, miraculously, we can show that
the expected number of vertices with no neighbors in the subset is less than 1. Similar
approaches might involve considering the probability that a particular vertex is excluded.

Unfortunately, these methods produce relatively weak bounds. Observe that showing that
the expected number of vertices with no neighbors is less than 1 is analogous to showing that
the average subset of size k is dominating. Yet, in this problem, one can intuitively envision
that the best possible constructions are rare, and that much larger sizes k& are needed until
the average random subset catches up.

Hence, we desire a way to change our approach slightly. Rather than pursuing this strictly
random construction, it is natural to apply the Alteration Method. Alteration (or Dele-
tion) involves the construction of a random object which is then manually ”fixed” to avoid
any undesirable elements.

In practice, Alteration takes a very (small/large, depending on the goal) yet imperfect
construction, and then weakens it by patching it up until it is the object that we want.
Applying this method yields the following result:

Theorem 5.3. For any graph G = (V, E) on n vertices with minimum degree § > 1, there
exists a dominating set with size
< (ln(0+ 1) + 1)
- 0+1
Proof. We begin similarly to in previous questions; that is, we introduce a certain randomness
to our construction.
Let p € [0,1]. We will decide what choice of p to make later. Denote X C V' as a random
subset where each vertex is independently included with probability p.
Let Y be the set of vertices that are not in X and have no neighboring vertices in X.
Consider an arbitrary vertex v; it is not in X with probability 1 — p. Moreover, v has at
least 6 neighbors that are not in X with probability 1 — p. Hence,

Pv e Y] < (1—p)'*™

Evidently, the set X UY is dominating. By definition, X and Y are disjoint sets, so
E[|X UY]] = E[|X]|] + E[|Y|]. By linearity of expectation,

E[|X[] = np; and E[|Y]] < (1 —p)""'n
We continue to simplify with the following lemma:

Lemma 5.4. for p € [0,1] and 6 > 2, (1 — p)?*+! < e7P0+D
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Proof. We implement the standard inequality
1+ax<e”
for all real z. Setting x = —p and raising both sides to # 4+ 1, we obtain
(1 — p)t*! < PO+
as desired. [

By Lemma 5.4,
E[IX]| +E[Y]] < (p+ e P )n

0+l oives the desired inequality

Setting p = %5

(X + By < (ROED L),
|

The "alteration” in this proof arises from the combination of the vertices in Y and the
random set X to form a new, necessarily dominating set X UY. In effect, alterations are
the reintroduction of order and structure into a random construction by means of manually
changing things around. This hybrid approach—which combines both randomness and or-
der—is often stronger than purely random results. We present another result produced by
alteration:

Definition 5.5. Let A be a matrix. Let S, be a subset of column indices, and S, be a
subset of the row indices. The Submatrix B consists of all entries a; j, where ¢ € S, and
J €Sy

Theorem 5.6. For cvery positive integers n > k > 2, there exists an n X n matriz with

{0,1} entries, with at least nEET (1 — k%) 1’s, such that there is no k X k submatriz consisting
of all 's

Proof. Again, let p € [0, 1] to be decided later. Define @ as a random n by n matrix with
{0, 1} entries formed by setting a; ; = 1 with probability p independently for all 1 <i,j <n.
Denote X as the number of ones in ). Then

E[X] = n’p.

For a particular k x k£ submatrix Z, denote E, as the event that Z contains all 1’s. Since
every one of the k? entries are chosen independently, it follows that P(E,) = ka. Note that

there are (2)2 possible submatrices. Hence, letting Y be the set of submatrices with all 1’s,

Byj= Y PE)= (Z) B

kxk submatrix Z

Consider the following procedure: Create a new matrix @' by ”deleting” (changing to 0)
one entry in every k X k sub-matrix of () that contains all ones. Then )’ has no k x k
sub-matrices with all ones. Letting #(1(Q’) denote the number of 1s in @', since deleting a
single entry may eliminate several k& x k submatrices with all 1’s simultaneously,

#1(Q) = X — Y|
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Hence by taking the expectation of both sides,

B#LQ)] 2 ELX - [V]) = ELX] - B = w¥p - () ¥

Setting p = n=2/*+1 gives

2
E[X — |V| = n2k/ (k1) _ (Z) n—2k2/ (k1)

Factoring n?*/(**1) from both terms,

E[X — |V = n®/51 (1 - (Z)Q”_%)

-1 —2)..x(n—k+1 k 2 _
Note that (Z) = nxllxn k!) G ) < 7r. Hence (Z) n=2k < #
we arrive at

Substituting this in,

1

E[#1(Q)] 2 E[X — V]| 2 o/ (1 - )
By Proposition 3.3, there must exist some matrix Q" with at least E[X — |Y|] 1’s and no

k x k sub-matrices with all 1’s; this is our desired matrix.
[ |

6. THE SECOND MOMENT METHOD

Thus far, our results have generally leveraged some particular expected value expression
to prove the existence of a certain object. However, expected value is often not sufficient
to make strong conclusions about a bound. Specifically, considering expected value alone
reveals nothing about the structure of the distribution for a variable X. A number of issues
arise from this, especially when we desire to show that a variable X rarely attains a value k.

For instance, consider the scenario in which a non-negative discrete variable X, has
E[X,] — oo for sufficiently large n. We might wish to show that X, takes on a value
greater than 0 whp (recall that whp is 1 — o(1)). However, expectation alone does not guar-
antee this; E[X,,] — oo is not sufficient to conclude that X, is rarely zero, since it is still
possible that X, is often zero but on occasion infinitely large.

To address these issues, it is natural to bring in techniques from probability theory that
describe the concentration and density of a variable X around the mean—a high concentration
would imply that outliers are unlikely. In particular, we use the Variance of a variable X.

Definition 6.1. The variance of random variable X is
Var[X] = E[X?] - E[X]* = E[(X — E[X])?]
The covariance of random variables X, Y is
Cov[X,Y] =E[XY] — E[X]E[Y]

Remark 6.2. Since E[XY] = E[X]E[Y] for independent variables X, Y, the covariance is zero
if two variables are independent.

Intuitively, covariance describes how variables X,Y tend to change together; that is,
whether an increase in X tends to imply an increase/decrease in Y or vice versa. E[XY] tends
to grow significantly larger than E[X|E[Y] when Y increases with X, and grows significantly
smaller when Y decreases with increases in X.

Moreover, it’s important to note that by definition, Cov[X, X]=Var[X].
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Remark 6.3. We denote the mean as p and the variance as o2. The Standard Deviation is
0.

The usage of covariance and variance to show a variable tends to cluster near its mean
is called the Second Moment Method. Using the following results, we may apply the
Second Moment Method to show that a variable is concentrated near its mean:

Lemma 6.4. Markov’s Inequality: If X > 0 is a nonnegative random variable, then for
all a, P[X > a] < ﬁ,
Proof. Let X, = X if X > a and 0 otherwise. Then
E[X] > E[X,]
Let Y = a if X, > a and 0 otherwise. Observe that E[Y] = alP[X > a]. It follows that
E[X] > E[X,] > E[Y] = aP[X > d]
so E[X] > aP[X > A] and P[X > ] < @ as desired. |

With this inequality in mind, we produce a result involving the second moment. The
Chebyshev Inequality formalizes the idea that small variances imply that large deviations
are improbable. In particular, it shows that the probability of attaining a value at least A
standard deviations away from the mean is inversely quadratic in .

Theorem 6.5. Chebyshev’s Inequality: Let X be a random variable with mean p and
variance o*. Then for any A > 0,

PIX — ul > Aa] < A7
Proof. Observe that we may square both sides of the inequality in P[| X — | > Ao] to show
PIX — pl = Ao] = P[IX — p* > Mo
By Markov’s Inequality,
E[|X — uf’]
PIIX — pf* > N0?] < g
Since u = E[X], E[|X — p|?] is just 02, by definition. Substituting this in, we have
1
BILX — il > Ao] = BIIX — uf* 2 X0 < o
as desired. ]

Corollary 6.6. For any random variable X,

Proof. Writing 1 = E[X],
P[X = 0] < P(|X — E[X]| > E[X])
since the RHS is just the probability that X < 0 or x > 2E[X]. But the RHS is also the
LHS of the Chebyshev inequality for A = E[X] /o, so
Var[X]

PX = 0] <P(|X - E[X]| > E[X]) < E[X]2




13

The following corollary is among the stronger parts of probabilistic machinery in the
Second Moment Method. If we can deduce the variance of a sequence of variables, this
corollary allows us to determine the asymptotic behavior of the sequence.

Corollary 6.7. Let X, X5...X,,... be a sequence of nonnegative random variables. if E[X,,] >
0 and Var(X) = o(E[X?]) for sufficiently large n, then X,, > 0 whp and X,, grows asymp-
totically with E[X,,] whp

Proof. The former statement (X, > 0 whp) is guaranteed by Corollary 6.6, since

Var[X,]

P[X, =0] < Gra o(1)

Thus
PX >0=1-PX=0]>1-0(1)
The second statement (X, grows asymptotically to E[X,]) follows from the Chebyshev
inequality. Setting A = ¢E[X,,|/o and noting p = E[X,,], Theorem 6.5 gives
o2
P(|X — E|X,]| > cE|X,]) < ————
(I [(Xa]| = eE[Xa]) SEX,]?
We know that o = Var(X,,) = o(E[X?]), so by definition,
o® /E[X,]* = o(1)
Substituting this back in, it follows that
1
P(|Xn — B[X,]| > eE[Xa]) < F50(1)
For all epsilon, the constant 1/ preserves the asymptotic o(1), thus

P(| Xy — E[X,]| = eE[X,]) < o(1)

Considering arbitrarily small ¢, it follows that X deviates asymptotically from E[X,] with
probability o(1), and thus X is asymptotically equivalent to E[X,,| whp. [ |

Although these inequalities are powerful, we need a way to easily calculate the variance
o? of a particular variable. Frequently, we will deal with X being variance of the size of a
random set. In such cases, it is natural to define X = X; + Xy + ....X,,, where X, = 1 if
element ¢ is included in our set and zero otherwise. Generally, it is much easier to work with
the covariances of these indicator variables than to directly compute the variance of X. The
following lemmas provide tools that we may apply to transform Var[X] into covariances of

X; and X;.

Lemma 6.8. For random variables X1, Xo,.. and Y7,Y5, ..
OOU[ZXi, Z Y| = Z Cov[X;, Y]]
( J ,J
Proof. By definition,

Cov[ Y X YW =E[Y_ XY ¥] ~E[Y X]E[Y V)
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Expanding terms and using linearity of expectation,
Cov[ 32X, 3% = B3 Xy — (S B EW) = B X5 — SRR
i j irj i ] irj irj
Taking out the summation from inside E[}_, ; X;Y;] using linearity of expectation,
COV[ZXi, ZY}] = ZE[XZ»Y]»] - ZE[Xi]E[Yj]
But the RHS is just J ’ '

Cov[ ) X;,) Y] =) Cov[X,, Y]]
i J 1]

so we are done. [ |

Lemma 6.9. For a random variable X,
Covl X, X]| = Var[X]
Proof. by definition,
Cov]X, X] = E[XX] — E[X]E[X] = E[X?] — E[X]?
But this is just Var[X] by definition. |

Together, these lemmas prove useful in playing with sums of co-variants. We will imple-
ment them in section 7. In particular, if we have some variable X = X; + X5...X,, where X
is an indicator variable, then applying Lemma 6.9, Var[X] = Cov[X, X|. But we may write
X as the sum of all X;, so this becomes Cov[}_; X;, >, X;], from where we may simplify
using Lemma 6.8.

7. APPLICATIONS OF THE SECOND MOMENT

The previous section built up numerous tools in the Second Moment Method that we can
leverage. We dedicate this section to exploring a critical result obtained by applying the
method.

Definition 7.1. Let G(n,p) be a random graph on n vertices where every edge is included
with probability p independently. We say that a particular expression x is a threshold for
some event k if:

(1) when p >z, Plk] =1 — o(1)

(2) when p < z, Plk] = o(1)
That is, if p is asymptotically greater than x, then k occurs whp, and if p is asymptotically
less than x, then k occurs with probability o(1).

Importantly, note that the leading coefficient of x does not matter; any particular p sat-

isfying p > x also satisfies p > Cz for constant C' > 0 and the same follows for p < z.

Examining the Second Moment is particularly useful in identifying this threshold x. No-
tably, Corollary 6.7 is provides an easy way to identify the probability p such an event E
occurs, since by setting X,, = 1 if F occurs and 0 otherwise, if we show E[X] > 0 and
Var[X,] = o(E[X,,]?), then it follows that X, is rarely zero and E occurs whp. In the fol-
lowing Lemmas, we build a general technique to identify the threshold of the event that a
particular subgraph H appears in the random graph G(n,p) with n vertices and each edge
included with probability p.
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The bulk of technique does not rely on the probabilistic method; instead, we use probability
theory to find a simpler closed form and then conclude probabilistically.
Definition 7.2. Two events (A;, A;) are pairwise dependent if
P(A; N Aj) # P(A;) x P(4;)
Conversely, they are independent if
P(A; N Aj) =P(4;) x P(A4;)
Intuitively, two variables are pairwise dependent if a particular outcome in event A; makes

certain outcomes in A; more probable and vice versa. We will label two events A;, A; as
pairwise dependent by

A LA
For the sake of this example, we will not consider A; /I A;; that is, if you see
a b
this necessarily implies a # b.
Covariance is not always trivial to evaluate. Thus, when evaluating complex sums, we

wish to replace covariance with probability, which is frequently easier to determine. We may
do so by applying the following result:

Lemma 7.3. Let Ay, As... A, be events. Denote X1, Xo,...X,, as the indicator variables such
that X; = 1 when A; occurs and 0 otherwise. Then,

CovlX;, X;] < P(A;)P(A;]4;)

Proof. By definition,

Cov[X;, X;| = E[X,;X;] — E[X;]E[X]]
Since indicator variables are nonnegative, E[X;|E[X;] > 0, thus

Cov[X;, X;] = E[X,X,] - E[X/]E[X;] < E[X,X]]
Observe that X;X; = 1 iff A; and A; occur, and zero otherwise. This implies E[X;X;] =
P[A;A;]. Moreover we have that
PIAP[A;|Ai] = P[A; Aj]
since P[A;|A;] = P[A;A;]/P[A;] by definition. Hence,
Cov]X;, X;| < E[X;X;] = P[A;]P[A;|A]

as desired. ]

This inequality has the added benefit of letting us easily bound all covariances of X;. In
particular, we may apply the inequality on the sum across all X; to determine

D CovlXi, X;] < PIA] ) P[A;|A)]

JF#i J#i
As we will see later, this inequality turns out to be useful in simplifying large groups of
covariances. We continue with another Lemma which allows us to convert variances into
probabilities:

Lemma 7.4. Let X; be an indicator variable that takes 1 if event A; occurs and zero other-
wise. Then, Var|X;] < P[A;]
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Proof. By definition,
Var[X;] = E[X?] — E[X;)?

1

Suppose that A; happens with probability p. Then E[X;] = p by the properties of indicator
variables. Moreover, E[X?] = E[X;], since 0> = 0 and 1> = 1 and so squaring X; never
changes its value. So

E[X7] - E[X,)* =p —p”
But p? > 0, so p — p? < p Hence,
Var[X] = p — p* < p = P[A]
[ |

With these inequalities in mind, we begin the setup for our Theorem. It’s important to note
that the Second Moment Method weakens on the sum of indicator variables X = X;+...+X,,
when indicator variables exhibit significant positive dependence. If the occurrence of a
particular event A; makes other events substantially more likely, then the variance of X =
> . X; may become large. Consequentially, we seek to define a quantity that indicates the
amount of influence a particular variable may exert on the events dependent on it. For events
A; and A;, the conditional probability P(A,|A;) quantifies this influence. In particular,
summing across all A; that are dependent on A; produces a sort of ”dependency mass” of A;
that reflects its impact on all other variables. For these reasons, we are motivated to define
the quantity A as we do below:

Lemma 7.5. Let X = X| + Xs.... + X, be the sum of the indicator variables for events
Ay, Ay, Ay Let A be defined as follows:
A = max > P(A;]A)
Jiihi

That is, A is the mazimum possible value across all events A; of the sum of the expression

P(A;|A;) for all events A; dependent on A;. Then
Var[X] < E[X](1+ A)
Proof. By Lemma 6.9 and Lemma 6.8,
Var[X] = Cov|X, X] = Cov]| ZX“ ZX Z Cov[X;, X|]
2%

We simplify by splitting the summation across all ¢ and j into two cases; one where i = j
and one where ¢ # j. Doing this and applying Lemma 6.9 when ¢ = j, we obtain

Var[X Z Cov|X;, X;] Zn: Var[X;] + Z Cov]X;, Xj]

4,7 i=1 i#£j

Using Lemma 7.4 on the terms Var[X;], it follows that

Var[X] < Zn: P(A;) + Y CovlX;, X))

i#j
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Note that Cov[.X;, X,;]=0 for X;, X; independent, so we disregard such pairs X;, X,;. Applying
Lemma 7.3 on the remaining terms Cov[X;, X;],

Var[X] <3 P(A) + > PlA] Y PIA;j|A]
i=1 i=1 Jijf
Since we defined delta as the maximum possible value of >, ., P(4;/4;), the expression
> jini PIAj|Ai] takes a maximum of A. Thus

Var[X] < ZR:P(Ai) + iIP’[Ai]A =(1+4) iP[Ai]

But recall that for indicator variables, E[X;] = P[4,], so we simplify

n

Var[X] < (14 A) ) E[X] = (1+ A)E[X]

by linearity of expectation as desired. [

Theorem 7.6. Using the above setup for Lemma 7.4, if E[X] — oo and A = o(E[X]), then
X > 0 and X is asymptotically equivalent to E[X]| whp.

Proof. By Lemma 7.5, then
Var[X] < E[X](1 + o(E[X]) < o(E[X]?)

By Corollary 6.7, setting X = X,,, the above is sufficient to conclude that X,, > 0 and X,
grows asymptotically with E[X,,] whp. [ |

Applying the above theorem ”trivializes” finding the threshold for the existence a partic-
ular subgraph H. By letting ¢ range across all subsets of vertices with size |H| and setting
A; as the event that subset ¢ induces the subgraph H, then by using the setup described in
Theorem 7.6 and Lemma 7.5 it suffices to find the particular probability p of G(n,p) such
that A = o(E[X]).

Finding this probability is often not too challenging. Finally, here is where we employ
probabilistic method arguments. Take the example where H is a complete graph with 4
vertices; i. e, the clique Kj.

Theorem 7.7. For H = Ky, the threshold x of G(n,p) is v = n=2/3

Proof. First, we show that if p < n=2/3, then H occurs with probability o(1).

Define X as the number subgraphs H = K4 in G(n,p). Let i range across all subsets of
vertices in G(n, p) of size 4, and set A; to the event that subset i is connected; i.e, has edges
equal to H. Letting the indicator variable X; = 1 if A; occurs and 0 otherwise, by linearity

of expectation:
EX] = 30X, = S P4

Note that every edge in a particular subgraph 7 is included within G(n,p) with probability

p. In total, there are (;l) = 6 such edges for each subgraph; hence P[A;] = p®. Moreover,

there are a total of (Z) such ¢. Thus, summing across all ¢, we get
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(%) is O(n?), so p < n=?/? gives E[X] = o(1). By Markov’s inequality, any ¢ > 0 would have

probability P(X > ¢) < ]E[E—X} =o0(1), so X =0 whp.

It remains to show that if p > n=%2, then X > 0 whp. Note that from the above,
E[X] — oo when p > n~%3. We now compute A.

Observe that A; /L A; if an edge is shared between vertex sets ¢ and j. This requires
|iNg| > 2, since an edge is then shared between ¢ and j. The number of j that share precisely
two vertices with arbitrary i is 6(",*) = O(n?). There are 5 edges in j not shared with i, so
P(A;|A) = 1.

The number of j that share precisely 3 vertices with arbitrary i is 4(”;4) = O(n). In this
case, there are 3 edges not shared with ¢ in j, so P(A;]|A;) = p®. Summing over all possible

Js

A= Z P(A;|4;) = O(n®p® + np?) < E[X] = O(n*p°)
j:lgnile2,3

Since A < E[X] and E[X] — oo, by Theorem 7.6 we are done. |

These results may seem relatively detached from the probabilistic method. In effect,
the Second Moment Method leans more strongly into probability theory. Frequently, the
probabilistic method borrows heavily from these topics in probability theory or, at certain
points, analysis in order to produce stronger results. The probabilistic method is, after all,
a method involving probability theory, and more complex results naturally hinge on more
sophisticated probabilistic machinery. However, ultimately the conclusions are applied to a
random graph G(n,p), and the behavior of this graph is studied; the study of this graph
involves the probabilistic method.

Theorem 7.6 is very broad and not unique to thresholds of random graphs. It is a suffi-
ciently strong result to be widely applicable, and the setup is standard for any construction
in which there exist few dependencies.

8. THE Lovasz LocAL LEMMA

Theorem 7.6 is a very strong result when we wish to prove that a particular event happens
whp or with probability o(1). However, it is not applicable when we desire to show that
an event happens with non-zero probability (not necessarily whp) as we have in previous
sections. Naturally, we seek an alternative to Theorem 7.6 which is applicable in these
cases—hence, we arrive upon the Lovasz Local Lemma.

Although Theorem 7.6 is a strong when considering scenarios with few dependencies, it
weakens when variables are weakly dependent. To understand this, recall Lemma 7.3; in the
process of bounding Cov[X;, X;| we crudely eliminate the term E[X;]E[X;]. When variables
have dependencies that are not strong, this error term approaches E[X; X ;| = P[A;]P[A;|A;].
As a consequence, the inequality we obtain in Lemma 7.3 becomes very loose, causing our
eventual result in Theorem 7.6 to weaken. For similar reasons, the Lovasz Local Lemma is
best when there are few, strong dependencies between variables.

To proceed with the Lemma, we must introduce a stronger notion of independency.

Definition 8.1. An event Ay is mutually independent from a set of events {A;, As, ... A}
if for all sets { By, By...B,,} where B; = A; or B; is the event that A; doesn’t occur,

P[Ao|By A By A .... A By = P[A]



19

That is, the probability of A, is unchanged by any outcome of the events Ay, ..., A,,.
The following identity in probability theory is necessary in the Lemma.

Lemma 8.2. For events X, Y, Z,

P(X ANY|Z)
PX|YNZ)= —————
XWYAZ) =577
Proof. The definition of conditional probability gives
P(XAY ANZ)
P(X|Y ANZ) =
XV AZ) = =55z

Simplifying the RHS by noting P(X,Y|Z) = P(X ANY A Z)/P(Z) by the definition of
probability and substituting in gives
(X.Y|Z) _ P(X,Y|Z)

P
P(X]y,2) = PVAZ) T PY|2)

as desired. ]

We now establish the Lemma:

Lemma 8.3. Lovasz Local Lemma: Let Ay, As,...A, be events. For a particular event
i, let N(i) denote the set of events such that A; is mutually independent from

(4;:5 ¢ {i} UN(5))
That is, N (i) is the set of events that A; is not mutually dependent from. If we can select a
particular set {xy, s, ...x,} € [0,1) such that the following is satisfied for all i € [n]

PlA] <z [ 1-=)
JEN(7)
Then
Plno event A; occurs| > H (1 —x;)
1€[n]
In particular, P[no event A; occurs| > 0.
Proof. We begin by showing
P(A;] /\ Aj) < x; whenever i ¢ S C [n]
jes
We do so by induction on |S|. Take base case |S| = 0. Here, we seek to show
But we know that P[A;] < @; [[;cn) (1 — 2;); observe that 1 > [,y (1 — ;), thus

JEN (i)
as desired. Hence, the hypothesis holds true for base case |S| = 0. We proceed with the
inductive step. Consider some arbitrary |S|; suppose that the hypothesis holds true for all
|S"] < |S]. We wish to show that the hypothesis holds for |S|.
Denote S; = SN N(i) and Sy = S/N(i). Evidently, S; and Sy are disjoint subsets with
S1US, =8.
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Importantly, note that we may decompose

A /\ jesS | /\‘eS )
A ] 1 J 2
JAYZ Flhves 3l Ay )

since applying Lemma 8.2 with A; = X, A. je g, Aj =Y, and /\ s, Aj = Z gives the desired
decomposition. Focusing on the numerator of our RHS note that the probability that A;
but not any A; with j € Sy occur is at best P[4;]. Hence, we bound

numerator = P(A; /\ Ay /\ Aj) < P(A /\ A))

JES1 JES2 JES2

Recall that A; is independent of the set {A; : j € S}, thus by definition P(A;| A;cg, Aj) =
P(A;). Using P[4;] < HjeN(i)(l — x;), it follows that

numerator < P(A;| /\ Aj) = P[4 < H (1—x;)
JES2 JEN(i)
Plugging in our bound for the numerator,

P(Ai| \ 4)) < Zil e =)
B P(/\jesl Aj| /\jeSg Aj)

JjES

We now focus on the denominator. Denoting the elements of Sy as {ji,jz2,....jr}, since
P(X,Y) =P(X|Y)P(Y), we may iteratively use this property to construct the expansion

denominator = P( A\ A;| A\ A;) =P(i| \ A)PGalin N\ Ao PGrlingan ot N\ 43)

JEST JES2 JES, JESo JES2
But |Sa| + [S1] — 1 < | S|, so for every term j;, the inductive hypothesis guarantees
Plil i A Joe Adia \ A < w5,
JES2

since we supposed that it holds for every |S’| < |S|. Recall that for any event k, P(j;|k) is
the same as 1 — P(j;|k), so we can bound the denominator with

denominator > H (1 - x])
jiE[SQ}:N(i)

Recombining this with our numerator, we achieve the bound

(1 —xy)
P(A| \A) < S =z
/e\S‘ H]ZEN(Z ( a:ji)

as desired. We have proved the base case and the inductive step, so by the principle of
mathematical induction,

P(A;] /\ Aj) < x; whenever i ¢ S C [n]

jes



21

With this in mind, again using P(X,Y) = P(X|Y)P(Y) iteratively, we may write
P(/\ 4;) = P(A1)P(Ag|Ay)... P(A,| Ay A Ay A As A A, y)

For each factor with leading term A;, note that the factor is congruent to 1 —P(A4;|A; A Ay A
.. N A;_1). Thus, applying the inequality we just proved to each factor in this expression,
we conclude that

/\I > (1—xz)(1 —x9)..(1 — zy)

as desired. [ |

This is the general local Lemma. As a consequence of this result, we obtain the following,
which is weaker but typically simpler to apply:

Corollary 8.4. Let Aq,....A, be events such that no event has probability larger than p of
occuring. Suppose that A; is mutually independent from a set of size at least (n —d) < n
events for all i. Then

ep(d) <1

implies that no events A; occur with positive probability.

Proof. Set x; = 1/d for all 4, and let N (i) be defined as in Lemma 8.2. By definition, for all
i, A; has an independent set of size at least n — d. and N (i) is effectively the set of n —1 A;
for j # ¢ minus the elements of an independent set, |N(i)| > d — 1. Hence,

xiH—j dHl__

JEN(4) JEN(7)
is bounded by
d
1 1 1 1 1 1
= 1-)>=-1la-=>)==1-=)¢
d ( d)_d‘l_[< d) d( d)
JEN(3) j=1
Observe that (1 — 2)? is constantly decreasing as d tends towards infinity. Combining this
with the known hmlt ) .
. _1\d _ =
g =

gives that (1 — %)? > £ for all finite d > 0. Thus,

1 1 1
. | | — 7)) > — _)d —

JEN(i)

But we defined epd < 1, so é > p. Hence

1
X; l—z;)>—2>
' H ( 'T]) ed Zp
JEN()
so the hypothesis of the Lovasz Local Lemma is satisfied. By Lemma 8.2, no events A; occur
with positive probability, so we are done.
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9. APPLYING THE Lovasz LoCAL LEMMA

The Lovasz Local Lemma is among the more powerful techniques in the probabilistic
toolkit. We present a few results which are produced by the LLL in order to illustrate how
one might typically apply it. Several more interesting and more sophisticated examples are
also presented in [Sas26].

Theorem 9.1. Let G = (V| E) be a graph with mazimum degree A and let V = ViUV,...UV,
be a partition of the vertices, where each |V;| > 2e/A. Then there exists an independent set
in G containing one vertex in each V.

Proof. We may assume that each V; has magnitude |V;| = [2eA], or else we are able to
remove vertices from V; until this holds. This process of pruning the sets turns out to be
necessary, since uneven sets make the Symmetric LLL (which we will apply) substantially
weaker.

From each V;, we select a vertex v; € V; uniformly at random. If we can show that
{v1,v9....v,} is an independent set with positive probability, then we are done.

For an edge e € FE, let A. denote the probability that both endpoints in e are in
{v1,v9....v, }. There are a total of r choices v; from a set of r x 2eA vertices. Hence,

T )2 _ 1

r X 2eA (2eA)?
Each A, is dependent on some other A; if there exists a V; such that e and f are incident
to vertices in V;. For a particular e, there are at most 2(2eA) ways to choose the vertex of
f that is incident to V;. There are at most A ways to choose the second vertex of f, since
the maximum degree of a vertex is A. Thus A, is dependent on at most 2(2eA)(A) other
events. Applying the symmetric LLL on the events A,

1
d < e———=2(2eA)(A) =1
So by the Symmetric LLL, with positive probability there does not exist an edge e such
that both endpoints of e are selected as a v;. Thus {vy,vs...v,} is independent with positive

probability, and so there must exist a particular choice {vy, vo...v,.} that is independent. W

P(Ae) < (

10. MARTINGALE INEQUALITIES AND BOUNDED DIFFERENCES

In Section 5 we introduced the Chebyshev Inequality, which provided a bound for de-
viations of size A from the expectation that was inversely quadratic in A. Although this
result is useful, it is often not enough to show that a variable strays from its mean with
inversely polynomial probability. In particular, we frequently require for the probability of a
deviation of size A\ to be inversely exponential. For instance, when we are bounding several
independent random variables individually, if the number of variables becomes sufficiently
large, then Chebyshev gives an exponentially small probability of every variable being con-
centrated. If we could instead prove a sufficiently powerful inversely exponential tail bound,
we would be able to guarantee little deviation with high probability.

This is substantial improvement over the Chebyshev Inequality, but consequentially, re-
sults proving inversely exponential tail bounds tend to be less general. One of the strongest
exponential tail bounds is known as the Bounded Differences Inequality, which lever-
ages the fact that if perturbations in a single choice minimally affects the outcome, then the
entire variable must be concentrated. We roughly follow the argument of [Car19]
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To prove the Bounded Differences Inequality, we use Martingales.

Definition 10.1. A sequence of random variables Zy, Z;...Z,, is a Martingale if for all i,
E[Zz’ZO, Zl'--Zi—l] - Zi—l

More formally, a sequence Zy, Z;...Z,, of random variables on the probability space (€2, F, P),
along with a filtration JF; that represents the history of the process before Z;, which satisfies
o for all i, E[Z;] < o0
e For all 4, the conditional value expectation of the next value given the history up to
time i, is equal to the current value. That is, E[Z; 1| F;] = Z;.

We begin with a Lemma, which we will later apply to the study of martingales in order to
produce exponential bounds on martingale processes, from which we will deduce the bounded
differences inequality.

Lemma 10.2. Hoeffding’s Lemma: Let X be a random variable which takes on maz-
imum b and minimum a such that b —a = . Then supposing E[X]| = 0, it must be true
that

]E[EX} < 662/8

Proof. Since e* is convex, on the interval [a,b] it is always smaller than the line passing
through the points (a, e®) and (b, €®). Then by writing the equation of this line,

el — eo b—x T —

e’ <et + b_a(x—a): 7 e’ + gaeb,forallxe[a,b]
Taking the expectation of both sides and recalling EX = 0,
b
Ele®] < Ze“ + 7(16(’

Let p = —a/l, so that a = —pl and b = (1 — p)¢. Then substituting in p and taking the
logarithm of both sides, we obtain

log Ele®] < log<(1 —ple P+ pe(l’pV) = —pl + log<1 —p —|—pee>
Define the function
f0) = —pl + log (1 —p +pe€)
and fix p € [0,1]. Then it remains to show that f(¢) < ¢?/8 for all £ > 0, since this would
imply log E[e*] < £?/8, and hence E[eX] < ¢*/®. Observe f(0) = 0, and computation gives

pe’

f(g):—pﬂLm

and hence f’(0) = 0. Taking the second derivative, we obtain

f//(g) _ pe (1 _p) _ (1 be )(1 - pe )

S (L=p4pe)? M —p+pef — p+pe’
Since t(1 —t) < 1/4 for t € [0, 1], this means f”(¢) < 1/4. Since f(0) and f’(0) are the same
as the corresponding values of £2/8, but f”(¢) is always smaller than the second derivative
of £2/8, it follows that f(¢) < ¢?/8 for all £ > 0. This completes the proof. |

We now proceed with an inequality that bounds Martingale differences.
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Theorem 10.3. Azuma’s Inequality: Let Zy, 71, ...Z, be a martingale satisfying
|Z; — Z;i 1| < ¢; for each i € [n]

Then for any A > 0,

—)\2
P(Z,—Zy >\ < .
( 0= )< eXp(Z(C% +c3... —i—c%))

Proof. Conditioned on the values of Zy,...Z;_1, Z; must lie in the interval {Z;_; — ¢, Z;_1 + ¢}
by the hypothesis. Then since E[Z;|Z;_;...Z]] = Z;_1, conditioning on Zy,...Z; 1, we have
E[Z; — Z;_1] = 0. Let t be decided later. We may apply Hoeffding’s Lemma on ¢(Z; — Z; 1)
to obtain

E[et(ZifZiq) |Z(37 ---Zi—l] < €t2cf/2

With this in mind, we consider the expression E[ef(%i=%0]

find

. By separating the exponent, we

E[et(Zl‘fZO] — E[et(ZrL'fZi,l)et(Zi,17Z0)].

t(Zifl—Zo)

By the tower property of conditional expectation, and noting that e is constant

given the outcomes of Z; | and Zj,
E[e!#=#i-) b= 20] = B[R4 241|727, y]e!Dm1=20) < el /2 [t Zim1=20)]

Using the bound E[e!(%i—%0] < ¢#’&l/2E[e!Zi-1-%0)]  we may descend down from i = n to i = 0
to obtain

n
E[et(zn—zo)] < Het2c§/2 _ etz(cf—l—cg.“—l-c%)/Q
i=1

Since P(Z,, — Zy > ) = P(e!(%n=%0) > ) Markov’s Inequality implies
P(Zn — Ty > )\) _ ]P)(et(Zn—Zo) > etA) < e—tAE[et(Zi—Zo] < e—tA—&-g(c%-l-c%...c%)
Substituting t = A\/c? + ... + ¢2 gives the desired inequality. |

With this in mind, we can finally proceed with the Bounded Differences Inequality. Intu-
itively, the inequality follows from the fact we can construct a martingale using the conditions
of the hypothesis, from which Azuma yields the inequality.

Theorem 10.4. Bounded D:ifferences Inequality: Let X, € Q,....X,, € Q, be Inde-
pendent random variables. Suppose the function f: €y X .... x Q, — R satisfies
|f(x1ezn) — f(2).2)| < ¢

Whenever {x;...x,,} and {z}.....x}} differ only on the ith index for constants ¢;. Then the
random variable Z = f(X;...X,,) satisfies, for all A > 0,

—)\2
— > <
Pz Mﬂ—Akfm<mg+gm+@J

and likewise

—)\?
PZ-ElZ]l < =)<
( 2] < )< eXp(2(c%+c§...+c%)>
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Proof. Consider the sequence of random variables Z, ....Z, such that Z; = E[f(X;....X,,)| X1...X;].
Then Zy = E[f(X;....X,,)] and Z, = f(X;....X,,). We claim that this sequence is a martin-
gale. Indeed, E[Z;|Z .....Z;_1] = Z;_1, since the expected value of f after fixing the value X,
taken across all outcomes X, is just the same as Z;_;.

Now, we show that |Z; — Z;_1| < ¢;. Fix the values of the random variables Xy = =y,
.X; = ;. Then Z; = E[f(x¢..x;, Xit1.., X»n)]. Introduce the function

gl(a) = ]E[f(xla vy L1, @, Xi-i—la d) Xn]
Since changing only one input X; changes f by at most ¢;, it follows that for all constants
a? b?
|9i(a) — g:(D)] < ¢
Indeed, this follows from
lgi(a) — g;(b)| = |E[f(....a....) — f(.....b....)]]
=E[f(....a....) — f(....b....)]]
<Ela] =¢

This implies that all possible values of g;(z) lie inside an interval of length at most ¢;. Then
its expectation must lie in this interval as well. Note that Z; = g;(z;) and by the properties
of martingales, Z; 1 = E[Z;] = E[g;(z;)]. Hence, it follows that

|9i(z;) — Elgi(@:)]] < ¢

and thus
Zi — Ziq| < ¢
So the sequence Z....Z,, satisfies the hypothesis of Azuma’s Inequality, and so
—)\?
P(Z,—Zy> )\ <
( 0= A) < exp 2(c3+ ... +c2)
We obtain the Bounded Differences inequality by recalling Z,, = Z and Z, = E[Z]. [

11. APPLYING BOUNDED DIFFERENCES

We present a brief example of how one may leverage Bounded Differences to produce
concentration results, and consequentially bound a particular quantity. Recall that G(n, p)
is a graph where each edge on n vertices is included with probability p, and that y(G) is
the chromatic number of G; that is, the minimum number of colors needed such that there
exists a valid coloring of G that avoids monochromatic edges.

Theorem 11.1. Let a > 5/6 be fized. Then for p < n~%, x(G(n,p)) is concentrated on 4
values with probability 1 — o(1). That is, there exists a u = u(n,p) such that as n — oo
Plu < x(G(n,p) Su+3) =1—o(1).

Proof. Tt suffices to show that for all ¢ > 0, we may find a u = u(n,p,e) such that with
p < n~® and n sufficiently large,

Plu < x(G(n,p) <u+3)=1-—3e.

Set u as the smallest integer satisfying P(x(G(n,p) > u) > . Let G be a graph produced
by the random procedure G(n,p), and let Y = Y (G) denote the minimum possible size of a
subset S C V(G), such removing S from G yields a u-colorable graph.
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Note that Y changes the by at most 1 if we change the edges connecting to one vertex,
since we will either need to add or remove the vertex from S. Fix a particular ordering of
the vertices, and let x; denote the set of edges connected to the ith vertex in the ordering,
that are not contained in any z;, 7 < i. Note that all x; are independent, in the sense that
no two z;, x; contain the same edge. Then define

flxy.xy) =Y
and since changing one parameter in f changes Y by at most 1, bounded differences gives
P(Y —E[Y] > A\/n) < e/ and P(Y — E[Y] < —=\/n) < e /2

for all A > 0. Choose A = A(¢) such that /2 = ¢, We first show that E[Y] must be small.
We have
e M =2 <P(x(G) < u)
But note that x(G) < w implies Y = 0, hence
—E[Y]?
2n )
And thus —)\?/2 < —E[Y]?/2n, which gives E[Y] < Ay/n. Now, we apply the bound to show
that Y is rarely large. Using the obtained bound for E[Y7],

P(Y > 2\/n) <P(Y —E[Y] > A/n) <e ¥/ =¢

It follows that with probability 1 —e, there exists a Y C V(G) with |S| < 2A\y/n such that G
is u-colorable when S is removed. Moreover, recall that with probability 1 — e, x(G) > u by
our choice of u in the beginning. If we can 3-color S, then it follows that x(G) < u+ 3 by u-
coloring G — S and then using 3 new colors for S. Hence, if we prove that with probability at
least 1 —¢, S is 3 colorable, it follows that with probability at most 1 -3¢, u < x(G) < u+3.
We do so in the following Lemma:

e <PY =0) = P(Y — E[Y] < E[Y]) = exp(

Lemma 11.2. Fiz a > 5/6, constant C' and p = n~%. Then with probability 1 — o(1), every
subset of at most C\/n vertices can be properly 3-colored.

Proof. Let GG be the graph produced by the random process, and assume that G is not 3-
colorable, or else the lemma follows trivially. Choose the smallest possible 7' C V(G) such
that G[T] is not 3-colorable. We claim that G[T] has minimum degree > 3. Indeed, if for
some vertex z, deggp () < 3, then we may remove x from 7" and produce a graph that is not
3-colorable, violating minimality. This follows from the fact that, if T'— x were 3-colorable,
we could extend the coloring to x since it is bounded by < 2 other vertices.

Therefore G[T] must have at least 3|T|/2 edges in order to force a minimum degree greater
than 2. We now compute the probability that G has an induced subgraph on t < C'v/n
vertices and > 3t/2 edges; let the event that this occurs be A. The probability that some
subgraph exists is at most the sum of the probabilities that a particular subgraph H satisfies

the conditions, and thus
[Cvn] n (t)
P(A) < 2 3t/2
@z 3 (1) ()

t=4

We obtain this summation by noting that (’Z) (3(5/)2) generates all possible induced subgraphs
on t vertices with precisely 3t/2 edges. Taking precisely 3t/2 edges rather than > 3t¢/2 edges

suffices, since for sufficiently large n and a > 5/6, ignoring graphs with more than 3t/2 edges
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changes the expression by a constant factor o(1). Simplifying with the well-known inequality

(Z) < (%)k and substituting p = n=¢

LCvn] " LCvn]
P(A) < Z (%)t(g)&/?nfoﬁtﬂ — Z pt—aBt/25t/29-3/2,1/2t
i=4 t=4

Taking asymptotics, we see that

N
P(A) < > O(n=rt2)f
t=4

With ¢t < C'/n, it follows that

[Cyv/n]
IP(A) < Z O(n(1—3a/2+1/4))t

t=4

Provided o« > 5/6, the exponent of n inside the asymptotic is < 0, and with ¢ > 1, this

implies the summation is o(1). [
By Lemma 11.2, S is of size 2\\/n = C'y/n with probability 1 — ¢, and hence is 3-colorable
with high probability. Therefore, we are done. [

Remark 11.3. Note that this result is significantly stronger than what we can produce with
the setup of Theorem 7.6, since 7.6 only guarantees asymptotic equivalence, and doesn’t
bound the variable in a particular interval. In general, Martingale Inequalities and Bounded
Differences produce substantially more powerful concentration results.

12. DEPENDENT RANDOM CHOICE

In Graph Theory, one of the most natural questions to ask for a particular dense graph G
is whether a certain graph H exists as a subgraph of GG. For instance, in Section 7, we found
a threshold for the existence of the subgraph K, in the random graph G(n,p). Questions of
this nature are connected to numerous other characteristics of graphs, and hence it is highly
desirable to develop methods to attack them. For instance, determining if the subgraph K,
exists in G = (V, E) or its complement H is analogous to bounding the Ramsey number
R(k,k). Proving the existence of certain subgraphs also facilitates the decomposition of
dense graphs into smaller, sparser subgraphs. When we describe the search for a subgraph
K inside G, we frequently discuss it in terms of an "embedding”.

Definition 12.1. An embedding of graph K onto G is just an injective mapping of K onto
(; that is, a graph K is embedded in G if it is a subgraph of G

Simple probabilistic arguments tend to be very weak at proving that there exists an
embedding. For particular graphs G and H, the number of possible areas where H may
be embedded grows like v(G)*H) for sufficiently small v(H). The number of possible cases
makes a naive first moment or alteration approach intractable, and for reasonably sized
v(H), the number of dependencies grows large enough for the Second Moment and LLL to
weaken substantially. As a consequence, we seek a stronger probabilistic technique; we find
this in Dependent Random Choice (DRC) which offers a powerful tool for finding Graph
Embeddings.
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One way to help find embeddings is to find and characterize regions which are very well-
connected and have many common neighbors. If we are able to find such an area in a graph
G, then we may greedily search for an embedding of H by using the common neighbors.

Therefore it is particularly useful to isolate local regions of a particular dense graph with
sufficiently large amounts of common neighbors. To force the existence of these local areas,
we may apply Dependent Random Choice. In a certain dense graph, DRC involves taking
a random subset of the vertices 7" and then evaluating their common neighbors, N(7"). This
process makes it disproportionately likely that this set N(T') has a large number of common
neighbors; this is because the probability of a certain subset showing up in N(7') corresponds
to the number of elements of V(G) that all elements of the subset’s neighbors. By pruning
the resulting set N(7T') through alteration, we may entirely avoid the infrequent undesirable
subsets with few shared neighboring vertices, and hence produce the desired vertex subset
with many common neighbors. For a more rigorous treatment of Dependent Random Choice
and the results it produces, see [F'S10]

The following theorem uses the DRC to give a condition for finding sets with many common
neighbors based on a general density statement.

Theorem 12.2. Let a,d,m,n,r be positive integers, and let G = (V, E) be a graph on n
vertices with average degree d. If there exists a positive integer t such that

dt n\ m
()=

then G must contain a subset U of at least a vertices such that every set of r vertices in U
has at least m common neighbors.

Proof. Choose a set T of t vertices uniformly and independently at random, with repetition.
Let X denote the size of the set N(7T'). For each v € V(G), the probability that v is contained
within N(7T) is equivalent to the probability that every vertex of T' lies in N(v). Since we
select every element of T' independently, it follows that P(v € N(T)) = (M)n Hence by

n
linearity of expectation,

BY] = 3 PeNT)= Y (5 =0t Y ING)L

veV(G) veV(Q) veV(G)

Jensen’s Inequality gives that f(ZHE2-t2) < M for convex functions f(x). Ap-

plying Jensen’s inequality on the convex function f(|N(v)|) = |N(v)|* with k = n, it follows

that .
nt Z IN()|" > n'" (ZUGV(G) ‘N(U)’>

n
veV(Q)
Note that |N(v)| is the degree of vertex v. Then summing |N(v)| across all vertices and

M = d, from which it follows that

[N ()|

dividing by n gives the average degree, and so

t
ZveV(G) ‘N(UM) — ot — d'

n nt—l

E[X] > nl_t<

We perform alteration method on the random set N(T') to avoid subsets with few common
neighbors. Let Y be the number of subsets S C N(T) of size r» with N(S) < m. For a
particular random subset S,qngom Of size 7 in V(G) and a certain v € T, the probability that
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Srandom lies strictly within N(v) is (|N(Srandom)|/n). For Srandom € N(T'), this condition
must hold for all v € T', hence

P(Srandom € N(T')) = (W)t and thus, E[Y] = Z <_N(S’”;;”d0m)>t
Srandom CV (G)

There are at most (:f) subsets Syqndom Of size r for which m > N(S,andom). Thus

E[Y] < (")(@)t

For each subset S C N(T) of size r and fewer than m common neighbors, we delete an
element in S from N (7). When this process terminates, we are left with

BLx -] 2 - (7)) 2

vertices in N(T'). Moreover, there must no longer exist any subsets of size r and fewer than
m common neighbors in N(T'). Then by Proposition 3.3, there must exist a random 7" such
that the corresponding set U = N(T') has size > E[X — Y| > qa, and has no subsets of size r
with fewer than m neighbors after alteration. [ |

Satisfying the density condition of Theorem 12.1 tends to be uncomplicated. Consequen-
tially, the theorem is broadly applicable when graphs are relatively dense. A number of
results follow trivially; in particular, consider the following proof of a conjecture of Erdos.

Definition 12.3. A 1-subdivision of a graph H is the graph formed by placing a vertex in
the middle of every edge in H; that is, we transform the edge (u,v) to (u,z), (z,v) for some
vertex x.

Theorem 12.4. Conjectured by Erdos, Resolved by Alon et al. : Let G = (V, E) be
a graph with n vertices and en® edges. Then it must be true that G contains the 1—subdivision
of a complete graph with a = £3/?n'/? edges.

logn
2logl/e’
of vertices of the 1-subdivision of the complete graph on a vertices. Observe m = (;) +a < a?,

and with € < 1/2, computation gives

and let m be the number

Proof. The average degree d of GG is just 2en. Set r =2, t =

& ) (e t TR 1/2 n'/? 1
_ - o . . /2
nt—1 (T’)(n) > (2¢)'n 5 € =2'n 5 >n'*>a

So the hypothesis of theorem 12.2 holds. Then by Theorem 12.2, there exists a vertex subset
U of G with |U| = a such that every pair of vertices have at least m common neighbors.
Now that we have shown there must exist such a set U, we proceed by applying the following
lemma:

Lemma 12.5. Let H = (AU B, F) be a bipartite graph in which all edges are of the form
(x € A,y € B). Suppose |A| = a and |B| = b, and let the vertices in B have maximum
degree r. If a graph G contains a vertex subset U with |U| = a such that all subsets of U of
size r have at least a + b common neighbors, then H is a subgraph of G.

Proof. We find an embedding in G of H. We start by arbitrarily embedding the vertices in
A by randomly mapping them onto vertices in U; that is, we construct an arbitrary injective
function f : A — U. Label the vertices of B as vy, vs,...v5. We greedily embed the vertices
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of B in this order, one at a time. Suppose that the current vertex to embed is v;, and let
N(i) C A be the vertices in H that neighbor 4, so that |[N(i)] < r. Since f(N;) is a subset
of U with size at most r, it has at least a + b common neighbors. Since the current number
of embedded vertices is always less than a + b, there must exist a vertex w € V(G) which
neighbors all f(NV;) and is not yet used in the embedding. Therefore, we may embed v; to w.
We may repeat this process for all vertices in B, and thus produce a valid embedding. W

Note that the 1-subdivision of G is just a bipartite graph (A U B, F') where A are the
original vertices, and B are the vertices generated by the 1-subdivision. Then by Lemma
12.5, we may embed G into U and its neighbors, so we are done. [ |

13. CONTAINERS

Th study of random combinatorial objects becomes increasingly difficult as the set of
potential objects grows. In particular, exponential quantities become increasingly difficult,
since they make outliers more likely and are harder to bound with measure concentration in-
equalities. However, recent work has found a way to circumvent the challenges of exponential
numbers of cases in the study of independent sets and hypergraphs through Containers.

Much of the recent progress from the probabilistic method is the result of a new technique,
known as The Container Method. Using Containers-which bound independent sets in
(hyper)graphs—a number of fruitful results have been produced.

Remark 13.1. Recall that a hypergraph is a graph G = (V, E) where a particular edge may
connect any number of vertices, rather than strictly 2—as is the case in a conventional graph.

Numerous open problems in combinatorics admit a natural rephrasing into finding inde-
pendent sets in graphs and hypergraphs. In particular, consider the following example:

Definition 13.2. The Chromatic Number x(G) of a graph is the minimum number of colors
needed to proper color its vertices. A coloring is considered ”proper” if no edge connects
vertices that are all the same color.

Consider a particular coloring of GG; if it is proper, then it is analogous to a partition of G
into independent sets, from which we color each independent set the same color.

Given this, it is desirable to have simple ways to bound the size and number of independent
sets in a particular graph. However, the number of possible independent sets is exponen-
tial, since there are 2" vertex subsets one could examine. But this exponential growth is
slightly deceptive, since majority of independent sets tend to cluster together in groups; to
understand this, consider a maximal independent set of size n—by removing any number of
vertices, we can generate 2" — 1 distinct independent sets.

This structural clustering provides the intuition for Containers. Intuitively, containers
generate a small number of vertex subsets that must necessarily contain these clusters.
Through iterative applications of containers, we can gradually constrict these contains until
they near-perfectly mimic the independent sets of the graph. Moreover, the individual
containers provide a way to isolate and focus on certain cluster. The number of containers
turns out to be sub-exponential, and hence it is dramatically easier to study containers as
compared to independent sets. In this paper, we present only the Container Lemma for
regular graphs; to learn its extension to hypergraphs, see [Morl16].

Definition 13.3. We let I(H) denote the set of all independent sets in a graph H.
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Lemma 13.4. Graph Container Lemma: for every c > 0, there exists a o > 0 such that
the following holds. Let G be a graph with average degree d and mazimum degree A(G) < c-g.
Set r =26/d. Then there exists a collection K of subsets of V(G), with

1= (i)
such that

(1) For every independent set I € I(G), there exists a C' € K such that I C C.
(2) IC| < (1=6)|V(H)| for every C € K.

We postpone a proof of this Lemma until later.
We may construct each container C' € K through the Graph Container Algorithm, which
we apply to each independent set [ € I(G).

13.1. The Graph Container Algorithm. Input: the graph G, an independent set I.

Output: A partition V(G) = A(J) U S(I) U X ().

Let G be a graph, and let I € I(G) be an independent set. We define 3 sets that partition
V(H): the "fingerprint” S, the "available” vertices A, and a set X of "forbidden” vertices,
satisfying AUX US = V(G). We begin with A = V(G) and S, X empty. While | X| < dv(G)
repeat the following process:

(1) Assign an ordering to the remaining vertices in A based on degree, such that the
leftmost vertices in V' (A) have the largest degree.

(2) Let u be the leftmost vertex of I in the ordering of A. We move u into S; that is, set
S:=SU{u} and V(A) :=V(A)\u.

(3) Move the neighbors of u into X; that is, set X := X U N(u) and A := A\N(u)

(4) Remove from A every vertex which precedes u in the ordering of A, and add it to X.

When this process has terminated, define A(I) := A, S(I) := S, and G(I) := G. Output
these three sets.

Proof. of the Graph Container Lemma: We claim that running the Graph Container Algo-
rithm for all I € I(H) and setting C(S) = S U A(]) yields a collection

K :{C(S):S=S5(I) for some I € I(G)}

with the desired properties.

First, we show that if I and I’ in I(G) have the same fingerprint S(I') = S(I), then
A(I) = A(I). Indeed, if we ever query a vertex and find that it is in only one of [ and I,
then we place it in only one of S(I) and S(I’), which implies the sets are different. Hence,
since we query the vertices of G in the same order until we find such a vertex, and the
algorithm is entirely determined by these queries, it follows that process is identical for the
two independent sets, and thus the outcomes A(I) and A(I’) are identical. This implies that
the fingerprint of the container C'(.S) uniquely determines the container.

Moreover, since vertices are moved into X (I) only if they are neighbors of some v € I
or if they are queried and found not to be in I, it must be true that I N X (I) = (). Hence
I c C(S(I)) = A(I)U(S(I)), and so each [ is a contained within some set C(S(I)) € K.
Since the algorithm terminates with |X (/)| > dv(G), it follows that |C| < (1 — §)v(G) for
all C € K.
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It remains to show that |S(I)| < [v(G)r], as this implies | K| < ([:((5)%) by the fact that
S(I) uniquely determines the container C'. Explicitly, if |S(I)| < [v(G)r]|, then there exist
at most ([;’(%)ﬂ) possible S(I) and hence at most that many possible C'.

To prove this, we will demonstrate that when a vertex u is added to S(I), at least d/2
vertices are added to X (I). This is sufficient to prove the bound on |S(I)|, since after r-v(G)
vertices have been added to S(I), we will have | X (I)| > 6v(G), at which point the process
terminates.

Suppose that during a certain point in the algorithm, |X| < 6v(G), and the leftmost
u € I, A is less than d/2 spots from the left. Let W denote the set of vertices in A to the
left of u in the ordering. Note that we may take |S| < rv(G), since if the bound holds for
|S| of this size, it follows that there cannot exist any |S| greater than this size. Let e(G[X])
be the number of edges in G contained within the induced subgraph X. Then since at most
(|S]+ | X|+ [W]) - A(G) edges have an endpoint in S, X, or W, this implies

e(GIA\W]) = e(G) = (IS + [X| + [W]) - A(G) = e(G) — ((r +0)v(G) +d/2)) - A(G)
Substituting in A(G) < ¢ - d and assuming that d < 26v(G), since otherwise |S(I)] =1,
e(GIA\W]) > e(G) — ((r + 6)v(G) + 0v(G)) - ¢+ d
Recalling r = 26 /d and hence r < 2§c, we simplify
e(GIA\W]) > e(G) — ((2¢0 + 8)v(G) + 6v(G)) - c-d =e(G) — (2(c+1))6v(G) - ¢ d
But v(G) - d = e(G), and taking 6 < 1/(4(c)(c+ 1)),
e(GIA\W]) > e(G)(1 — 2¢(c+ 1)6) > e(G) /2
By definition, u has the highest degree in A\IW. Then by the pigeonhole principle,
deg(u) = e(GIA\W])/|[ANW] = e(G)/20(G) = d/2

This implies that u has at least d/2 neighbors in A, all of which are moved to X when u is
queried by the algorithm. Thus, we have proved the claim that when a vertex u is added
to S(I), at least d/2 vertices are added to X ([). It therefore follows that the Container
Algorithm creates a collection K satisfying the conditions of the Container Lemma, and so
we are done.

14. CLOSING REMARKS

The probabilistic method is based on the fundamentally simple idea that introducing
randomness can facilitate non-constructive proofs of existence. Despite this simplicity, the
probabilistic method has evolved into a powerful tool across Combinatorics, particularly in
Graph Theory. The method has gradually been built upon over time, with new techniques
introduced to deal with the shortcomings of older techniques. In particular, the Second
Moment Method was introduced as a consequence of the First Moment not revealing the
structure of a distribution; Alteration was introduced because purely random constructions
were weak and could be further developed upon by manual changes; Containers were intro-
duced to handle the intractable number of cases in the study of independent sets.
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Paul Erdos is said to have remarked that probabilistic method would long outlive him,
and it is not difficult to see why he felt this way. A simple yet remarkably powerful problem-
solving technique, the probabilistic method continues to produce strong results throughout
Combinatorics.

An important thing to note is that in mathematics, the goal is frequently not just to
solve a problem, but to uncover some profound structural understanding about a particular
object. As the probabilistic method is inherently nonconstructive, one might assume it fails
in this-if we never describe a particular object, how could we glean some new understanding
about its properties?

However, despite being nonconstructive, the probabilistic method does give structural
understanding, particularly through the problem-solving process. More specifically, the par-
ticular probabilistic tool one attacks a question with is largely motivated by structural un-
derstanding. For instance, one may only apply the Lovasz Local Lemma when one knows
that the object possesses few dependencies—a structural conclusion. Moreover, if a particular
probabilistic technique fails, it can offer structural insight. If the Second Moment setup of
7.6 fails, then one knows that the object likely possesses a high number of dependencies and
consequentially a relatively high variance.

Herein lies the beauty of the Probabilistic Method: it doesn’t substitute in for structural
understanding, but instead complements it.
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