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ABSTRACT. Quantum computation provides efficient algorithms for certain computational
problems that are believed to be difficult for classical computers. This paper develops the
mathematical framework required to analyze quantum computation and applies it to Shor’s
factoring algorithm, analyzing period-finding and continued fractions. These results explain
why Shor’s algorithm factors integers in polynomial time on a quantum computer, while no
polynomial time classical factoring algorithm is known.

1. INTRODUCTION

Cryptography has become essential in our life, protecting our privacy, ensuring security;,
preventing theft, and more. One type of essential cryptography is a method for private
communication over an insecure channel with someone you do not share a secret key with,
also known as asymmetric encryption.

But how do you secretly send information to a stranger? There are many ways to solve this
problem. We examine RSA encryption, which is used in a sizable proportion of asymmetric
encryption today, including a part of HI'TPS. Note that understanding RSA encryption is
not essential for the content of this paper.

First, we examine how RSA encryption works. Suppose that Alice wants to send a mes-
sage to Bob using RSA encryption. We assume Alice wishes to send a number. This easily
generalizes to letters because letters can be converted to numerical form. RSA encryption is
shown in the schematic below.
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Note that p and ¢ are approximately 1024 bits, so N is approximately 2048 bits. This
corresponds to a 2048-bit RSA key.

The decryption method relies on Euler’s Generalization of Fermat’s Little Theorem, which
states

Theorem 1.1 (Euler’s Generalization of Fermat’s Little Theorem). Let N be a natural
number. If a € [1, N — 1] with gcd(a, N) = 1, then a*™) =1 (mod N), where p(N) is the
Euler-Totient function.

Since m will almost always be relatively prime to N (Alice can explicitly check this),
(m®)? = me = mMMN)+1 = m (mod N) as desired.

It is believed a hacker who wants to access the message Alice sends needs to be able to
factor N into its two prime factors (this is still an open problem). But how do we factor
N into a product of two primes? There are many ways to brute force this on a classical
computer, but they all take exponential time in terms of the number of bits, b. The General
Number Field Sieve (GNFS) is the fastest known way on a classical computer to factor N

into a product of two primes, and does so in O <exp ((«3/ $In2+ 0(1)) b'/3(In b)2/3>> time,

which is subexponential in b. We will not prove this result, but it is shown in [BLP93].
Instead, we look at a simpler search algorithm. A naive approach would be to check every
number 2,3, ..., |v/N]. Bach check requires us to see if N =0 (mod c) is true.

On a classical computer, the division algorithm to check the remainder runs in O(log Nx*log c)
time.

Hence, the brute force trial division algorithm takes O(Q%bz) time, or exponential time.
Thus, for large b (e.g., b = 2048 used in RSA), this algorithm will take an incredibly long
time to run.
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This is where Shor’s algorithm comes in. Shor’s algorithm is a quantum algorithm in-
vented by Peter Shor in 1994 that solves the factoring problem N = pq using O(b*) quantum
operations, where b is the number of bits of the prime number [Sho94]. This is substan-
tially faster than classical factoring algorithms as Shor’s algorithm runs in polynomial time
instead of exponential time. This poses a great security risk to RSA encryption if a strong
enough quantum computer is made. Even though, as of the current date, we are not even
close, quantum computers are improving dramatically. Thus, the objective of this paper is
to explain Shor’s algorithm.

In the first section, we will go over standard definitions and notions in quantum computing.
In the second section, we introduce impossibility theorems that show (partially) the limi-
tations of quantum computing. Then, we introduce quantum gates used for algorithms in
section four. Popular examples of quantum computing will be explained in section 5. Section
6 will introduce basic quantum algorithms. Finally, section 7 will explain Shor’s algorithm.

2. QuANTUM COMPUTING FUNDAMENTALS
To begin working with the qubit, we need to establish our space.

Definition 2.1. A Hilbert space H is a vector space for quantum states with an inner
product. For Hilbert spaces with finite dimensions, vectors are elements in C".

For this paper, we will only study Hilbert spaces with finite dimensions.

Definition 2.2. A pure quantum state [¢),) called a ket lives in the Hilbert space H, as a
linear superposition of the orthonormal basis of the Hilbert space with coefficients € C.

Ezample. |1,) € Ha, |a) = \/Lg 10) + \/Li 1) = (ﬁ)
2

Notably, the statement “pure quantum” state rather than “quantum state” are not inter-
changeable. There are fundamental differences between them that we will analyze later.
To establish the inner product of this Hilbert space, we analyze the bra.

Definition 2.3. A bra (¢| is the conjugate transpose, or dagger, of a ket. Alternatively, it
is written as a row vector.

Ezample. (Y| = \7_% (0] + \% (1] = (_\/Li \%>
Now we can define our inner product.

Definition 2.4. The inner product of pure quantum states in the Hilbert space is defined
as (Y]¢) = ¥To.
ilo
Ezxample. 1) = Ljﬁm)
il0)+[1)) 7 (—=i{0]+(1
(W|y) = (il z/gl >)<( <\/\%r( D

o= (% %) (@ -1

Note that this is a real number when [¢)) = |¢), but is not necessarily a real number when

V) 7 [0)-
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I
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Now, the inner product is fundamental to the collapse of the wave function. In fact, the
coefficient squared is the probability the wavefunction will collapse to the basis state. This
can be formalized with the following postulate.

Postulate 2.5 (Born Rule). Let » € H and e; be a basis of H. Then

P = e;) = | {eilv) [*.

In other words, if a quantum state is measured in its computational basis, the wavefunction
collapses and the probability of being a certain state is the absolute value of the coefficient of
that state squared.

Notice that we stated this was a postulate, not a theorem. This is because this statement
cannot actually be derived from the fundamental postulates of quantum mechanics for the
case n = 2 (the Hilbert space has two basis vectors). However, [Gle57] proved that the born
rule is true for any Hilbert space with more than 2 basis vectors. We actually need to accept
the n = 2 case as an axiom!

The following corollary, derived from the probability summing up to 1, is very useful.

Corollary 2.6. A pure quantum state |¢) must satisfy (p|) = 1.

Note: global phases of a quantum state aren’t essential because they don’t affect measure-
ments. However, local phases matter during entanglement. This can be made fully rigorous
when we talk about density matrices later in this section.

Now, we want to formalize our idea of the measurement.

Definition 2.7. A matrix H is called Hermitian if and only if it satisfies H' = H.
1

Ezxample. (\2/_25 _3 Z) is Hermitian.

Although this definition may seem uncalled for, it is actually essential to our understanding
of the measurement. But what even is a measurement?

Postulate 2.8. An observation is mathematically equivalent to multiplying the bra on the
left and the ket on the right, with anything in between.

Theorem 2.9 (Uniqueness). If (| X |¢0) =0 for all 1), then X = 0.

Proof. We can write X = Y1 (> 7" o j|ei) (.
First, let [¢) = |¢;) for some 1.
Then we have «;; = 0 for all 1.
Next, let 1)) = v|e;) + |e;) for some 4,5 (normalization isn’t required because 0 remains
invariant among multiplication).
Then, (| X [¢) = a; ;7 + a7 = 0.
Then, letting v = 1,7 we have
OJZ'J‘ + Oéj’i =0
OZZ'J‘ — OZjJ' = 0
Hence, o; ; = 0 for all 4, j. Thus, X = 0 as desired.

Since measurements are real, we can now get our theorem on what measurements we can
make.
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Theorem 2.10. For a matriz H to represent a physically measurable quantity of a quantum
state |1), it must be Hermitian.

Proof. Observable quantities are real. Hence (|H|¢) = (|H|) = (p|HT ).
Since 1) is arbitrary, H = H', which is the definition of a Hermitian matrix. |

Ezample. Suppose we have a quantum state [1)) = (I(D%_
The Hermitian matrix H = |0) (0] — |1) (1| measures the state of v, returning 1 if [¢)
collapses |0), and —1 if |¢)) collapses to |1).

If we let |0) = ((1)) and |1) = ((1)), then we have H = <(1) _01)

Now, pure quantum states aren’t really useful if we can’t change them. This motivates
the definition below.

Definition 2.11. A matrix U is called Unitary if and only if UT = UL
g e, L 1 AW Unit

wample. 7 { | ) 1s Unitary.

With our definition of Unitary, we can now operate on quantum states using the theorem
below and a postulate!

Theorem 2.12. [f a matriz U can operate on any quantum state 1) in Hilbert space H, it
must be unitary.

Proof. 1= (Up|U) = (W|UTU) <= (| UTU —I [¢) = 0. Since ¢ is arbitrary, UTU = I,
or UT = U, which is unitary by definition [2.11]
|

Postulate 2.13. A matriz U can operate on a quantum state |) if it is unitary.
Thus, we can operate on quantum states!
Theorem 2.14. Unitary matrices preserve the inner product of any two quantum states.

Proof. Let U be a unitary matrix and let |[¢)), |¢) be quantum states. Then (¢|¢p) =
WIUTU)|¢) = ((U)|(Ug)) as desired. n

This might remind you of something. A matrix that preserves the inner product of any
two quantum states is analogous to a matrix that preserves the dot product of any two
vectors, which is simply a group of rigid rotations and reflections!

This motivates a definition called the Bloch Sphere, in which a unitary is a rotation on
this sphere, along with adding a global phase. This will not be covered in this paper as it is
not essential to our algorithms.

Now, there are some even more nice properties of unitary matrices. As we know, the O,
group has orthogonal columns (by definition). The same can be said for unitary matrices!
To prove this, we use some notation.

L ?f Z - ‘7 This is known as the Kronecker delta.
0 ifi1#£

We add a comma for clarity (this is different from conventional notation).

Theorem 2.16. Let the ith column of a unitary U be C;. Then (C;|C;) = 6,

Definition 2.15. We define ¢, ; = {
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Proof. Let €; ; denote the ¢th row and jth column of U, where U is N x N.

Let a;; denote the coefficient of the ith row and jth column of U.

I=UU"

N N N N
(E E :ai,jew E E :aﬂew

i=1 j=1 i=1 j=1
N N

i=1 j=1

Mz

Ui Ak, j€ij =

=
Il

1

N
E 0 j€ij-

1 j=1

Mz

%

Now, C; = chvzl i €hi-
N - .
<Oi|0j> - Zkzl a jag; = 05, = 0;; as desired.
|

Truthfully, the proof listed above does not help with understanding and is simply there for
rigor. An easier intuitive “proof” is noting that the condition UUT = I is the same condition
as the orthogonal columns when writing the multiplication out.

Now, we’ve only been talking about pure quantum states. However, this can give the
reader a false impression that there only exists pure quantum states, which is anything but
the truth. Thus, to formalize the definition of mixed (not pure) quantum states, we introduce
the density matrix.

Definition 2.17. A density matrix p, of pure state |¢) is ) (¢].
iy _ (73 5 3
Ezample. Let |¢) = S = <\£> Py = (i i)
V2 2 2

This may be a bit uncalled for, but is of quintessential importance to measurement and
defining decoherence.

Now, to show why density matrices are useful for measurement, we recall a fact from linear
algebra.

Theorem 2.18. Let A be a n x m matriz, and let B be a m x n matriz. Then
Tr(AB) = Tr(BA).

Theorem 2.19. For density matriz p of (not necessarily pure) quantum state |1), we have
Tr(p) = 1.

Proof. Tr(p) = Tx([) (9]) = Tr((])) = Tx(1) = 1. n
Theorem 2.20. For density matriz p of pure state |¢), we have Tr(p?) = 1.
Proof. Tr (([v) (¥])?) = Tr(|v) (L|v) (W]) = Te(|¥) (¥]) = 1. u

Notice I stated pure state |1)) instead of quantum state [¢) in the proof above. That is
because it’s not actually true for mixed states!

Theorem 2.21. For hermitian matriv H, we have (Y|H|¢) = Tr(pyH).



Proof.
Tr(pyH) = Tr([¢) (4] H)
=Tr((¥] H [¢))
= (Y|HY) .
Since (¢Y|H|¢) € R. |

Theorem 2.22. Let p be the density matriz of quantum state |¢), and let U be unitary.
Then, the density matriz of |Uv) is UpU~'.

Proof. p = |1) (¥].
\U) (U] = U |¢) (Y| U™t = UpU~! as desired. |

Thus, ANY measurement and unitary can be written as an operation on a density matrix.
This shows why the density matrix is so fundamental!
Next, we talk about decoherence.

Definition 2.23. A mixed quantum state is a statistical ensemble of pure states (ex: it
was measured). Mixed quantum states CANNOT be written as one entire wave function
because they would not be normalized.

Remark 2.24. One cannot write a mixed quantum state as Y p; [¢;) because this notation
allows for amplitude addition. For example, if |¢1) = |0) and [¢5) = |0>\7\1>’ we can’t add

the |0) and |1) components together separately. Thus, this motivates us to use the density
matrix to express mixed states.

Theorem 2.25. The density matrixz of a mized quantum state is y_ p; |¥;) (5|, where > p; =
1. p; means the probability of the quantum state as |1;). One can explicitly check the above
theorems on Tr(p) = 1, measurement operations, and unitary operators still apply.

What is really nice is that we can now distinguish a mixed quantum state with a pure
quantum state.

Theorem 2.26. If p is the density matriz of a mized state |1)), then
Tr(p?) < 1.

Proof. By definition of a mixed state density matrix, we have
Te(p®) = Te(()_ pi i) (Wil)?)
= Tr( Zpi |vi) (i + Zpipj i) (ils) (¥il)
i#]
=D PP+ (pips (Wil)?)
i#j

= (sz szpj ¢2|¢J> )
=(1- Z(pipj(l — (ily)*))) < 1

]

as desired. H



Notice that our Born rule postulate only applied to pure quantum states. We now apply
it to mixed quantum states.

Postulate 2.27 (Extension Of Born Rule To Mixed Quantum States). Let O be a Hermitian
matriz, diagonalized to >, VAVT =3\ &) (e].
Let p be a density matrix. Then

PO =X) =Tr(X, oaple) (al).

This fundamentally states the same idea as the born rule.
We now wish to introduce entanglement. To do that, we establish the tensor product.

Definition 2.28. The tensor product H, ® H,; is the Hilbert space generated by vectors of
the form |¢) ® | ),

Ezample. }'1 s € H,, [0), € Hy, (Latlle \J}Il ) ®10), = W € Ha @ Hy.
What happens to density matrices in a tensor product is also of interest to us.

Theorem 2.29. Suppose the density matriz of |a) is p, and the density matriz of |B) is q.
Then the density matriz of |a) ® |5) is p ® q

Proof. The density matrix of |a) @ |5) is (Jo) ® |8))({a| @ (B]) = p® q.
Where we used the identity (A ® C)(B® D) = AB® CD. |

Remark 2.30. |a) ® |B) = |a, B) = |af).

Definition 2.31 (Qubit). A qubit is a quantum system whose Hilbert space is two-dimensional
(it can be either |1) or |0), like how you would expect a bit to be).

Now we can introduce entanglement!

Definition 2.32 (Bell States). We define the bell states as

|@7) = 7(!00>+|11>)
[©7) = 7(!00> 11))
W) = \7(!01> +10))
) = (01} — [10))

Sl

Notice that for these states, measuring one qubit in its computational basis determines
the measurement of the other qubit in its computational basis. These states are maximally
entangled.

Theorem 2.33 (Partial Density Matrix). Suppose |ab) € H, @ Hy.
Let the density matriz pa, of |ab) be ) ¢;|egi€,) (€aacyo|, where € are the basis states.
Then pa = ) ¢il€q) (€aal b2

Proof. 1If we perform the measurement H, ® I, on p,, for Hermitian matrix H,, the expecta-
tion value should be the same as performing the measurement H, on p, because measuring
identity returns 1. Therefore
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Tr((Ho ® Iy) pay) = Tr(Hap,) must be true. We claim this can only be true for our desired
value of p,.

Tr((Ha © B)pa) = Te((Ha @ 1) ) i leby€iy) {etncinl) =
> (e Tr({eg [ Halewz) )d100) =
Tr(Ha ) (cilein) {ehal)dore) =

Tr(Hupa)-

For this to be true for all hermitian matrices H,, we must have p, = Y ¢; |€}) (€} | o1 52, as
desired.
[

Definition 2.34 (Entanglement). Two pure quantum states |a) and |b) are entangled if
and only if the trace of the reduced density matrix p, squared (Tr(p?)) is less than 1.

Intuitively, this means that measuring the state of one quantum state gives you some
information about the other (this includes phases!).

3. IMPOSSIBILITY THEOREMS

Theorem 3.1 (No Cloning). There exists no unitary operator U acting on H @ H @ H such
that U(|y) @ |c) @ |a)) = [¥) @ [¢) @ |a') for all i) € H.

Proof. Assume such U exists.

Choose two 1), |¢) such that (¢|¢) # 0,1

(Plo) = (Y] @ {c] @ (a])(|9) @ |c) ® |a))
= ((¢] @ (| ® (aDU'U(|¢) ® |c) ® |a))
= (Y] @ (¥ @ (d')([9) ® |¢) ® [a"))
= (¥16)" (d]a") = (¥l¢) =0, 1.
Since the inner product is bounded between 0 and 1, this is a contradiction. [ |

No cloning has profound implications on quantum computing. For example, it limits the
amount of information carried by a qubit because we cannot create multiple copies of the
qubit and see the probability they collapse to certain states. This theorem also has a dual.

Theorem 3.2 (No Deleting). There exists no unitary operator U acting on HQHQH such
that U(|y) @ [¥) ® [a)) = [¢) ® |0) @ |a’) for all ¢ € H.

Proof. Unitary operations are reversible. Hence, if this was possible then cloning is possible,
which is a contradiction. [ |

Next, we show that we cannot have faster than light communication with qubits. That
is, a wave function collapse happens instantaneously across distances, but no information
travels faster than the speed of light.

Theorem 3.3 (No Communicating). Suppose |ab) € H, ® Hy. Then no local unitary or
measurement on |b) changes the reduced density matriz p,.
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Proof. Let the density matrix pyp of [ab) be > ¢; €l €i,) (€l4€l,|, Where € are the basis states.
We know p, = > ¢; |€51) (€2l db1,2-
If we perform a unitary on |b), then the new joint density matrix becomes
dp = Y i eia(Uely) (ei(Ueiy)].
However, 0y, p, = 5651 hy = 5U(Eb1)7U(€b2), so the reduced density matrix p, doesn’t change.
If we perform a measurement on |b), then all the off diagonal terms are lost (assuming
measurement in the computational basis. However, a measurement in any basis can be
achieved by a unitary and then a measurement in the computational basis), and we have

Pab = 2 i €1 (€41)) (€aa(€ba)| by o
By inspection p, does not change. Thus, we have proved no communicating.

4. QUANTUM GATES

To start quantum algorithms, we need to introduce quantum gates.

Definition 4.1 (Swap Gate). A swap gate operating on H,®H, is the unitary

OO O
o= O O
o O = O
—_ o O O

Intuitively, it swaps the qubits |a) and |b).
Definition 4.2 (Hadamard Gate). A Hadamard gate is the primary gate used to establish

1 1
o . . 1 -1
superposition. It is represented by unitary H = —

It does the following on basis states.

H |0)+[1)
0) = =5~

H |0)—|1
1) = B

We can generalize the Hadamard gate to multiple qubits.

Definition 4.3 (Hadamard Gate With N Qubits). A Hadamard gate with N Qubits, or
H®N_ does the following on basis states (note the value |k) ranges from 0 to 2V — 1, and
converted to binary represents the state of the N qubits).

H®N N_ Gl
k) "= S e (=DM )

i=0
where k - i denotes the dot product when k£ and ¢ are written in binary (e.g., 7 -2 =
(111)2 - (010) =0+ 140 = 1.
We leave it as an exercise to the reader to prove that this gate is indeed H®".

Now that we have a gate to establish superposition, the next step is to be able to establish
entanglement.

Definition 4.4 (CNOT Gate). Suppose |a), |b) are qubits. The CNOT gate with the control

10 00
|a) flips the |b) bit if and only if the |a) bit is |1). It is written as the matrix 8 (1) 8 (1]
0010

operating on |a) ® |b).
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Another important quantum gate is the Toffoli gate. We will not cover this gate in this
paper. However, it is foundational to establish that any algorithm on a classical computer
can be converted onto a quantum computer, because Toffoli gates are complete regarding an
ancillary (meaning we can create any classical logic gate with them).

Definition 4.5 (Pauli Gates). The Pauli Gates X,Y, 7 as X = (O 1), Y = (O _Z>’

10 0
1 0
z=(y %)

One important advantage in quantum computing is that the wave-like behavior of quantum
states allow for constructive and destructive interference. To take advantage of this, we use
gates relating to phase shifts.

Definition 4.6 (Phase Shift Gate). We define phase shift gate R, = ((1] e%).

Intuitively, this shifts the phase corresponding to the |1) state by ¢.

Definition 4.7 (Controlled Phase Gate). We defined the controlled phase gate to be C(¢) =
1 00 0

010 O
001 O
00 0 e°

That is, we will apply a phase shift gate of phase ¢ if and only if the control is |1).

All the gates defined above (besides H®™) is the quantum gate complexity of one quantum
gate. Therefore, to find the quantum gate complexity of an arbitrary unitary, you need to
decompose the unitary into basic gates and count how many gates there will be.

Alas, we define the quantum Fourier transform, which is very similar to the discrete Fourier
transform.

Definition 4.8 (Quantum Fourier Transform And Inverse Quantum Fourier Transform).
Let 2" = N. We define the quantum Fourier transform on n qubits, or QFT, to do the
following on basis states.
mn__ 2wijk . . . .
17) — QL% S22 e |k). One can check that this operation is unitary.
The inverse quantum Fourier transform, or QF7T~! does the following on basis states.
_2mijh

17) — QL% ZZ;BI e~ ~ |k). One can check that applying QFT and then QFT ™! returns
identity.

Theorem 4.9. The QFT gate (and also the QFT " if we take the dagger) operating on N
qubits take at most O(N?) basic quantum gates.

Proof. We claim that the following series of quantum gates is equivalent to the QFT.

Let f(z) be a function returning a series of quantum gates, with « denoting the xth qubit.
Define f(z) as

(1) A Hadamard on the zth qubit.
(2) For every qubit & that satisfies x < k < N, a controlled phase gate with phase
o= Q,f_% operating on qubit x, with qubit k£ as the control.
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Now, we claim the QFT gate is equivalent to f(1)f(2)f(3)... f(n) followed by swap gates
with the & and the n — k4 1 qubit for all k € [0, | %]]. This takes O(N?) quantum gates by
elementary combinatorics .

We now prove that this is equivalent to the QF'T gate.

Let the nth qubit be in state |z,) initially. We assume it is not in superposition (it is
either |0) or [1)).

Applying our operation (which we want to prove is the QF'T) turns

®i]11 |z;) QT QL% ®fil(|0) + 20z —it1@n—it2@n—its-@nl 1)) where 0.abed ... denotes a

decimal in binary.
Then, we have

N
1 , 1
_];® 2F1[0~$n—i+1rn—i+2$n—i+3~~~In] |1>) — 2_%®(|0> _|_627F1[2711Ez$3 Tn—i-Tn—it1Tn—i+2Tn—it3---Tn |1>)
=1 =1
1 N 2miz2V i
:—ﬂ®(|0>+€ 2N 1))
27 5
1 2N71 27r1<'7w ‘
=ox e
2%
as desired. ]

5. CIRCUITS AND BASIC QUANTUM ALGORITHMS

5.1. Drawing A Circuit. To draw a quantum circuit, several rules are applied.

Rule 5.1.1. The initial quantum state starts on the left and the final quantum state is on
the right. Thus, the algorithm goes from left to right.

Rule 5.1.2. Rectangles represent a local unitary or measurement on the quantum state.
H, X,Y, 7 represent the Hadamard and Pauli gates, respectively. A meter icon represents
the measurement in the quantum state’s computational basis.

[¥) Kl A [¢)

Ezample. - )
|¢) — Unitary —— [¢%)

Where the [1)*) state decohered.

Rule 5.1.3. A CNOT gate is generally written as a shaded dot on the quantum state indi-
cating the control, and an XOR symbol on the quantum state getting flipped. A line connects
the two.

) —— ¢)
Ezxample. |p) —B— |o*)
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Rule 5.1.4 (Extension Of Rule 5.1.3)). A shaded dot always indicates a control of any op-
eration. Multiply qubits can do a control on another qubit. The operation only runs if all
of the controls are 1. Specific to our paper, U denotes the unitary operation performed C
times, where C' is the value of the control.

Rule 5.1.5. A classical wire has two lines, unlike a quantum wire which has one line. They
both mean a control, but a classical wire means that the quantum state was measured, and
the information is sent classically.

5.2. Quantum Teleportation. Quantum teleportation is a quantum algorithm that solves
the following problem. Alice and Bob share a pair of maximally entangled qubits, and are in
different locations. Suppose Alice has a qubit, and wants to give it to Bob without physically
moving it (because this can risk decoherence). How does she do so?

The algorithm to accomplish such is represented by the circuit diagram below.

Let |£) denote the system state.

&) &) &) €4)

¥) [ AR i
0) {H—d-— = |
0) o——— i X : )

Notice that the Hadamard and controlled ﬂlp initialize the maximally entangled state.

Let [¢) = a[0) + B]1).
€)) = |000) +a|011>+ﬁ|010>+m001)

&) = (]100) +|000>+|011>+\111))+ﬂ(\010)+|001) [101)—|110))

Now, four different measurements can result for |3). Let the measurement of the first two
qubits result in |ab). Then, let |£3), denote the system state if the first two qubits resulted
in the number k written in binary.

€3)0 = 00) @ (r[0) + B[1)).
€3), = |01) ® (a[1) + 30))
€3)5 = [10) ® (ar[0) — B1)).
&3)3 = [11) ® (a[1) — B10))
Then, for |&,), we have

€40 = 00) ® (a|0) + B [1)).
€)1 = [01) ® (a|0) + B [1)).
[€4)5 = [10) @ (r[0) + B[1)).
[€4)5 = [11) @ (2 [0) + B[1)).

In all scenarios, the third qubit is now |¢), as desired (teleportation was achieved).

5.3. Deutsch’s Algorithm. In Deutsch’s algorithm, a function f: {0,1} — {0,1} is used
as quantum oracle O,, such that |k) % (—1)7®) |k).

Remark 5.1. A more natural characterization of the quantum oracle O,, is |k, [) % |k, L@ f(k)).
However, if we define a new quantum oracle O, = (I ® H)O,(I ® H), then the quantum

oracle becomes |k, 1) % (=D)Y® |k 1), If we let |I) = |1), then we have the oracle stated
above.
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Our goal is to find f(0) @& f(1). A classical computer finds this deterministically with two
calls to the oracle.

However, notice that the classical computer got extra information. We don’t need to know
f(0) to find f(0) & f(1), but the classical computer will know it. This suggests a quantum
computer may be able to provide an advantage because it will only output the necessary
information.

Deutsch’s algorithm solves the problem deterministically with ONE oracle inquiry. The
algorithm is shown below.

Ezercise. Prove this algorithm returns the desired result.

[11) [12) |03)
0) < # —HO0uw F—H{H =

Proof. |i1) = |0}|1>.
Now, since the oracle’s action is dependent on the function, we do casework on the function.
Let the subscript ¢ denote the function with f(0) = f(1), and let the subscript b denote
the function with f(0) # f(1).

By noting that global phases don’t matter, we get

[tha), = [n) = 1L
W’ > - |O\[>

Thus

|¥s), = 10)

|77Z}3>b = |1>

as desired.

6. CONTINUED FRACTIONS
Before we proceed with Shor’s algorithm, we discuss the basics of continued fractions.

Definition 6.1. A continued fraction is a possibly infinite sequence of numbers a1, as, as, . . .
representing positive number r. Specifically, let 7o = r. Then, a,, and r,, are defined by

a, = |rn] (if 7, is an integer we terminate the sequence OR let a,, = |[r,| — 1, a,41 = 1
and then terminate the sequence. 7, = —

Then, we have

T=ag+

Tn—an
al+ﬁ
LZ2
Definition 6.2. Let the nth convergent of the continued fraction of p be the continued

fraction of p truncated to n terms.

Definition 6.3 (Continuants). Let ay,...,a, be a sequence of integers. The continuant
K(ay,...,a,) is defined recursively by

K()=1, K(ay) = ay,

and for n > 2,
K(ay,...,a,) = apK(a1,...,an-1) + K(ay,...,a,_2).
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This definition may seem a bit uncalled for, but it is because we can express a continued
fraction in terms of the ratio of continuants.

Theorem 6.4 (Continuants and continued fractions). Let

1
[al;a27"'7an]:al+ 1
as + —1
4+ —
an
be a finite continued fraction. Then
K(ay, ..., a,)
[al,ag,...,an] = K(CLQ’,,,,an).

Note that these fractions are in their simplest form.

Theorem 6.5. Let the nth convergent be written as Z—: (in most simplified form). Then
Pn = nPn—1 + Pn-2,qn = AnGn—1 + qn—2.

Proof. p, = K(ay,...,a,) = a,K(ay,...,a,-1) + K(a1,...,an_2) = ayDn_1 + Pn_o-
qn = K(ag,...,a,) = a,K(ag,...,an_1)+ K(ag,...,ay—2) = GnGn-1 + qn—2 as desired.
Note that p_o =0, p_1 =1, g2 = 1, g1 = 0 works as a negative index (because py = a,,
go = 1 by plugging in the reucurrence, which is correct).
[ |

Theorem 6.6. Let the nth convergent be written as Z—: (in most simplified form). Then
Pndn—-1 — Pn—14n = (_1)

n—1

Proof. We have
<O 1 ) <pn—1 Qn—1> _ ( Pn Gn >
I ansr DPn qn N DPntl Gne1 )
Hence, by multiplicity of determinants, we have —(ppgn—1 — pPn—1¢n = (—1)"), SO Pngn_1 —

Pn—14n = (_1)71—1.
|

Theorem 6.7 (Legendre’s Theorem). Let £ be a fraction. If |z — §| < #, then § (in
simplified form) is a convergent of x.

Proof. We follow the proof given in [HW79).

Let us Writex—§: q%, where 0 < 6§ < %

Let the convergents of g be Z—g, %, e %, where n is odd (we can choose this because of
the final ambiguity stated in the definition of continued fractions).
Let w= 1 — qz;l, or = —I» — Note that w > 1.

0 qn—11+wqn
Thus
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+
qn Qn<Qn71 +w * Qn)
(Pngn + (1)" ™) + wpngn
Gn(Gn—1 + wan)
Pn—1 + Wphn
qn—1 + wdn .
Let the continued fraction list of w be k. We can write x = [ao; a1, as, as, . .. a,, k]. Thus
§ is a convergent of x, as desired.

7. SHOR’S ALGORITHM

We now examine Shor’s algorithm for factoring N = pq. We will assume in this algorithm
that N is odd, because this can be easily checked. The algorithm uses both classical and
quantum computers for factoring. The procedure of this algorithm is as follows.

(1) Pick a number a such that 1 < a < N. If ged(a, N) = 1, proceed. Otherwise, the
ged is a prime factor of N, and we are done.

(2) Find the order of a for modulo N. Let the order be 7.

(3) If 7 is odd or az = —1 (mod N) then go back to step 1 by picking a different a.

(4) Otherwise, we know (az —1)(az +1) =0 (mod N) and none of the two numbers are
divisible by N. Hence, compute ged(az + 1, N) and you will get one of the prime
factors.

Now, we state two theorems.

Theorem 7.1. Let p be a prime, and let k be a natural number. If k | p—1, then the number
of integers a € [1,p — 1] such that the order of a modulo p is k is ezxactly p(k).

Proof. 1t is clear that k|p — 1 is required.
Let y be a primitive root in modulo p. Then, let x = y*. We therefore have that the

order of x modulo p is ﬁ_lla). For this to equal k£, we need a to be a multiple of p%l and
relatively prime to k, while not exceeding k (since a < p). This is exactly ¢(k), as desired.

Theorem 7.2. Let N = pq for primes p and q that are not 2. Then
P(r is odd or a? # —1 (mod N)) < L for a randomly chosen a between 1 and N.

Proof. P(r is odd or a2 = —1 (mod N)) < P(r =1 (mod 2)) +P(az = —1( (mod N))).
Consider modulo p and modulo ¢ separately.
We know the order of @ modulo N is the least common multiple of the order of @ modulo
p and the order of @ modulo ¢ by the Chinese Remainder Theorem. The probability of the

order a modulo p is odd, by our formula from earlier, is
i1t moa 2P 1 .

p—1 va2(p—1) Z 3
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This is from the identity >, (i) = k.

Hence, the probability of the order @ modulo N is odd is at most }l

Now, for the second term, we also consider modulo p and modulo q. By Chinese Remainder
Theorem, az = —1 (mod p) and a = —1 (mod q).

This means that 2-adic valuation of the order of @ modulo p is the same as the 2-adic

valuation of the order of a modulo ¢, and they are both even. Now, the probability that
the 2-adic valuation of the order of a modulo p is x is Zi'(p‘”};”_?i“:”” o) _ U21(p) <i

the probability the 2-adic valuation of the order of @ modulo p is the same as the 2-adic
valuation of the order of a modulo ¢ is at most i.
%—i—i:%, so we are done. [ |

Hence,

Hence, in the third step of Shor’s algorithm we will proceed with a probability of at least
%, and most likely higher. Notice that calculating the ged is extremely efficient using Euclid’s
algorithm (time complexity is at most O(n?), where n is the number of bits because we have
at most O(n) subtractions and each subtraction takes at most O(n) time because there are
at most n digits).

Thus, the only non-polynomial part of this algorithm for a classical computer is step 2.
Thus, we use a quantum computer for this part.

The quantum algorithm circuit diagram for finding the order is below. Let  be the period.
Let N be written in binary with n bits.

[91) [¥2) |¥3)

|O>®2” —| g®2n

QF Ty, F{~7— [¢y)

M—L 6) 5 |ag (mod N)) : UC

|
n
|

Remark 7.3. The unitary operator in the circuit diagram above acts as identity on N <
¢ < 2V. This is not important to the algorithm but needs to be included so U is a unitary
operator.

Also, for Shor’s algorithm to be physically implemented, there needs to be 3 registers.
This is because when one converts from classical gates to quantum gates, an ancillary is
required. However, in this paper, we have neglected the ancillary.

We will write the current quantum state in two forms, one assuming knowledge of the
period, and one assuming otherwise. They are denoted as n (no knowledge) and p (know
the period).

22n_1
1), Z 1) [1)
22n_1 r—1 72
Y1), 4 a? (mod N))
j=0 a= 0

This i 1s because .
—2T1T
IZ y= 06 " y|ay>_lzy Oréoy!a> 1) as desired.
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22n—1
1
W), =5 D 1i)le’ (mod N)
j=0
1 227 —1 r—1 1 it S
V) = 3o —=y_c ) (mod N)) =
=0 z=0 y=0

j=0 x=0 r y=0
22n_122n_1
s = 7 e H k) Ja? (mod N)).
j=0 k=0

22n 12271 r—1
Ny — 7k —2miz
W= gy 2 2 8 S S e o )
7=0 k=0 z= 0
Now, for |¢;), a measurement is performed on the ﬁrst register. We rewrite |¢)3)  into a

cleaner form, in which |a,) = Y7/~ oe e |a¥ (mod N)). Note that |ag),|a1),. .., |an_1)

form an orthonormal unit basis.

—122n_192n_7]

ﬂ_,L»~22nz—'rk
= e X 2 3 U o)

Thus, upon measurement of the first reglster (abbreviated |¢)), we have
|

2n
2_24nrz |1 e2
]_,

27 (

—rk

2
|2
22 to— 'rk
o)

]P’(|¢> |k>) — 24nr Z |22 n-1 27”]( 2217%

To simplify this further, we recall an elementary identity from precalculus:
[1—e?2=(1—¢?)(1—e®) =2—¢?—e®=2—2cos(¢) = 4sin(2)%.

Abbreviating 0, = (222§;:k)) (do not confuse this with §; ;), we have

: 2n

P(l9) = |k) = 57 Lo | Phacss I

This is very clean.

Now, we will make several approximations. Note that Shor’s algorithm is in complexity
class BQP, meaning it successfully runs with O(1) > % probability of success. However, if
0(1) < %, then we can repeat the algorithm O(1) times to get our desired success rate, and
thus it won’t change quantum gate complexity. Thus, we prove that Shor’s algorithm runs
successfully O(1) percent of the time.

We notice that there is an appropriate choice of k such that for one of the z (specifically,
the closest approximation of Z-2 ), [62] < 57 Call that value of k such that
this occurs o,. From Taylor expansion (there are more accurate methods like the slope of
the secant line from z = 0 to = 7, but this will suffice), we have

26n53
2°7(1

: 22n6 7|—22n5 _
P(6) = lon)) 2 o BB > 4z T

= 24np g
Note that % ~ 0.35.

2
= 24”r B 24)| 2 %(1 L)2~
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Therefore, with probability at least 35%, our measurement returns the closest approxi-
mation of 22"§ as an integer, where x is a random number between 0 and r that we do not

know. Because of Euler’s Generalization of Fermat’s Little Theorem, we have r < N < 2".
2271

Now, let A =% and let B = Lﬁ] We know B, and we wish to find A.

We know |[A — B| < 51 < 337 < 55 and the denominator of A is less than N, by
Legendre’s theorem, A is a convergent of B. Now, we claim that for fraction S with de-
nominator less than N such that |S — B| < 5 implies S = A. Otherwise, |S — A| > 5,
impossible.

Thus, we search all the convergents up to denominator N and take the first one such that
the inequality from Legendre’s holds. Therefore, we will be able to retrieve .

When we retrieve £, if x is not relatively prime to r, our denominator will not be the

actual value of r. This can be resolved. Run the algorithm twice. Then, we will get numbers

L 2. The chance that the least common multiple of the two denominators is not r is at
most (a summation of all primes) IT,(1 — =) < T2, (1 — 5) = Moo, =t — 1 which is
O(1).

Thus, the error in Shor’s algorithm is bounded by O(1).

7.1. Time Complexity. We now examine the time complexity of Shor’s algorithm. The
classical parts of Shor’s algorithm are very fast, so we ignore them. Instead, notice that the
Hadamard gate takes 2n basic quantum gates, and the QFT inverse takes at most O(n?)
quantum gates. Now, for the controlled unitary, we realize that the classical time of this
gate is greater than or equal to the quantum time of this gate because the Toffoli gates are
complete, so we can convert classical gates to quantum gates.

Now, our classical function has inputs C, ¢ and outputs a® * ¢ (mod N). We can create
a search table for each C' a power of 2 (we store around 2048 values). Thus, the number of
multiplications required is the number of ones in C' plus 1, which is O(n) multiplications. The
standard method of multiplication takes O(n?) time. Thus, the quantum time complexity of
Shor’s algorithm is O(n?) which is polynomial in the number of bits, n. This is much faster
than the general number field sieve, which is sub-exponential, demonstrating the power of
Shor’s algorithm.
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