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Abstract. This is a self contained expository paper on the proof of Tunnell’s theorem.
The goal is to sketch the proof of Tunnell’s theorem and give an introduction to the relevant
areas of mathematics.

1. Introduction

We will call a right triangle rational if all of its sides are rational numbers.

4

3
5

For example, the above right triangle is a rational right triangle because all of the sides
are integers.

A natural question to ask is, “What numbers appear as areas of these triangles?” For
instance, 6 appears as an area of the above triangle since 3∗4

2
= 6. However, if we are given

a number like 5, it’s quite difficult to find one. We will call numbers that appear as areas of
rational right triangles congruent.

This question (in its modern form) has been contemplated since at least 1000 C.E., and
in other forms since ancient times. For instance, it was known to the tenth-century Persian
mathematician Al-Khazin; for more discussion, see [3].

However, only in the 1980s was there a partial resolution by Tunnell to this problem. How-
ever, this resolution is dependent on the B. S.D conjecture, which is so hard that a solution
is worth one million dollars. This resolution is called Tunnell’s theorem. Its statement is
deceptively simple.

Theorem 1.1 (Tunnell’s theorem). If

2x2 + y2 + 8z2 = n

has twice as many solutions as
2x2 + y2 + 32z2 = n

with n odd and square-free, then the number n is congruent; if not, then n is not congruent.
If n is even and square-free and

8x2 + 2y2 + 16z2 = n

has twice as many solutions as
1
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8x2 + 2y2 + 64z2 = n

then n is congruent; if not then n is not congruent.

This paper will be devoted to the exposition of the proof of this theorem. In the first
section, we will transform this into a problem about elliptic curves. In the second section,
we will cover the basics of elliptic curve theory. In the third section, we will discuss the
theory of L-functions. In the fourth section, we will discuss modular forms. Finally, in the
last section, we will sketch a proof of Tunnell’s theorem.

For a little warm-up, let us prove a small result on congruent numbers: if a number n is
congruent, then there is a rational x such that x2 ± n is also a square.

2. Transformations

We will try to find a correspondence between rational right triangles of area n and points
on a certain elliptic curve.

Theorem 2.1 (congruent numbers to elliptic curves). Right triangles of area n are in a
one-to-one correspondence with solutions to the equation

x3 − n2x = y2.

Proof. We know that integral solutions to the equation

X2 + Y 2 = Z2

are mapped to solutions to the equation

(u)2 + v2 = 1

by setting u = X
Z
, v = Y

Z
. We know that solutions to this equation are parameterized by(

t2 − 1

t2 + 1
,

2t

t2 + 1

)
with t an arbitrary rational number. For an arbitrary x, y on the circle, we see that t = x

1−y
.

We thus get:
n

Z2
=
X

Z

Y

Z

1

2
= uv

1

2
=
t2 − 1

t2 + 1

2t

2(t2 + 1)
=

t3 − t

(t2 + 1)2
.

Now we set x = −nt and y = n2(t2+1)
Z

. We get that the above equation is:

(nt)3 − n2(nt) =
n4(t2 + 1)2

Z2
.

Now expanding out gets us:

n3(t3 − t) = n3 (t3 − t)

(t2 + 1)2
(t2 + 1)2.

Thus we can go from any right triangle to a point on this elliptic curve; however, we also
want to go in reverse.

We set

X =
x2 − n2

y
Y =

2nx

y
Z =

x2 + n2

y
.
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We see that X2 + Y 2 = Z2 as

(
x2 − n2

y
)2 + (

2nx

y
)2 = (

x2 + n2

y
)2
x4 + n4 − 2nx+ 4nx

y2
=

(x4 + 2nx+ n4)

y2
.

Now it is clear that

1

2
XY =

x2 − n2

y

(2nx)

y
=

2n(x3 − n2x)

y2
=

1

2
2n = n.

Thus 1
2
XY = n. To find the point (x, y) given by the (a, b, c) such that a2 + b2 = c2 and

1
2
ab = n, we make the substitution t =

b
c

1−a
c
; thus we get that x = n(a+c)

b
, y = 2n2(a+c)

b2
; this

gives us a bijection between the solutions to

x3 − n2x = y2.(??)

with y ̸= 0 and solutions to the equation, a2 + b2 = c2 and 1
2
ab = n.

□

To show the usefulness of this, let’s find the point on x3 − 36x = y2 given by the 3, 4, 5

right triangle. As x = 6(3+5)
4

, y = 2(6)2(3+5)
(4)2

, we see that the point (12, 18) should be a solution

to the elliptic curve x3 − 36x = y2; we see that 123 = 1728 and 12 ∗ 36 = 432; we see that
1728− 432 = 1296 = 362; thus this is a point on our curve. Moreover, 122−36

36
= 3, 2∗6∗12

36
= 4,

and 122+36
36

= 5. However, just by exchanging 3, 4, we instead get a different solution (18, 72),
which, when reversed, does indeed give the solution 4, 3, 5.

3. Elliptic Curves

The curve x3 − n2x = y2 is something called an elliptic curve.

Definition 1. An elliptic curve is the set of solutions to the equation y2 = f(x) and
a special “point at infinity,” with f(x) a polynomial of the form x3 + ax + b such that
−16(4a3 + 27b2) ̸= 0.

Note we do not mean just over Q.

Example 3.1. the elliptic curve x3−x− 1 ≡ y2 mod 7 is the reduction of an elliptic curve
over Q to F7; it is the set of points {∞, (3, 3), (3, 4), (5, 0)}

We know that an elliptic curve has a way to add points. Geometrically, adding two points
basically means drawing a line through them to find the third intersection point, and flipping
the y coordinate. If the two points are the same, we instead take the tangent line to the
point on the curve and find its other intersection point.

If there is not a third intersection point, we say that the addition results in the “point at
infinity,” which is also the identity element for the group of rational points. This operation
forms a group law; for a proof, see, for example, [4].

Below is an example calculation of elliptic curve addition.
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−1 1 2

−2

−1

1

2y2 = x3 − x+ 1

P Q

−(P+Q)

P +Q

reflect x

y

While this is a nice picture, it’s not really very helpful for actual computation. The actual
formula for the addition of two points (x1, y1), (x2, y2) is (x1, y1) + (x2, y2) = (x3, y3) on the
elliptic curve E with the equation y2 = x3 + ax+ b. The formula for x3 is x3 = λ2 − x1 − x2
and y3 = λ(x3 − x1) − y1, with λ being λ = y2−y1

x2−x1
if they are distinct. If (x1, y1) = (x2, y2)

we set λ =
3x2

1+a

y1
. If this requires division by zero, we say that they sum to the identity.

One interesting property that will be useful later is that the group law is defined over Fp;
this is fairly clear, since reducing the group law modulo p keeps all of the operations the
same. Indeed, if we denote x to be the reduction of a point (x, y) on our elliptic curve to a
point over Fp, we see that p1 + p2 = p1 + p2.

This group law makes the set of points over a field K on an elliptic curve E an abelian
group, which we denote E(K).

Definition 2 (rank and torsion of an elliptic curve). Since E(K) is an abelian group, we
know that it is of the form T ⊕Zr with T a finite group, which we call torsion. We will also
call r the rank, though when we say rank, we only mean over Q.

Our goal in the rest of this section is to prove the implication that if n is a congruent
number, En has rank greater than zero, and vice versa.

As torsion will be the most important concept in the following sections, we will note some
important facts about it.

Lemma 1. The 2-torsion of an elliptic curve is the set of points with y-coordinate equal to
zero.

Proof. As
3x2

1+a

y1
is undefined when y1 = 0, it goes to the point at infinity. If not, then the

addition has a well-defined x- and y-coordinate, so it does not vanish. □

This gives us a set of torsion points for the elliptic curve x3−n2x = y2, namely∞, (n, 0), (0, 0), (−n, 0),
which are the trivial right triangles for the congruent number problem.

Now we are ready to prove that rank(En) > 0 is equivalent to n congruent. By the
above note, this is equivalent to proving that the points ∞, (n, 0), (0, 0), (−n, 0) are the only
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torsion points, since if another point existed, this would imply a nontrivial right triangle and
a non-torsion point, so the curve would have rank greater than 0.

By the above discussion of the reduction over Fpn , we see that x 7→ x for x ∈ E(Q) is a
homomorphism, which can be used to find the torsion of an elliptic curve.

Theorem 3.1. tors(En(Q)) = Z
2Z × Z

2Z

Proof. We hope that the reader is comfortable with assuming the following: there exists
some N such that for some p1, p2, p3 . . . ∈ Pn, if pi ̸= pj then pi ̸= pj ∈ Fpn . This implies that
there is some N such that if q > N then the p torsion should inject into tor(E(Fq)), since
elliptic curves have finite torsion. By Lagrange’s theorem, this is an injective map. Thus
tors(Eq(Q))|#Eq(Fp) for infinitely many p.

We now note that if p ≡ 3 mod 4, either −n or n is a square, as if n is a square, then

a
p−1
2 ≡ bp−1 ≡ 1 mod p; if not, this is not one. So we see that a

p−1
2 − 1 has at most p−1

2
solutions, and as 0 is already a solution, either x or −x is a square, as if they were both
squares, then a2 = −b2 implies that −1 = (ba)2, which is impossible, as

(−1)
p−1
2 = (−1)2n+1 = (−1) mod p

, so −1 is nonsquare. So we see that either x or −x is a square.
For each x ∈ Fp, x ̸≡ n, 0,−n mod p, we consider the pair (x,−x); applying x3 − n2x

to each pair, we see that x3 − n2x takes value (x3 − n2x,−(x3 − n2x)); as one of x,−x is
a square, we see that for all pairs exactly one element is of the form y2. Since y2 = (−y)2
mod p, for all of these p−3

2
pairs, we have 2 solutions to this equation; thus there are p−3

2
possible values of x; however, for each x we see that both y,−y are solutions, so we get p−3
solutions. Adding the three solutions where x3 − n2x = 0, we see that there are p solutions
in total; however, there is a single point at infinity that we must add, getting us a full count
of p+ 1 solutions when p ≡ 3 mod 4.

Thus, the torsion of En(Q) must inject into the torsion of En(Fq), as the torsion of En(Fq)
is of cardinality q+1; thus tors(En(Q))| tors(En(Fq)). Thus, if the cardinality of the torsion
is not equal to any divisor of 4, then by Dirichlet’s theorem we know that there is at least
one prime p not equal to −1 mod d and equal to 3 mod 4. So tors(En(Fq)) ∤ p + 1, which
is a contradiction.

We also see that we have the 4 points that we know are torsion points for every prime:
(−n, 0), (n, 0), (0, 0) and the point at infinity, since these all have y = 0. Thus En(Q) has
torsion isomorphic to Z

2Z × Z
2Z , given by (−n, 0), (n, 0), (0, 0), which are all of the points with

y = 0. Thus, if there is a rational right triangle of area n, then the elliptic curve En(Q) has
infinitely many rational points. □

Now you may think that this is a useless result, as the rank seems incomputable; however,
we know a lot about the rank of elliptic curves over Q.

4. L-Functions

Now that we see that there is a correspondence between points on certain elliptic curves and
congruent numbers, it is natural to ask if there is some way to determine if an elliptic curve
has infinitely many rational solutions. Fortunately, there is a conjecture on this subject; it’s
called the BSD conjecture [2]. In our case, what matters is that there is a function attached
to an elliptic curve E, which we denote L(E, s); this is defined as the product over certain
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local factors at every prime. L(E, s) can be extended to the entire complex plane. The
B.S.D. conjecture relates the value of L(E, 1) to the rank of the elliptic curve:

Conjecture 4.1 (Birch and Swinnerton-Dyer ). Let E(Q) be an elliptic curve over Q, let
L(E, s) be the L-function of the curve, and let r be the rank of E(Q). Then ords=1 L(E, s) =
r. In particular, the rank of the elliptic curve is nonzero if the L-function vanishes at zero.

Remark. This is not the full conjecture; it actually includes a prediction of the leading
Taylor coefficient, but this less strong statement will suffice for our purposes.

To motivate the definition of L(E, s), we will define the following function for a set of
polynomial equations V . Given a set of polynomial equations V , we denote the set of
solutions in Fpn as V (Fpn).

Definition 3 (ζ(V, s)). We define the local zeta function at prime p to be:

Zp(V, x) = exp

(∑
n>0

|V (Fpn)|xn

n

)
.

We also define
ζ(V, s) =

∏
p prime

Z(V, p−s).

For the elliptic curve case, it turns out that Zp(E, x) is easy to compute for any elliptic
curve; in fact, it is of the form

(1− apt+ qt2)

(1− t)(1− qt)
.

Due to this, we can actually compute ap.

Theorem 4.1.
ap = p+ 1− |E(Fp)|

Proof. We know that

(1− apt+ qt2)

(1− t)(1− qt)
= exp(ln(1− αt) + ln(1− αt)− ln(1− t)− ln(1− qt)).

Recalling the Taylor expansion for
ln(1− x)

, we see that this series is equivalent to∑ (pn + 1− (αn + αn))

n
xn.

Evaluating this expression at n = 1, we see that −(α+ α) + p+ 1 = |E(Fp)|. As α+ α = a,
we get that

ap = p+ 1− |E(Fp)|
□

We thus see that the number of solutions to an elliptic curve E over Fp determines the
zeta function Zp(E, s); moreover, the zeta function has a trivial bottom part, which would

be nice to discard. Luckily, using our previous definitions, we see that ζ(E, s) = ζ(s)ζ(s−1)
L(E,s)

with ζ(s) being the Riemann zeta function. This allows us to throw away the trivial part of
the solution count.
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We will now compute the L-function for En.
We know that for our curve, if we multiply y by n

√
n, getting us

n3y2 = x3 − n2x

, setting x = nx gets us n3y2 = n3x3 − n3x; thus y2 = x3 − x. The multiplication of y by√
n is called a quadratic twist. It is clear that if

√
n exists modulo p, the solution count of

the curve y2 = x3 − n2x is the same as y2 = x3 − x. For the case where n2 does not exist
modulo p, we see that our elliptic curve is equal to:

n2y2 = n3(x3 − x)

or

y2 = n(x3 − x).

If there was exactly one value of y for every x, then there would be p+1 solutions; however, if
x is a square mod p, it contributes an extra 1 to the count, as there are two possible values
of y, and if x is not a square, it removes one possible value of x. Let’s call this function a

p
;

summing over all x3 − n2x, we see that ap = −
∑

Fp
(n(x

3−x)
p

).

Definition 4. we call a function from χ : ( Z
nZ)

× → C∗ a character if χ(ab) = χ(a)χ(b).

Theorem 4.2. The function given by (a
p
) = 1 if a ≡ n2 mod p for some n ∈ Fp, and

(a
p
) = −1 if a ̸≡ n2 mod p for some n ∈ Fp, or 0 if n = 0, is equal to a

p−1
2 mod p and is a

character.

Proof. We first will prove that χ(a) ≡ a
p−1
2 mod p. b

p−1
2 is equal to one on any square,

as if a = b2, then a
p−1
2 ≡ bp−1 ≡ 1 mod p by Fermat’s little theorem. As there are p−1

2

squares mod p, we see that x
p−1
2 − 1 ≡ 0 has at least p−1

2
solutions mod p, as an equation

of degree d must have at most d solutions mod p by Lagrange’s theorem. We see that if

a ∈ Fp is nonsquare, then χ(a) ̸= 1, as if it were, then x
p−1
2 − 1 ≡ 0 would have more

than p−1
2

solutions, which contradicts Lagrange’s theorem. As (x
p−1
2 )2 ≡ xp−1 ≡ 1 mod p if

x ∈ F×
p , we see that χ(a)2 must equal one for all a in F×

p ; thus χ(a) ≡ ±1. As χ(a) cannot

equal one when a is nonsquare, χ(a) ≡ −1. We thus see that χ(a) ≡ a
p−1
2 mod p. Thus

χ(ab) ≡ (ab)
p−1
2 ≡ a

p−1
2 × b

p−1
2 ≡ χ(a)χ(b) mod p, so χ(a) is clearly multiplicative and thus

a character. We denote χ(a) = (a
p
) for the rest of this paper. For more information, see

[1]. □

By the discussion before the definitions, we get that ap,n = −
∑

x∈Fp
(n(x

3−x)
p

) = (n
p
)ap,1.

Remark. The astute reader may notice that this curve is not always an elliptic curve;
sometimes it gains a “kink” at some prime numbers; at these points we say that the local
factor is one.

Now we compute the local factor for the elliptic curve x3 − x = y2.

Theorem 4.3. For any point on the curve E : x3 − x = y2 not equal to (0, 0), there exists
a point on the curve E ′ : u2 = v4 + 4; and for any point on the curve u2 = v2 + 4, there is a
point on the curve x3 − x = y2 not equal to the point at infinity or (0, 0).
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Proof. Given a point on the curve u2 = v4 + 4, we consider the point

(
1

2
(u+ v2),

1

2
v(u+ v2))

as
1

2
(u+ v2) +

1

23
(u+ v2)3 = (

1

2
v(u+ v2))2,

expanding, which gets us:

1

2
(u+ v2)(

1

22
(u+ v2)2 − 1) = (

1

2
v(u+ v2))2.

As:
1

22
(u+ v2)2 − 1 = (u2 + v4 − 4 + 2uv2)

1

4
= (2v4 + 2uv2)

1

4
Thus the full summation is:

u2

4
(v2 + u)(v2 + u)

which is the left-hand side as desired.
We also see that

(2x− y2

x2
)2 = (

y

x
)4 + 4(1)

4x2 − 4xy2

x2
+
y4

x4
=
y4

x4
+ 4(2)

4x(x3 − y2)

x2
+
y4

x4
=
y4

x4
+ 4(3)

4 +
y4

x4
=
y4

x4
+ 4(4)

Thus, we see that there is a correspondence between nonzero solutions to the elliptic curve
with x ̸= 0 and solutions to the equation u2 = v4 + 4, which we denote E ′. □

If x = 0, then there is a single solution to the equation y2 = x3 − n2x, namely y = 0;
thus the number of solutions to E ′ is equal to the number of solutions to E minus one.
However, we actually include the “point at infinity,” adding an extra one to our count. Thus
#(E(Fp)) = #(E ′(Fp)) + 2. We can use this to re-prove our formula for |En(Fp)| when
p is equal to 3 modulo 4. Since p − 1 ̸= m2 mod p, we see that χ(p − 1) = −1; thus
χ((p− 1)x) = χ(p− 1)χ(x); thus either χ(x) or χ((p− 1)x) is one, and the other is −1; thus
all numbers are of the form ±m2 mod p; thus, every square is a 4th power. Thus, we now
count solutions to the equation u2+4 = v2: there are clearly p−1 solutions to this equation,
given by (u− v)(u+ v) = (u)(u+ 2v), as we may set u, v to be arbitrary. We set u as a free
parameter not equal to zero and v equal to 2(4u− u), which is well-defined for u ̸= 0; thus
there are p− 1 solutions to this equation when p ≡ 3 mod 4, so we see that ap = 0.

Theorem 4.4. If p ≡ 1 mod 4, then p = ππ with π a prime in Z[i] such that π ≡ 1
mod 2 + 2i; then ap = π + π.

Proof. When p ≡ 1 mod 4, we see that the number of solutions to E is equal to

2 +
∑

r+s=4

(N(u2 = r)N(v4 = −s)),
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with N(an = b) being the number of solutions to the equation an = b. Via some character
theory, we know that N(u2 = r) = λ2 + 1 with λ being a character of order 4; moreover,

N(u4 = r) = λ(r)+λ2(r)+λ(r)+1. We thus see that (λ2(a)+1)(λ(r)+λ2(r)+λ(r)+1) =

λ(r)+λ2(r)+λ(r)+1+λ(r)λ2(a)+λ2(r)λ2(a)+λ(r)λ(a)+λ2(a). We know that the sum of
any nontrivial Dirichlet character over all x mod p is equal to zero, so this full sum collapses
into

p+ 2 +
∑

a+s=4

λ2(a)λ2(−s) +
∑

a+s=4

λ2(a)λ(−s) +
∑

a+s=4

λ2(a)λ(−s).

Since−s2 ≡ (is)2 mod p with p ≡ 1 mod 4, we see that the first sum is just
∑

a+s=4 λ
2(a)λ2(s);

moreover, since all a, s = 4x, 4y, this is equivalent to∑
x+y=1

λ2(y)λ2(x)λ(4)4 =
∑

x+y=1

λ2(y)λ2(1− y).

The sum above is called a Jacobi sum, which is a sum of the form J(χ, λ) =
∑

a+b=1 χ(a)λ(b).
By [1], Chapter 8, Section 3, Theorem 1, the above sum is −1. We thus get that

p+ 1 +
∑

a+s=4

λ2(a)λ(−s) +
∑

a+s=4

λ2(a)λ(−s),

so
ap =

∑
a+s=4

λ2(a)λ(−s) +
∑

a+s=4

λ2(a)λ(−s).

Using the same trick as before, we see that ap = λ(−4)J(λ, λ2) + λ(−4)J(λ, λ2) by Ireland
and Rosen, Proposition 9.94, and since 4 is a square modulo all primes, we see that if p = ππ
with π a prime in Z[i], we choose π uniquely such that π ≡ 1 mod 2+2i; then ap = π+π. □

This implies that 1 − app
s + p1−2s = (1 − πps)(1 − πps), given that p ≡ 1 mod 4. Thus,

every Euler factor can be broken up into 1
1−apps(E1)+p1−2s =

∏
p|p,p∈Z[i]

1
1−αpN(p)−s , with αp

being equal to the unique generator of p such that α ≡ 1 mod 2 + 2i. We thus see that
a+ bi = αp, with a

2 + b2 = p, with a odd, as a+ bi ≡ 1 mod 2 + 2i.
Thus we see that

∏
p|P (

1
1−αpN(p)s

) = 1
1−apps+p1−2s , as either p = a2 + b2 or p does not

split. In this case, only p|p, and N(p) = p2, and αp = −p, as −p is equal to −(2 + 2i)(1 −
i)p+1

2
+ 1. In the split case, we see that p ≡ 1 mod 4 and that p = (a + bi)(a − bi); we

see that N(a+ bi) = p,N(a− bi) = p, so we see that our product is 1
1−(a+bi)p−s

1
1−(a−bi)p−s =

1
1−(a+bi+a−bi)p−s+p−2s(a2+b2)

= 1
1−2ap−s+p−2s . Thus we get our desired result.

Now, as ( a
N(p)

)2 = 1, we can simply add that in as a factor and get that this full product

is: L(En, s) =
∏

p∈Z[i]
1

1−( n
N(p)

)α(p)N(p)−s , as all prime ideals in Z[i] divide primes in Z; we see

that the above product is indeed valid. Now, for an ideal of Z[i], we will see that α(I) = I

mod 2 + 2i, and as Z[i]
(2+2i)Z[i] is clearly a group, we see that α(I) is clearly multiplicative, as

ab = ab.
Since αn is clearly dependent only on what n is modulo 2 + 2i, adding the character

( n
N(x)

)ψ(x) = χ′
n(x) does not really change much besides what modulus we are working with.

Given a number, the product of these two characters depends only on the norm of x modulo
n. For more discussion of the character theory, see [2] and [1].

Combining the two turns out to depend only on x mod n(2 + 2i) if n is even, or x
mod (2n) otherwise. We denote this period n′. We denote N = 4|n′|2; now we will prove
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that the L-function has a functional equation. Before proving this theorem, we will do some
complex analysis.

Definition 5 (Mellin transform). We call

M(f(x))(s) =

∫ ∞

0

xs−1f(x)dx

the “Mellin transform” of f(x).

We know that

M(f(mx))(s) = m−s

∫ ∞

0

xs−1f(x)dx.

The proof of this is as follows:

Proof. We know that

M(f(mx))(s) =

∫ ∞

0

xs−1f(xm)dx =
1

m

∫ ∞

0

m(
xm

m
)s−1f(xm)dx =

1

ms

∫ ∞

0

xs−1f(x)dx.

Thus M(f(mx))(s) = 1
msM(f(x))(s). □

Also M(e−x, s) = Γ(s), which is the generalization of (n− 1)! to non-integer arguments.
We also need the formula:

Definition 6 (Fourier transform for R2). we denote

F(y) =

∫
R2

f(x)e−2πix·ydx

which is a Fourier transform for R2.

which has the following properties:

F(e−π|x|2) = e−π|x|2(5)

F(g(ax))(s) = a−2F(g(x))(
s

b
)(6)

F(f(x+ a))(s) = e2πia·sF(f(x))(s)(7)

F(f(x)e2πix·a) = F(f(x))(s− a)(8)

F(a · ∂
∂x
f(x))(s) = 2πiw · sF(f(x))(s)(9)

Here w · ∂
∂x
, with w = c0x+ c1y, is just c2

∂f
∂x

+ c1
∂f
∂y
; the proof of (1) is difficult, and we refer

the reader to [2]. (2)–(4) are simply consequences of the linearity of the dot product and
multivariate substitution; (5) is just integration by parts, due to linearity in one variable.
We also need the following proposition.

Proposition 4.1 (Poisson summation). Poisson summation:∑
m∈Z2

f(m) =
∑
m∈Z2

F(f)(m)
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The main use of the above propositions is to motivate the following theorem. The idea of
the proof is to expand the function

∑
m∈Z2 f(m) as a Fourier series.

For more discussion, see [2]. We now define for u ∈ R2

θu(t) =
∑
m∈Z2

(m+ u) · (1, i)e−πt(|m+u|2)

and

θu(t) =
∑
m∈Z2

(m) · (1, i)e2πim·ue−πt(|m+u|2)

We define gu(x) = (x+u)·(1, i)e−πt(|x+u|2) with f(x) = e−πx·x; gu(x) =
−1
2πt

((1, i)· ∂
∂x
)f(

√
t(x+

u)); unwrapping the definition gets us: F(g(x))(s) = −it−2(1, i) ·me2πiu·se−π
t
|s|2 We see that

θu(t) =
∑
m∈Z2

(m+ u) · (1, i)e−πt(|m+u|2) =∑
m∈Z2

g(m) =
∑
m∈Z2

F(g)(m) =∑
m∈Z2

−it−2(1, i) ·me2πiu·me−
π
t
|m|2 =

−it−2
∑
m∈Z2

w ·me2πiu·se−
π
t
|m|2 = −it−2θu(

1

t
)

Moreover,

Theorem 4.5.

M(θu(t))(s) = πsΓ(s)
∑ (m+ u) · (1, i)

|m+ u|2s

Proof.

M(θ(t))(s) =

∫ ∞

0

∑
m∈Z2

(m+u)·(1, i)e−πt(|m+u|2)ts−1dt =
∑
m∈Z2

∫ ∞

0

(m+u)·(1, i)e−πt(|m+u|2)ts−1dt =
∑
m∈Z2

(m+u)·(1, i)πs Γ(s)

(|m+ u|2s)

this is the same thing that appeared in the above theorem; thus we get the desired result. □

Now this may seem unmotivated; however, the point of this is to find functions that are
related to our L-function that have good symmetries.

Theorem 4.6. Now we will prove that Λ(2−s, En) = Λ(s, En), with Λ(s, En) = ( |N |
2π

)
s
2Γ(s)L(En, s).

Proof. We now write out the L(En, s) function as

1

4

∑
a+bi∈Z[i]

χ′(a+ bi)(a+ bi)

N(a+ bi)s
=

∑
0≤a,b<4n

χ′(a+ bi)
∑
m∈Z2

(a+ bi+ 4nm · w)
|(a, b) + 4nm|2s

with w = (1, i); this is:

(4n)1−2s

4

∑
0≤a,b<4n

χ′(a+ bi)
∑
m∈Z2

(( a
4n
, b
4n
) +m) · w

|(( a
4n
, b
4n
) +m) · w|2s
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We thus get by the previous discussion

π−sΓ(s)L(En, s) =
(4n)1−2s

4

∑
0≤a,b<4n(0,0)̸=(a,b)

χ′(a+ bi)

∫ ∞

0

ts−1θ a
4n

, b
4n
(t)dt

The function inside the integral is an entire function in s, so we do get a well-defined value
at one; we now get the functional equation for the L-function.

We will now hyperfocus on the integral:∫ ∞

0

ts−1θ a
4n

, b
4n
(t)dt

By the functional equation given above, this is:

−i
∫ ∞

0

ts−3θ
a
4n

, b
4n (

1

t
)dt

Then, after changing variables, we finally get:∫ ∞

0

t3−sθ
a
4n

, b
4n (t)dt = πs−2Γ(s− 2)

∑
m∈Z2

m · (1, i) e(
2πi
4n

(a,b))·m

|m · (1, i)|2(2−s)

Thus, as a full sum, we get that this is equal to

Sm =
∑

0≤a,b<4n

e(
2πi
4n

(a,b))·mχ′(a+ bi)

We refer the reader to [2] for more discussion of this sum; what matters here is that it’s
χ′(m)(−2

n
)n′.

4

(
−2

n

)
(1 + i)2s−1(2 + 2i)nL(En, 2− s)

combining everything together gets us:

(
−2

n
)πs−2Γ(2− s)(8n2)1−sL(En, 2− s)

Thus balancing terms gets us that (
√
32n
2π

)
s
2Γ(s)L(En, s) = (

√
32n
2π

)
1−s
2 Γ(1 − s)L(En, 1 − s) as

desired.
□

Now going back to the proof once again, one interesting thing is that we can combine the
θu together to get a function whose Mellin transform is π−sΓ(s)L(En, s); we see that

π−sΓ(s)L(En, s) =
(n′)

4

∫ ∞

0

∑
a+bi∈Z[i]/n′(0,0)̸=(a,b)

χ′(a+ bi)ts−1θ a
4n

, b
4n
(N ′t)dt

If we denote the inner sum to be F (t), expanding and switching orders of summation, we
see that F ( 1

N ′t
) =

∑
a+bi∈Z[i]/n′(0,0)̸=(a,b) χ

′(a+ bi)θ a
4n

, b
4n
(1
t
); using the functional equation for

θu(t) along with some rewriting gets us:

−it
2n′

4

∑
m∈Z2

m·(1, i)e−πt|m|2
∑
a+bi

χ′(m1+m2i)χ
′(a+bi)eRe (

(a+bi)

n′ ) = −it
2(n′)2

4
(
−2

n
)
∑
m∈Z2

χ̃(m·(1, i))e|m|2

with n odd; for the even case with n = 2n0, the same thing is true, and the factor is just equal
to F (En,

1
n0
) = t2(−1

n0
)|n′|2F (En, t); thus, at the end of the day, we see that this function
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satisfies a very peculiar transformation property, and we can compute the value of L(En, s)
at s = 1.

We shall analyze this function and more functions like this in the next chapter.

5. Modular Forms

It turns out that the function that we have computed is in fact something called a modular
form. To define a modular form, we need a lot of difficult machinery. First, we consider the
set of 2× 2 matrices over Z; we define

SL2(Z) =
{(

a b
c d

)
, ad− bc = 1

}
Definition 7 (congruence subgroup). One important subgroup of SL2(Z) is the subgroup
(which we denote Γ(N)) which is

Γ(N) =

{(
a b
c d

)
∈ SL2(Z), a ≡ d ≡ 1 mod N, b ≡ c ≡ 0 mod N

}
(10)

Γ1(N) =

{(
a b
c d

)
∈ SL2(Z), a ≡ d ≡ 1 mod N, c ≡ 0 mod N

}
(11)

Γ0(N) =

{(
a b
c d

)
∈ SL2(Z), c ≡ 0 mod N

}
(12)

We say a subgroup of SL2(Z) is a congruence subgroup if it contains Γ(N) for some N ∈ N.

A congruence subgroup H is said to have weight N if Γ(N) ⊆ H but Γ(k) ⊈ H for all
k < N .

Definition 8. A modular form of weight k and level N is a function such that for γ ∈
GL2(z), f(z)|[γ]k = det(γ)

k
2 (cz + d)−kf(γz), by γz = az+b

cz+d
, with γ having all coefficients

in Z. A modular form is a series of the form: f(z) =
∑∞

n=1 anq
n
N with q = e

2πiz
N such that

f(z)|γ = f(z) for γ ∈ Γ1(N) and f(z)|γ0 =
∑∞

n=1 anq
n
N

for all γ0 ∈ SL2(Z). This also clearly forms a space. We also define a modular form of
weight k and level N with character χ to be one that satisfies the transformation property
f(z)|γ = χ(d)f(z) for γ ∈ Γ0(N). Modular forms allow us to basically prove the functional
equation again with much less difficulty. Given a modular form m of level N and character
χ with a q-expansion given by

∞∑
n=1

cnq
n,

by the same logic we used to compute the inverse Mellin transform of a Dirichlet series, the
Mellin transform ofm, shifted to the imaginary axis, is equal toD(s) = Γ(s)(−2πi)−s

∑∞
n=1

an
ns .

It turns out that it can be written as the sum of two functions f, g satisfying f |αN
= Ci−kf(z)

with C = 1 for f and −1 for g, and with αN =

(
0 −1
N 0

)
. Given that a function satisfies

this transformation property, we see that f( 1
Nz

) = CN− k
2 (−iNz)kf(z). Thus,

D(s) =

∫ i
√
N

0

f(x)xs−1ds+

∫ i∞

i
√
N

f(x)xs−1ds.
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Applying the transformation, changing variables, and rearranging gets us that

D(s) =

∫ ∞

i
√
N

(f(z)zs + ikCN− k
2 f(z)(

−1

Nz
)s−k)

1

z
dz.

Replacing k by k − s gets us:

D(k − s) =

∫ ∞

i
√
N

(f(z)zk−s + ikCN− k
2 f(z)(

−1

Nz
)−s)

1

z
dz =(13)

ikCN− k
2 (−N)s

∫ ∞

i
√
N

(f(z)zs + ikCN− k
2 f(z)(

−1

Nz
)s−k)

1

z
dz =(14)

ikCN− k
2 (−N)sD(s)(15)

thus we see that D has both an analytic continuation and a functional equation, exactly
what we want from an L-function. For more information, see [2]. The other thing that we
need to know is the following definition: Hecke operators.

Definition 9 (Hecke operators). A Hecke operator is an operator on the space of mod-
ular forms of level N and character χ, which we denote Tnf(z). Given a modular form
in this space with q-expansion

∑∞
m=1 cmq

m, we have Tnf(z) =
∑∞

m=1 bmq
m with bm =∑

d| gcd(m,n) cmn
d2
dk−1χ(d).

While this may look like a horrible operator to work with, it does have some redeemable
qualities. For example,

Theorem 5.1. TmTn(f(z)) = Tmn(f(z)), given that gcd(m,n) = 1.

Proof. Given that

f(z) =
∞∑
k=1

cjq
j

is an arbitrary modular form of character χ, weight k, and level N , and given that

TmTn(f(z)) =
∞∑
k=1

bkq
k,

we will find bj in terms of cj. As the fth coefficient of Tm(f(z)) is

Tn(f(z)) =
∑

d| gcd(n,f)

cn·f
d2
dk−1χ(d),

so, using the formula for the Hecke operators, we see that

Tm(Tnf(z)) =
∑

f | gcd(m,j)

χ(f)fk−1
∑

d| gcd(n,m·j
f2

)

cn·mj

f2d2
dk−1χ(d).

We now bring everything inside of the summation and get∑
f | gcd(m,j)

∑
d| gcd(n,m·j

f2
)

cn·mj

f2d2
(fd)k−1χ(fd).
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We see that the gcd condition on the inner sum is equivalent to d| gcd(n, j
f
× m

f
); as

gcd(n, m
f
) = 1, we see that this second gcd can be split off; thus, we get that fd| gcd(mn, j).

Rewriting in terms of fd = x gets us:

TmTnf =
∑

x| gcd(mn,j)

cn·mj

x2
(x)k−1χ(x) = Tmnf.

Thus Tmn = Tm ◦ Tn. □

We especially care about modular forms such that Tm(f(z)) = λmf(z). We note that
Tpnf = Tpn−1 ◦ Tpf − pnk−2χ(p)Tpn−2f ; we call these forms eigenforms. Since Tmnf(z) =
TmTnf(z), we see that λmn = λmλn. By the above transformation law, we see that the λm
expand into a series like so:

∑
λn

ns =
∏

p
1

1−λpps+χ(p)pk−1−2s . For more discussion on Hecke

eigenvalues and eigenforms, see [2].

6. Tunnell’s Theorem

Theorem 6.1 (Shimura’s theorem). Given an eigenform of weight k with Hecke eigenvalues
Tp2(f) = λpf , we see that

∑∞
n=1 anq

n ∈ S k
2
(Γ̃0(N), χ); and let

∑∞
n=1

bn
ns =

∏
( 1
1−λpp−s+χ(p)2pk−2−2s ).

We see that
∞∑
n=1

bnq
n

is a form of weight k − 1 of character χ2.

Theorem 6.2 (Waldspurger’s theorem). a(t) = β2
1A(t)n

1
4 if t ≡ 1 mod 8 and a(t) =

β2
3A(t)n

1
4 . Thus: a(n) = β2

1L(En, 1)n
1
2 , a(n) = β2

3L(En, 1)n
1
2 ; otherwise, L(En, 1) = 0.

With a(t) being coefficients of a set of modular forms

(Θ(z))(Θ(32z))Θ(2z)− 1

2
Θ(z)Θ(8z)Θ(2z)

with t odd, when t is even, we just use a different set of modular forms. However, the
most important thing is that these modular forms have series

∑
anq

n with an being equal
to
∑

n=32z2+2x2+y2 1 −
1
2

∑
n=8z2+2x2+y2 1, so if an vanishes, then L(En, 1) vanishes, and vice

versa. Thus, we conclude Tunnell’s theorem.
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