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Abstract

This paper closely follows T.D Wooley’s analysis of Waring’s problem and the circle method,
which was originally developed by Ramanujan, Hardy and Littlewood. The main result covered
is Hua Loo-Keng’s initial bound for the Asymptotic Waring problem, G(k) < 2% + 1. Although
this bound is not optimal in modern literature, Hua’s bound used methods from Fourier Analysis
and introduced Vinogrodov’s method of trigonometric sums, which saw further use in Vinogrodov’s
Theorem.

1 Introduction

1.1 g(k).
Let k£ € N and s be the least amount of variables such that any natural number can be represented as a
sum of powers of k. Let’s denote g(k) as the sum of powers of k. Let x1,xo,...,2s €N,

g(k):x’f+m’§+-~-+:v’§ (1)

For k = 2, Lagrange proved in 1770 that a minimum of 4 squares was required to represent every natural

number.
Then,
9(2) =4

The first few values of g(k) are
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Let’s try to put a bound on g(k), consider
n=25(3/2)] -1
Since n < 3%, it must be a sum of 2¥ and 1. Indeed,
n=2F+ 428414+ +1
more precisely, there are ([(3/2)¥] — 1) 2¥’s and (2¥ — 1) 1’s. This implies that
glk) = 2°((3/2)"] — 1

must be a lower bound for g(k). Actually, this was shown an equality’ by Niven, Dickson, Pillai, and
Rubugunday.

Notice that it is particularly difficult to represent ”small” integer values with k-th powers of natural
numbers— it’s natural to question what would be the case if, for instance, we didn’t consider these values.

1There is a possible exception of a finite list of k’s, as proven by Kurt Mahler in 1957



1.2 G(k).

It’s not difficult to see that G(k) < g(k); after all, if we remove sufficiently small integer values, we
should require less powers of natural numbers to express a sufficiently large number. To do this, we’d
like to define the number r, for which G(k) < g(k). Before we define r, lets set a bound on G(k) first.

G(k) < g(k) =2"((3/2)"] — 1
In this paper, we’d like to establish something sharper—that is,

Gk)<2F+1

2 Vinogradov’s Method of Trigonometric Sums

The classic setup for the Hardy-Littlewood circle method begins by defining a generating function and
then counting the representations of n as a sum of k powers, with a counting function, Rj ;.

(e) = ( 5 Zm'f> (f; m> (f; zm’:>

mi=1 mo=1 mg=1
00 o]
mi=1 meg=1

= Z Rs 1(n)z",
n=1

where
R x(n) = card{my,...,m, e N:ml + ... +mF =n}.

But, we can substitute ‘
2z =re(f), e(f) = >

As is usual in analytic number theory. Hence, we can replace gi(z), with a fourier series. However, this
need not be an infinite series since, n = ¥ + ... + z¥, 2; < n'/*. Hence, let X = [n'/*], and

fe@) = D e(02").

1<z<X
Then,
fx(0)° = Z e(0z¥) | ... Z e(fzh)
1<z <X 1<z, <X
= > ) et 4. +ah)
1<z <X 1<z, <X
= Y Rii(me(om).
1<m<sXk
Where,
Zk(m) = Ca‘rd{mlv"~7ms eNnNn [1,X] :m]f + m]; = m}
We have,

/0 @) e(—on)do = S R (m) /O e(0(m — n))d6 = Ry 4(n).

1<m<sX*k

By the orthogonality relation,

1 h A
/ e(0h)d0 — 0, when h € Z*,
0 1, when h = 0.

This gives us something more workable, but we can refine this further. Let us partition the integral into
two sets, the major arcs M5 and the minor arcs, ms. The motivation for this distinction arises from the



integrand’s behavior at neighbourhoods of each rational number 7, in which (a,b) =1, and a,b < X9,

Large contributions to our integrand occur at these neighbourhoods, which motivates us to split integral
into two sets. The utility from this, is to bound the integrand over the minor arcs, by o(n®/*~1), allowing
us to obtain an asymptotic formulae for R, 1 (n). Now, for 0 < § < 1, let

m(? = U U mﬁ(b7 CL),

0<a<b< X3 (a,b)=1

Ms(b,a) = {0 €[0,1): |0 —a/b| < X°~*}

Additionally, let
ms = [07 1) — Qﬁg.

Before we can go any further, we require some preliminaries.

2.1 Weyl’s Inequality and Weyl’s Differencing Lemma
Lets consider the pointwise bounds for the sum,
fla)y="Y elaz®) (2)
1<a<X
With large X, to bound the minor arcs, ms. Let’s consider the case for k = 1.

Lemma 1. Let o, X, Y € R, with Y > 1. Then,

Y elaz) <min{Y, a7 3)

X<z<X+Y

Proof. One can see that |e(ax)| < 1, for each x, the left hand side of [3] is at most Y + 1, and this is
enough to establish the desired conclusion for a = 0. When « # 0, it is possible to consider the sum as
a geometric progression,

elz) = e(alX+Y +1]) —e(a| X +1))
X<9§(+Y (o) e(a) —1
< le(a/2) = e(—a/2)| 7!

< [sin(ma)| 7t
|sin(ra)| is periodic as a function of «, with period 1, so when 0 < o < 1/2, 2« < sin(wa) < wv . Then,
S efaz) < flall
X<z<X+Y

O

[Lemma 1] provides a means to estimate exponential sums for k¥ = 1. Let us consider the case when,
k > 1. We can use backwards induction to obtain an estimate in terms of linear, exponential sums.
Consider a polynomial ¢(x) € R[z], and the exponential sum

=
8

G
[ V)
I

SN ewly) —vlx)

1<y<X 1<y<X

YooY e+ h) —y(x),

|h|<X 1<z<X
1<z+h<X



in which, we have made a change in variable y = 2 + h. Then, ¢¥)(z + h) — ¥(z) = hip1(x; h). Where
¥ (x; h) is a polynomial in = and h. Whose degree is deg(t)) — 1, with respect to . Thus,

TP < Y| Y e(hpa(ash)|.

|n|<X | 1<X
1<z+h<X

The inner sum is one degree lower than T'(X), so one can it induct onto itself until [Lemma 1] is applicable.
Let Ay be the forward difference operator defined via

Ar(Y(x); h) = p(z + h) — P().
We then define, A;, for ¢ > 1 recursively as,

=A1 (A1 ((x); by i) hy).

Also, we take Ag(¥(z);h) = ¢¥(x). When 0 < i < j, one has,

where p; is a polynomial in z of degree j — i, with leading coefficient (’;) By the linearity of A;, one has,

Ai(ajxj .ajz;h) ZahAh z"; h).
One can then infer the expressions A;(p(z);h), for polynomlalb p(x), by using the special case,
p(z) = 27. Note that when i > deg(p), one has A;(p(z);h) =
Lemma 2 (Weyl Differencing).

Let ¢ (z), be a real valued arithmetic function, and set

Then for each natural number ¢, one has

F@)? <@X)? 770 3T 03 N e(Ai(w(a), b, (4)

|h1|<X h;<X xz€el;(h)
where I;(h) denotes the intervals of integers by setting
Litha, ..o hi) = Lica(ha, .o b)) N {z € [1, X (@ + hy) € Lima(ha, . him1) )

They also satisfy,
Ii(hl, ey hl) g Ii—l(hla ceey hi—l) Q Il(hl) Q [1, X]

If we apply Weyl’s differencing lemma k — 1 times to our exponential sum?,

flay="> e(az"),

1<z<X

Then we get the bound,

IO Gl 3 3" e(klah .. hy_i(e+ 5 (h1+ + 1))

hy, hi—1(|hi|<X) ze€l(h)

This sum can be applied to [Lemma 1], but we will have to take the average over the products hy, ..., hx_1.

2see [] for the full proof.



Lemma 3 (Divisor Lemma).

For each r € N and ¢ > 0, one has 7,(n) <, n°, where, for d; a divisor of n,

)= > 1

d1d2...d7-:n

Proof. Consider the prime factorisations of n, and d;, with n = dy, ..., d,, one obtains the relation,

(1) H 7 (p") (h+1)"
= < H ~ 7
e ch  — ch
" P I?Lr\i|me g Pl g
phIn

We've bounded h, h = a; + ...+ a, with 0 < a; < h. Since p" = p¢...p%. Thus,
(h—|— 1)r—1p—5h < (27-/pa)h’

which is atmost 1 for p > 2"/, We also have, (h + 1)"~!/p*", which is bounded uniformly in p, in terms
of r and € as h increases. Thus,

(h+ 1) 1p=sh < (h+ 1)~ 125% < O(r,2).

Consequently,
7 (n) e
< I ¢t <1
p<2rr~/a
Then, 7.(n) <, n°, and the proof is complete. O

Theorem 1 (Dirichlet’s Approximation Theorem).

For any n,a € R, n > 1, there exists p, g such that

1
< —
In]+1 n

lga —p| >

Proof. Let o € R/Q, n € Z. For every k = 0,1,2,...,n, we can write ko = my, + x, for my, € Z,0 <
x, < 1. Then, the interval [0,1) can be divided into n intervals with measure 1/n. Now, there are n + 1
numbers, xg, 21, ..., T, and n intervals. Therefore, by the pidgeonhole principle, at least 2 of them must
lie in the same interval. Call them z;,x;, ¢ < j. Then,

(= D= (mj —my)| = [ja —m; — (ia —my) = |z; — ;| <1/n

If we divide by j — 1,
mj —m; 1 1
< <

o — 5 . 5 — S 5
j—i nj —ij — (j—1)

2

Corollary 1.

When a € R/Q, there exists infinitely many rational numbers a/b, (a,b) = 1 such that |a—a/b| < b=2.

The next step is to cover Weyl’s inequality, which in combination with Hua’s lemma, is required to
bound the minor arcs by an error term.
Theorem 2 (Weyl’s Inequality).

Let k > 2 and ay,...,a; € R. Suppose that a € Z and ¢ € N satisfy (a,q) = 1 and |ay —a/q| < ¢~ 2.
Then,

_ 1 1-k
Z e(arr + ... apx®) < X1 (q 1+§+%)2 . (5)
1<a<X



Proof. Write ¢(x) = a1x + ... axz" and

When ¢ > X*, the estimate is

As desired. So let’s assume g < XF*.
By applying [Lemma 2], with j = k£ — 1. Our bound becomes

F@)P " <X 37 3 3T e(Aka(@(@)ih).
|h1|<x |h—1|<X x€l_1(h)
Where Ij,_1(H) is a suitable interval of integers in [1, X]. Note that
Ag_1(Y(x);h) = klhy .. hgzag + v(a, H)
Where v(«, H) is independent of z. Thus, applying [Lemma 1] yields,
v(h) < min{X, ||k ... hx_10]] 71}

Thus,

> e(Apo1(¥(@), H)) < min{X, [[klhy ... hy_yon_|| 7'},
x€l,_1(h)

Then, one can assert that,

P < X (X ST (n) mind X, [fnagl| 71}

1<n<kIXk-1
Thus, for ¢ < X*, we obtain,

—k 1 1 X q
F )(1—21 k X1+E - - Hial 1
(o) < + (q+X+Xk+Xk')

217k

(6)

O

This concludes Weyl’s inequality. Now, we can directly apply this to Hua’s lemma and use it to
directly bound the minor arcs, when s > 2% + 1.

3 Minor Arc Analysis

3.1 Hua’s Lemma

Lemma 4 (Hua’s Lemma).

Suppose that £ > 2 and 1 < j < k. Then, one has
/ £ (@) da <« X? it ™)
0
Proof. We proceed the proof by induction on j. When j = 1, it follows by orthogonality that,
1 1
[ 1#@Pda = [ f@)f(-a)da = cand{1 <oy < X st =) = X
0 0

Now, we have the base case, j = 1. We'll apply Weyl’s differencing lemma [Lemma 2] to see that,

f@P < @X)? 771 3 0 3 Y e(an(zh)),

|h1]<X |lhy<X z€l;(h)



where I;(h) is a suitable subinterval of [1, X]. It follows that,

! J+1 1 Jo1 5 ,
/ |f(0[)‘2 dOL == / (f(a)f(fa))Q |f(a)|2 da < (2X)2 7J71T
0 0

Where

Z Z Z / 2J71€(04AJ($k; h))da.

|h1|<X |hs|<X z€ls(h)

By orthogonality, 7" is bounded above by the number of integral solutions to

2.]—1

Z(uk—v) Aj(z*;h),

i=1

with 1 < ug,v; < X, (1 <4 <2771, 1 <2< X and |hi] < X, (1 <j < J). Weve weakened the
condition z € I;(h) to 1 <z < X.
The solutions counted by T are of two types, The first is,

2]—1

Z(uf—vf):(].

=1

We have, Aj(z";h) = 0. By orthogonality,

/ (f(a)f(_a))gklda:/ 1f(@))? da < X277t
0 0

Since Aj(2*;h) = 0, we have,

Ky
hl,...,hJ((k_J)!l‘ —|—>=0

So either h; = 0 for 1 < j < J, or z is a polynomial determined by hi,...,h;. Then, one has O(X”)
choices for x and hi, ..., h;. Thus, the contribution of this type to T is,

<<XJ _XQJ—J—‘,-E <<X2J+€.

For the next class of solutions counted by T, one has

i=1
For some nonzero integer N = N(u,v), with |N| < X*. For each choice of u and v, we then have

k! k—J
hl,...,h](Mf +>:N

and thus, we have O(7;41(N)) < X°¢ choices for hq,...,h; and x. The contribution to 7' is therefore,

J
< > 7r41(N(u,v)) < X© > 1< X2+e
1<us,0, <X [1<i<27 -1 1<u;,v; < X|1<i<27 -1

Thus, one has 7' < X2+, and then,
1
/ 1f(@) " da < (2)2 12T e XTI
0

This confirms induction with j = J + 1 and the lemma concludes. O
In addition, for s > ok 4 1, we have the collorary

Corollary 2.



/ fl@)’e(—na)da < xe—k—027%

8

Proof. By using Weyl’s inequality and Hua’s lemma, one has,

fla)’e(—na)

ms

< (sup|f(a)])" / 1£(0)2 da

<<(X1—521*’“+s)s—2’“X2k—k+s

<<Xsfkf(572k)521_k+55 _ o(ns/kfl).

O

This concludes our treatment of the minor arcs, with our bound for the integral over the minor arcs,

f(a)se(—nCL)da — 0<ns/k-,_1>
ms
Recall that,

Ryk(n) = [ f(a)’e(—na)da+ [  f(a)’e(—na)da
mg Ms

Now that we have a bounded expression for the minor arcs,

R, i(n) = . fla)’e(—na)da + o(n®/*~1).

Thus, we can justifiably turn our attention to the major arcs.

4 Major Arc Analysis

Lets try to asymptotically evaluate f(«) for a € Ms. We can use the mean value theorem with § =
o —a/b, so that |8] < X°~F. Then, we have,

S o) =" S e(B+ab)b—n))

1<z<X =1b<y<(X—r)/b

<

<

e(ar* /b) > e(Blyb+r*)

(1=r)/b<y<(X—-r)/b

—

r=

Then, since § is small, we can approximate the inner sum by a smooth function with control of the error
terms. We do this with the mean value theorem. Let, F(z) be differentiable on [a,b] with a < b. Then,

F(a) — F(b) = (a—b)F'(c)

For some ¢ € (a,b). Trivially,

1/2
le(F(z)) — /_1/2 e(F(z + u))du| < |ul S%pl/2|e(F(z +u) —e(F(2))) < |ul S%pl/2|F'(z + u)]

Thus, we can infer that

(X—=r)/b
S e(Bb+ ) —/ e(B(zb + r)F)dz < 1+ X*|3].

(1=r)b<y<(X—r)/b /b



Finally, we have

(X—r)/b 1 X
[ et =g [ eean,

—r/b

After this, it can be inferred from the previous equations that,
1
fla) — ES(b, a)v(a —a/b) < b+ X*|ba — al.

Where ,

Z e(ar® /b)

r=1
and,

X

v(B) = / e(By*)dy
0
Let’s turn our attention toward the formula for the major arc contribution. We have,

Xék

[ ftoye -y Z / F(B+ afb)e(—n(B + a/b))dB

1<b< X% a=1

Whenever 6 < 1/5, this is

X(ka
3 Z (<nafv) [ v(B)el-pm)as.

1<b< X3 a=1 — Xk

The next lemma will be our asymptotic formula for the major arcs. We will need more notation for
this. Let the truncated singular series, be

SurtnB) = 3 S (hs0.0)e(napn.
1<b<Ba=1
And the truncated singular integral be,
BX~F
Jsk(n; B) = / v(B)%e(—pn)dg.
_BX*k
Lemma 5.

The work we’ve done earlier can be summarized as follows, When 0 < é < 1, one has,

fla)*e(—na)da = J, i (n; X°)S, x(n; X°) + O(Xs7H+(0-1)),
M

Corollary 3.
When s > 2F + 1 and 0 < § < 1/5, one has
Rqk(n) = Jok(n; X2)G4 (n; X0) + o(X*7F) (8)

Proof. Since [0, 1) is the disjoint union of ms and Mis, one has,

Rs k(n) = o fla)’e(—na)da + fla)’e(—na)da

The conclusion follows from, [Lemma 5] and [Corollary 2] O



5 The Singular Integral J;.

We first consider the truncated singular integral, Js x(n; B). Our first step is to complete the integral to
obtain the complete singular integral,

Tl = [ o@rel-npas
We will consider the domain of integration. Recall that,
o8) = [ etson
Lemma 6.

v(B) < X(1+ X*||)~ 1",

The estimate |v(8) < X is trivial. Since |[v(B)| = |v(—p)|, we can assume that 8 > X~*. Next, set
u = B~* and see that when 3 > 0, one has,

px*
v(f) L /0 w1 ke (u)du,

:W
1| e
/ uw ke (u)du
0

|U(ﬁ)| SW

Because u~'*t1/¥ decreases monotonically to 0 as u — oo, the integral is uniformly bounded by Dirichlet’s
convergence test.

< sup < 00

BXF
/ w1 kR e(u)du
0 Y>0

%
/ uw Y R e (u)du

0

Hence, when |3| > X%, one has,
v(B) < [B7VF < X(1+ X)),

Then, our conclusion follows from |v(3)| < X, applied when |3] < X ~F.

Corollary 4.

Suppose s > k + 1, then the singular series J, ;(n) converges absolutely, and moreover, we have
Jor(n:Q) = Jop(n) < X°7FQVE,
Proof. By applying [Lemma 6], one sees that,
Jsx(n) < [m MX]WCdﬂ < XS/O Milﬁl)s/kdﬂ < X5k

Thus, the integral defining J; (n) is indeed absolutely convergent. Moreover,

o0 XS
Jox(n; Q) — Js x(n) < / dg < X5 kQ—1/*.

gx—+ (14 XFB)ITI/R

Theorem 3.
When s > k + 1, one has
P(1+1/k)® h_
Js = s/ 17
“ =T "
Where,

I(z) = /000 t*~le~'dt (Re(z) ¢ 0).

10



Proof. We begin by observing that,

K
Jsk(n) = Klgnoo . v(B)’e(—pn)ds
K
o k ko
= Jim. /MS ettt = a8 @y
Notice that, for ¢ # 0, one has, p
_ sin(27B¢)
[ et ap = =T

When ¢ = 0, we take the right hand side to be 2B. We also obtain,

in(2rB(vF + ...+ 9% —
Js7k(n) — hm Sln( ™ k(’Yl + k+ ,YS n))d’y
B—oo [O)X]s 7T’71 +...7T’YS — TN
We'd like to turn this into a linear problem, so let’s substitute u; = 7¥(1 < i < s), and recall that,
n = X*. Thus,
Jsr(n) =k"% lim I(B)

B—oo
Where,
I(B) = / sin(2nB(u1 + ... + us — n)) (s .. 1)1+ *du
[0,n]* UL + ...+ TUs — N
We can substitute further with v = w; + ... + us, and make the change of variable (uq,...,us) —
(u1,...,us—1,v), obtaining,
sm sin(2r B(v —
I(K) = / \Il(v)sm( wB(v n))dv,
0 (v —n)
Where,
U(v) = / (g . otis—1) " YR (=g — =) T R,
B(n)
Note that,
%(v) = {(ulv cee >u5—1) € [Oan]571 0<ur+ ... +us1 < n}
The condition on uy, ..., us—1 in the definition of B(v) may be rephrased asv—n < uy+...+us—1 < v.

Since ¥(v) is a function of bounded variation, it follows from Fourier’s integral theorem that, since
n € (0,sn), one has,

hm I(B) N \Ij(n) B / (ul e usil)_l-‘rl/k(n — Uy — .. .usfl)_1+1/kdu.
B(n)

B—o00

Thus,
Jsx(n) =k7°¥(n) = kfs/ / (uy .. ugq) VR —uy — = ug_g) YR du
0 0

Finally, we apply induction to show that,

Joaln) = e

When s = 2,

1 no_
JM(”) :ﬁ/o u; 1+1/k(n_ul)71+1/kdul

n—1+1/k

1
= / U_H'l/k(l — v)‘“‘l/kdv.
0

Thus, on recalling the Beta function, one has

n—14+2/k n~ YR D(1/k)2  D(1+ 1/k)2n71+2/k

Js p(n) = TB(l/k’ 1/k) = k2 T'(2/k) o T'(2/k)

11



Induction holds for s = 2.
Suppose now that the inductive hypothesis holds for s = ¢, then,

1 Mm™ _ r(1+1/k)t ™ _ _
Jt+1,k(n) = %/0 u 1+1/th7k(n _ Ut)dut :(kl"(t/l/c))/o u; 1+1/k(n _ ut) 1+t/kdut.

Recall the classical Beta function,

L(1+1/k)!
L(t/k)
DR (141 /k) T (1/K)T (¢ k)
ET(t/k)T((t+1)/k)
/R + 1/k)®
T((t+1)/k)

This confirms the inductive hypothesis, with ¢ replaced by t + 1. We have therefore shown that, for
s> k+ 1, one has

Jit1,k(n) = n” DB (1 k, t/k)

F(l + 1/k)sns/k—1.

Jor ) = )
O
Corollary 5.
Suppose that s > k£ + 1. Then, As Q — oo,
(1 +1/k)*

Tor(ni Q) = n* At O QTR)

I'(s/k)
Proof. This follows by the previous corollary and lemma. It’s noteworthy to point out that X = n'/*. O
Now, we will shift our attention to the truncated singular series. Recall that,
o b
G, k(n) = ZZ b=18(b,a))*e(—na/b)
b=1a=1
We do this by considering the tail of the infinite sum.
Lemma 7.
For a,b € Z with (a,b) = 1, one has S(b,a) < b'=2" "+¢.

Proof. We'll apply Weyl’s inequality with ax = a/b and X = b to obtain,

b .
26K 4+ b 1-

E e(ar® /b) < b1+s(T+)2l -

r=1

By applying [Lemma 7] to estimate the tail of the truncated singular series, we have

3 3 Sl 5 )

b>B a=1 b>B
(a,b)=1

When s > 2F + 1,

Z zb: na/b < Z bs_l_Ql—k < B_ka
b>B —1
b)=1

(a b>B
Additionally, &, 1 (n) is absolutely convergent under these conditions and we have
G k(n) — Gsx(n;B) < B~

These results will be summarised in the following lemma.

12



Lemma 8.

Suppose s > 2F 4+ 1, then Ss,1(n) is absolutely convergent and

S k(n) — Sy x(n; B) < B2 "
O

We need to define a new function, A(b,n). It is a multiplicative function in b, and it is related to the

singular series. Let
b

A(b,n) = Z(b_IS’(b, a))’e(—na/b).

a=1

Lemma 9.
A(b,n) is a multiplicative function of b.

Proof. Suppose (b,7) = 1. Then by the Chinese Remainder Theorem, there exists a bijection between
the residue classes a modulo br, with (a,br) = 1, and the ordered pairs, (¢,d) with ¢ modulo b and d
modulo r satisfying, (¢,b) = (d,r) = 1, via the relation a = ¢r 4+ dg (mod br). Thus,

br
Abr,n) = > ((br) "' S(br,a))*e(—na/br)
(e
b —cr+bd
:Z ((br)~1S(br, cr+bc))se(Tn)
E:c:b]S dd%rl
Thus,
A(br,n) = A(b,n)A(r,n)
O
We have,

Sor(n) =3 A(b,n)

S
Il
—

The multiplicity of A(b,n) should then suggest that, &, ;(n) should factor as a product,

a(p) = A", n)
h=0

13



Theorem 4.
Suppose that s > 2¥ + 1. Then the following holds,

1. The series o(p) is converges absolutely, and one has
jo(p) — 1| < p 7"

2. the infinite product,

II @

p prime

converges absolutely,

3. one has &, x(n) =[], o(p)
4. There exists a number C' = C(k) such that,

1/2 < H o(p) < 3/2

p>C(k)

Proof. We will start with the first claim of [Theorem 4] From [Lemma 7], whenever (a,p) = 1, we have
S(p",a) < ph1=2 O

Then, whenever s > 2% + 1, one finds that,

h

_ s _gol—k _ —k
A(ph,n) _ (p hS(ph7(l)) e(_na/ph) < ph(l 2 )+e <p h(14+277)
1

S|

a

(a 1

Sl

Hence,

oo 0o . .
o(p)—1=Y A@p"n) <> p ") «p i
h=1 h=1

Thus, o(p) converges absolutely, and one has, |o(p) — 1| < p~1=2"
Now, we’ll try to prove the second claim. From the conclusion of the first claim, there exists a positve
number T = T(k) with the property |o(p) — 1| < Tp~1~2". Hence, when p is sufficiently large, we have,

log(l + |U(p) - 1) < lOg(l + Tp*172*k) < Tp71727k717

Whence,
—k—1
Z log(1+|o(p) —1]) <« TE:p_l_2 < 1.

p prime p

Thus, the infinite product Hp o(p) is absolutely convergent. We have to reuse the multiplicative property
of A(b,n) for the proof of the third claim.

Gok(n)=> A,n)=> ] A" n).
b=1 b=1 ph||b
Since we’ve shown that [], o(p) converges absolutely, and > | A(b,n) converges absolutely too, we can

rearrange to obtain,
Sun(m) =[] D_Al.n) =) [T 46" ).

P h=0 b=1ph|b

Now, we would like to establish our final claim. Whenever p is large in terms of k, one has,

1—p 72 <o(p) <14p 172"

14



If we have C' = C(k), such that it is sufficiently large, one finds that

[ ow-1< 3 2" <cw?"

p>C (k) n>C(k)

If C(k) is large in terms of k, we can infer that,

[T «@-1{<1/2

p>C (k)

and thus, we conclude that,

12< [ o) <3/2

p>C (k)

The proof of [Theorem 4] is complete.
We can now show that G(k) < 2% + 1.

Proof. In [Corollary 3], when s > 2% +1 and 0 < § < 1/5, one has
Rok(n) = Jgk(n; X2)G4 k(n; X0) + o(X*7F)
Also [Corollary 5] shows that,

PO+ 1/R)° s

ns/k—l—é/k2
T(s/k) +0( )

szk(n; Xa) =

and [Lemma 8] and [Theorem 4] show that,
Gon(n; X°) = &, 1(n) + O(n_érk/k)
Where & x(n) = 1. Thus, when s > 2~ + 1,

T+ 1/k)®
Botk = =Tm)

Then, as R — 00, n — 0o, G(k) < 2% + 1.

15
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