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Abstract

The Fourier coefficients of a periodic function are not arbitrary numbers: how quickly they
shrink is a precise fingerprint of how smooth the function is. This paper develops that single
idea into one explanatory chain,

regularity = coefficient decay = convergence behavior.

We begin with the Riemann—Lebesgue lemma, which guarantees that coefficients fade to zero
but says nothing about how fast. An integration-by-parts argument then upgrades this into
a quantitative law: each derivative the function possesses contributes a factor of 1/n, so that
functions with k continuous derivatives have coefficients of order o(|n|~*), while real-analytic
functions enjoy exponential decay. We show that fast enough decay (absolute summability)
forces uniform convergence, and we record the clean sufficient condition that any continuously
differentiable function has a uniformly convergent Fourier series. We then study the failure
case. Dirichlet’s theorem identifies the limit at a jump as the midpoint of the one-sided values,
while the Gibbs phenomenon exposes a persistent overshoot near a jump (about 8.95% of the
jump height in the model cases we compute, and present at every jump of a piecewise-smooth
function) that no number of terms can remove, only narrow. A comparison of a square wave,
a triangle wave, and an analytic function makes the trichotomy 1/n vs. 1/n? vs. exponential
concrete. As a bonus, a single application of Parseval’s identity to the sawtooth evaluates
the celebrated Basel sum, ., ,-,1/n?* = 72/6. Finally, Fejér’s theorem shows that averaging
the partial sums restores good behavior, and we explain why: the Fejér kernel is nonnegative,
whereas the Dirichlet kernel changes sign and has a logarithmically growing L' norm. That one
distinction is the deep source of both the Gibbs overshoot and its cure.

1 Introduction

The first thing anyone learns about Fourier series is that a periodic function can be rebuilt out of
sines and cosines. That is true, but it is only the beginning of the story. The interesting question,
the one that makes the subject worth studying, is how well this rebuilding works, and what decides
the answer.

Here is the picture to keep in mind. A Fourier series is like a recipe: it builds a function by
mixing together “pure tones,” the simple waves cosnz and sinnx of frequency n. The Fourier
coefficients are the amounts of each ingredient. Some functions are easy to build: a few ingredients
already give an almost perfect copy. Others are stubborn: no matter how many ingredients we
add, the reconstruction keeps wobbling, especially near sharp features. The thesis of this paper is
that the difference is governed by one property of the original function: its reqularity, meaning how
smooth it is.



The slogan, made precise in the sections below, is that smoothness controls how fast the high-
frequency ingredients become negligible:

How does the reqularity of a periodic function determine the decay of its Fourier coeffi-
cients, the convergence of its Fourier series, and the appearance of Gibbs-type oscillations
near discontinuities?

A rough or discontinuous function needs large amounts of high-frequency tones, so its coefficients die
away slowly, typically like 1/n. A smoother function gets by with much less at high frequency, so its
coefficients fall off faster, like 1/n2, or 1/nF, or even exponentially fast for the smoothest (analytic)
functions. Slow decay and poor reconstruction go hand in hand, and a jump in the function leaves
an unmistakable visible scar. We organize everything around the chain of implications

o~

regularity of f = decay rate of f(n) = mode of convergence of Sy f. (1)

Figure 1 previews the whole paper in one image. Each panel shows a function together with an
approximation that uses the same number of Fourier ingredients. The discontinuous square wave
is reconstructed poorly and rings near its jumps; the continuous (but cornered) triangle wave is
reconstructed well; the analytic function is reconstructed so well that the approximation cannot be
told apart from the target by eye. The only thing that differs between the panels is the smoothness
of the function, read through the chain (1).
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Figure 1: Reconstruction quality at a fixed budget of terms is governed by smoothness. Each partial
sum uses frequencies up to N = 6; the analytic example is the Poisson kernel with » = 0.7. Left: a
jump gives slow (1/n) decay and a poor, oscillatory fit. Center: a corner gives faster (1/n?) decay
and a good fit. Right: an analytic function gives exponential decay and a nearly exact fit.

How to read this paper. The argument is a chain, and each link is one short section. Section 2
sets up notation in plain terms. Section 3 shows coefficients always vanish. Section 4 is the heart
of the paper: it proves that smoothness controls how fast they vanish. Section 5 turns decay into
convergence. Section 6 looks closely at what happens at a jump. Section 7 establishes the Gibbs
overshoot and computes its size. Section 8 works the three examples in full. Section 9 pauses for
a famous application, evaluating the Basel sum > 1/n2. Section 10 shows how averaging cures the
bad behavior, and explains the reason. Section 11 steps back. Statements of the famous theorems
are attributed to standard references such as Stein-Shakarchi [1], Katznelson [2], Korner [3], and
Zygmund [6].



2 Setup and conventions

We work with 27-periodic functions, which we think of as functions on the circle T = R/27Z (going
once around the circle is the same as moving by 27). For an integrable function f,' the Fourier
coefficients are the numbers

~ 1 (7 4
f = 5 [ s@ein wez, &)
and the Fourier series of f, together with its symmetric partial sums, is
f~ Y e, Snfx) = > fln)em. (3)
n=-—00 n=—N

Using the complex exponential €™ = cos nx + i sin nx keeps the bookkeeping short; the equivalent
“real” form is

1 ™ s

o0
+ E (an cos nx + by, sin nx), ap = — fecosnxdx, b,=— fsinnx dx,
n=1 ™) TJ—m

ao
2
where f(O) = ap/2 is just the average value of f, and for n > 0 one has f(:l:n) = 1(an Fib,). The
partial sum Sy f is exactly the reconstruction “using ingredients up to frequency N.”
It is convenient to measure sizes and overlaps with the normalized inner product and norms

(9) = o [ F@a@de 1= o [ f@Fdn il = [ 5@ do

2m -7 -7

(The complex conjugate on g is essential.) The point of this choice is that the pure tones e, (z) = ™
then form an orthonormal family: (em,en) = 1 if m = n and 0 otherwise. In this language the
coefficient f(n) = (f,en) literally measures “how much of the tone e* is present in f.” Two

standard facts will be used freely [1]: Bessel’s inequality >, |f(n)|? < 1113, and, for finite-energy
f, Parseval’s identity

(e 9]

> [Fm)|" = s, @

n=—oo

which says the total energy of f equals the total energy of its coefficients, a conservation law for the
recipe.
3 Coefficients must vanish: the Riemann—Lebesgue lemma

The first structural fact costs us nothing in smoothness: for any reasonable function, the high-
frequency ingredients become negligible.

Theorem 3.1 (Riemann-Lebesgue [1, 2]). If f € LY(T), then f(n) — 0 as |n| — oo.

"L*(T) is the class of integrable functions, those with finite total area 5~ [ _|f| < oo; L*(T) is the smaller class of

finite-energy functions, with i ffﬂ |f|* < co. Every continuous function on the circle belongs to both, so a first-time
reader may safely picture “reasonable” functions throughout.



~

Proof. From (2) we have the crude bound ‘f(n)‘ < |If|l;, valid for every n. Fix a tolerance ¢ > 0.

Smooth functions are dense in L!(T), so we may pick g € C*(T) with ||f — g||; < &. For the smooth
g, one integration by parts (the calculation is Lemma 4.1 below) gives g(n) = ¢’(n)/(in) for n # 0,
hence

/

In|  Inj—oo

Now compare f with g: since coefficients depend linearly and continuously on the function, ‘f(n)) <

[Fn) = gOm)| + 100 < 1 = gll, + [§)]. Letting [n] — oo gives limsupy, . | f(n)] < ¢, and
since € was arbitrary the limit is 0. O

Remark 3.2. The lemma is purely qualitative: it says the coefficients vanish, but not how quickly.
The rate is exactly what regularity controls, and recovering it is the business of the next section.
Notice that the proof already contains the key mechanism in miniature: borrowing one derivative
from g produced one factor of 1/n.

4 Smoothness controls the rate of decay

Everything in this paper runs on a single identity, which says that differentiating a function multi-
plies its n-th coefficient by in.

Lemma 4.1 (Differentiation rule). Let f be 2m-periodic and continuously differentiable (more gen-
erally, absolutely continuous with f' € L'). Then

f’(n) = in f(n), n € 7. (5)

Proof. Integrate by parts in the definition of f’ (n):
f/(n) = i /7T f/(l‘)efmff dx = i [f(x)efinzrr 4 ﬁ /7T f(l‘)efmm dr
2 - 2w - 2m J_, )

The boundary term is % (f(ﬂ') — f(—ﬂ))e_m”, and it vanishes because f(m) = f(—m) by periodicity.

What remains is exactly in f(n). O

~

Read (5) backwards: if f is the derivative of something smoother, then its coefficients are the
smoother function’s coefficients divided by n, so they are smaller. Iterating this turns derivatives
directly into powers of 1/n.

Theorem 4.2 (Smoothness = polynomial decay [1]). If f is 2w-periodic and has k continuous
derivatives (f € C*(T)), then

_ )
Foy = Lo nro (©
and consequently
I ’f(n)‘ - ‘f@)(n)] =0 e F(n) = o(|n| ™).

If in addition f*) is bounded, then )f(n)} < Hf(k)Hoo In| 7% = O(\n\_k)



Proof. Apply Lemma 4.1 repeatedly: f(n) = f’(n)/(m) = ?ﬁ(n)/(m)2 = ... = f/(k\)(n)/(m)k,
which is (6). The decay statement is the Riemann-Lebesgue lemma (Theorem 3.1) applied to the
integrable function f*). The bounded case follows from ‘f(k) (n)’ < Hf(k) HOO O

Remark 4.3 (Exactly how much smoothness is needed). The hypothesis “f € C*” is the cleanest,
but slightly more than necessary. What the proof actually uses is that one may integrate by parts
k times: it is enough that f*=1 be absolutely continuous with f*) € LY(T) (in the language of
Sobolev spaces, f € W*1(T)), with the periodic boundary values matching. Absolute continuity
is precisely the condition that makes the boundary terms behave and the fundamental theorem of
calculus apply. We will lean on this sharper form in the triangle-wave example, where the function
has a corner and so is not C'.

The slogan is exact: each derivative the function possesses buys one factor of 1/n in its coef-
ficients. A function that is infinitely differentiable therefore has coefficients decaying faster than
every power of 1/n. At the very top of the smoothness hierarchy sit the analytic functions (those
given locally by a convergent power series), and they are detected by exponential decay.

Proposition 4.4 (Analyticity < exponential decay [2]). Let f be 2m-periodic.

(i) If f extends to a bounded holomorphic (complez-differentiable) function on the strip {z € C:

Im z| < a}, then for every o’ < a there is a constant C' with f(n)’ < CeInl,

(ii) Conversely, if ‘f(n)‘ < Ce~" for some a > 0, then the series (3) converges to a function g

that extends holomorphically (hence is real-analytic) to the strip [Ilm z| < a, and g = f almost
everywhere; if f is continuous, then f = g everywhere.

Sketch. For (i), the integrand in (2) is holomorphic and 27-periodic, so Cauchy’s theorem lets us
slide the contour from the real axis to the line Imz = —o sgn(n) for any o < a without changing

the integral. On that line [e~™*| = e~ "7 which gives ’f(n)’ < (SuPsyip |f1) el For (ii), the
exponential bound makes ) fA(n)e'mZ converge uniformly on every smaller strip |[Imz| < ¢’ < a
(since ‘f(n)emz) < Ce~(@=a)Inl g summable there) to a holomorphic limit g; its restriction to the real

axis has the same coeflicients as f, so g = f almost everywhere by uniqueness (Corollary 10.2). O

Theorem 4.2 and Proposition 4.4 together establish the first arrow of the chain (1): regularity
determines decay, on a scale that runs from slow polynomial decay (few derivatives) all the way up
to exponential decay (analyticity).

5 Decay controls convergence

Now the second arrow: from decay to convergence. First a word on what “convergence” should
mean. The weakest useful notion is pointwise convergence: Sy f(x) — f(z) at each individual
point z. A much stronger and more desirable notion is uniform convergence: the worst-case error
sup, |Sn f(x) — f(z)| over the whole circle tends to 0, so there are no stubborn bad spots anywhere.
The basic principle of this section is that fast decay buys uniform convergence.

o~

Proposition 5.1 (Absolute summability = uniform convergence). If > ‘f(n)‘ < 00, then Sy f
converges uniformly on T to a continuous function. If moreover f is continuous, the limit is [ itself.



Proof. Each term satisfies sup,

f(n)emx = ’f(n)’, so by the Weierstrass M-test the series (3)
converges uniformly to some continuous function g. Because uniform convergence lets us integrate
term by term, g has the same Fourier coefficients as f; and a continuous function is determined by
its coeflicients (uniqueness, Corollary 10.2), so g = f whenever f is continuous. O

Combined with the decay theorem this already settles smooth functions: if f € C?(T) then
‘f(n)‘ = O(n~?2), which is summable (because > 1/n? converges), so the Fourier series converges

uniformly. But we can do better with less: a single derivative already suffices.

Theorem 5.2 (C! = uniform convergence [1]). Let f be 2m-periodic and continuously differentiable
(more generally, absolutely continuous with f' € L*(T)). Then'y_,

f(n)’ < 00, so the Fourier series

of f converges to f absolutely and uniformly.

Proof. Use the differentiation rule (5) to write ‘f(n)‘ =
Cauchy—Schwarz inequality:

;}mmjzz‘;,

n#0

f’(n)’ /|n| for n # 0, then apply the

) 1/2
F(m)| ) .

The first factor is the finite number (72/3)Y/2, since > n£0 n~2 = 2((2) = 72/3. By Parseval’s
identity (4) the second factor equals || f’||, < co. Hence the coefficients are absolutely summable,
and Proposition 5.1 finishes the proof. O

P < (z 73)/ (z

n#0 n#0

Remark 5.3 (A clean sufficient condition). Theorem 5.2 is a sufficient condition for uniform conver-
gence, and a particularly clean one, though it is not a sharp dividing line (there are non-differentiable
functions whose Fourier series still converge uniformly). What is decisive for the absolute method
is summability of the coefficients. Decay like 1/n? is summable, so a function with that rate (a
triangle wave, say) converges uniformly; decay like 1/n is not summable, so this route fails for a
square wave. This is no accident: a uniform limit of continuous functions must be continuous, so the
Fourier series of a discontinuous function can never converge uniformly. The slow 1/n tail and the
discontinuity are two faces of the same coin, and their shared signature is the Gibbs phenomenon
of Section 7.

6 A close look at a jump

What happens exactly at a discontinuity, where uniform convergence is off the table? To answer
this we rewrite the partial sum as an averaging operation. Summing the geometric series in (3)
gives
N . 1
1 [7 , sin((N + 3)t)
S = — —t) Dy (t) dt Dn(t) = e 207
@) =50 [ fe=0Dxd Dy = 3 e = T,
n=—N
where Dy is the Dirichlet kernel. Think of Dy as the “lens” through which the partial sum views
f: Snf(z) is a weighted average of nearby values f(z — t), with weights Dy (t). The lens has total
weight 1, that is, 5= [ Dy dt = 1.



Theorem 6.1 (Dirichlet [1, 6]). Let f € LY(T), and suppose that at a point x the one-sided limits
f(@™), f(x™) exist and f is well-behaved there (for instance, it has a left-hand and a right-hand
derivative). Then

@)+ fa)
SNf($) N—o00 2 '
In particular, at a point of continuity the series converges to f(x); at a jump, it converges to the
midpoint of the two one-sided values.

Sketch. Because % foﬂ Dy = % and Dy is even, the difference between Sy f(x) and the proposed
midpoint limit equals

1 ™

1 sin((N + %)t)
2m Jo

sin(t/2) "

(F@+1 = @) + [fla =1 = 7))
The one-sided derivative hypothesis means each bracketed difference shrinks at least linearly in ¢,
so dividing by sin(¢/2) leaves an integrable function of ¢t near 0. The Riemann-Lebesgue lemma
applied to that function sends the whole integral to 0. O

Remark 6.2 (Why the partial sums can misbehave). The Dirichlet lens is a treacherous one. Unlike
an honest averaging weight it takes negative values (Figure 4, left), and its total size (the Lebesgue
constant) grows without bound [6]:

1 s

4

—T

Negative weights let the average overshoot the data, and the growing size lets the overshoot persist.
This is the analytic reason partial sums can converge slowly and ring near jumps. As we will see, it
is exactly what Fejér’s averaging repairs.

7 The Gibbs phenomenon

Dirichlet’s theorem tells us the partial sums converge to the midpoint et a jump. It says nothing
about their behavior in a shrinking neighborhood near the jump, and there something remarkable
and permanent appears.

The cleanest example is the sawtooth

[o
S nax ™

g(w)zz — =5 0 <z <2m, (7)

n=1
extended 2m-periodically. It has a jump of height 7 at = = 0, with g(0") = 7/2 and g(07) = —m/2.
Theorem 7.1 (Gibbs, model case [3, 6]). Let Syg(x) = SV, sine  Thep

n=1 n
lim S (”) /7r SN Si(r) ~ 1.851937 > - ~ 1570796
1m — | = —_— =Dl(7T) =~ 1. — = l. .

So the partial sums overshoot the upper value g(07) = 7/2 by the fized amount Si(r) — 7~ 0.2811,
which is a fraction

Si(m)

™

1
— — =~ 0.0895
2

of the jump height w. This overshoot of about 8.95% does not depend on N; only its location
xn = /N — 0 slides toward the discontinuity.



Proof. Evaluate the partial sum at the special point x = 7/N and recognize a Riemann sum:

With sample points t, = nm/N and mesh At = _7r/N, the right-hand side is a Riemann sum for
Jo 22t d¢ (the integrand extends continuously by 2t — 1 as ¢ — 0). Therefore Syg(m/N) — Si(r).

Since g approaches 7/2 from the right, the stated overshoot follows by subtraction. O

For a square wave of amplitude +1 the same computation gives a peak of %Si(ﬂ') ~ 1.1790,
i.e. an overshoot of about 17.9% of the half-height, equivalently 8.95% of the full jump on each
side. Figure 2 shows this directly: as N increases through 11,41,161, the ringing crowds ever more
tightly against the jump, yet the height of the first spike refuses to shrink.

Square wave and its partial sums 14 Zoom near the jump: the overshoot does not shrink
overshoot — 2 Si(m) 2~ 1.1790
1.0 A\ o //\ 1.3 1 (~8.95% of the jump)
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Figure 2: The Gibbs phenomenon for the square wave (amplitude +1). Left: the function and two
partial sums. Right: a zoom on the jump at £ = 0. For every N the first overshoot approaches
2 Si(r) ~ 1.1790; raising N narrows the spike but never lowers it.

Remark 7.2 (The same overshoot at every jump). The constant above is not special to the sawtooth.
At any jump discontinuity of a piecewise-smooth function, the partial sums overshoot by the same
universal fraction of the local jump, because near the jump the function looks like a scaled, shifted
copy of the sawtooth model; see [6]. The 8.95% figure is therefore a genuine feature of Fourier
reconstruction, not an artifact of one example.

Remark 7.3 (Overshoot versus energy). The Gibbs overshoot is the visible face of Remark 5.3: the
non-summable 1/n tail of a jump function blocks uniform convergence in every neighborhood of the
discontinuity. It does not block convergence in energy, however. Because the spike’s width shrinks
like 1/N while its height stays bounded, its contribution to the total energy tends to 0, and indeed
Snf — fin L%(T) for every finite-energy f.

8 Three case studies

We now run the chain (1) on three functions of increasing smoothness. Their coefficients realize the
trichotomy 1/n vs. 1/n? vs. exponential, and Figure 3 displays all three rates on one set of axes.



Example 8.1 (Square wave: a jump, decay 1/n). Let f(z) = sgn(sinz), which equals +1 on (0, 7)
and —1 on (—m,0). It is an odd function, so all a,, = 0, and we compute the sine coefficients once,
in full. Since f(z)sinnx is even and f =1 on (0, ),

1 /7 5 o7 - .
b, = — f(ﬂ:)sinmsda::/ sin na de — = |:COSn:L‘:|
0 s B

=—(1-(-1").

T ) 0 n ™
Thus 4
by = an’ n odd, “ éi 2k+ 1z )
0, n even, [ 2k +1
Only the odd harmonics appear, and the nonzero ones satisfy |bogi1| = ﬁ’ i.e. they decay at

the rate 1/n, the slow rate forced by the jumps at 0, £m7,.... The coefficients are not absolutely
summable, the convergence is not uniform, and the Gibbs overshoot is present. At each jump the
partial sums converge to the midpoint 0, exactly as Theorem 6.1 predicts.

Example 8.2 (Triangle wave: a corner, decay 1/n?). Let f(z) = |z| on [—7, 7], extended pe-
riodically. It is continuous but has corners at 0,4, ..., so it is not C', and we cannot apply
Theorem 4.2 with & = 2 directly. Instead we use the differentiation rule once. The derivative is
f(xz) = sgn(x) on (—m, ), essentially the square wave of Example 8.1: a bounded, piecewise con-
stant function (of bounded variation) whose coefficients are of size O(1/n). By the differentiation

rule (5), f(n) = f'(n)/(in), so
o] =o( )

A direct computation gives the explicit series

cos 2k:+1 )

Ut :*_*Z 2k+1)2

with constant term 7/2 (the average of |z|) and only odd cosine coefficients, of size m. The
single corner costs exactly one power of n compared with the discontinuous square wave. Being
summable, the series converges absolutely and uniformly (Proposition 5.1); there is no Gibbs phe-

nomenon.

Example 8.3 (Analytic: exponential decay). The Poisson kernel

[e.9]

1—r2 :
Py(a) = L P
() 1 —2rcosz + 12 Z e "

n=—oo

has coefficients f(n) = rl"l that decay ezponentially. By Proposition 4.4 this is the signature of a
real-analytic function; indeed P, extends holomorphically to the strip [Im z| < log(1/7). Its Fourier
series converges geometrically fast and uniformly, so a handful of terms already gives an essentially
exact reconstruction; this is the right panel of Figure 1, drawn with r = 0.7.



Function Regularity Coeflicient decay Convergence

Square wave  jump discontinuity =< 1/n (odd n) pointwise, to midpoints; Gibbs
Triangle wave continuous, corners < 1/n? (odd n)  absolute, uniform; no Gibbs
Analytic (P,) real-analytic = rlnl uniform, geometrically fast

Table 1: The chain (1) across three regularity classes (showing the nonzero modes). More smooth-
ness yields faster decay yields stronger convergence.

Fourier coefficient decay as a fingerprint of regularity
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Figure 3: Coeflicient magnitudes on a log-log scale, plotting only the nonzero modes: odd n for
the square and triangle waves, and all n for the Poisson kernel (r = 0.7). The square wave’s
coefficients lie along a line of slope —1, the triangle wave’s along a line of slope —2, and the
analytic function’s plunge below every power law, reflecting exponential decay. Fourier-coefficient
decay is a quantitative signature of regularity and, under Sobolev or analytic hypotheses, an exact
characterization of it.

9 An application: the Basel problem

So far we have used Fourier coefficients to describe functions: how smooth they are, how well their
series converge. But the same machinery can also compute. As a striking illustration, we evaluate
one of the most famous infinite sums in mathematics,

)N NSNS S S
—n? 49 16 ’

whose value FEuler first found in 1735; the challenge of summing it is known as the Basel problem. It
is not obvious that this has anything to do with waves at all, and yet a single application of Parseval’s
identity (4) delivers the answer. Better still, the number we obtain is exactly the constant the paper
already leaned on in Theorem 5.2.

10



The tool is the sawtooth once more. Let f be the 27-periodic function with
f(z) ==, —T<r<T

(the same shape, up to a shift, as the sawtooth of Section 7); it has a jump at = £, and so, in
keeping with the theme of the paper, its coefficients decay only like 1/n.

~

Lemma 9.1. The Fourier coefficients of f are f(0) =0 and
N (_1)n+1

Fny == —

o2 1
(n #0), so that ‘f(n)‘ =3

Proof. Since f is odd, its average value is f(0) = 0. For n # 0, integrate by parts with v = = and
dv = e~ dy:

~ 1 ™ . 1 —inx] T 1 T ]
f(n):/ rze "™dr = — xe. + — e "dx | .
2 J_, 27 —in |__ wm g

+inm 277(_1)n+1

= (—1)" the boundary term equals % ) in

The remaining integral is 0, and using e

" 2
Hence f(n) = (—1)""1/(in), and taking absolute values (with |in| = n) gives ‘f(n)‘ =1/n2 O

Now we feed this into Parseval. On one side, the energy of f is

1 g 1 2 3 71'2
2 2

fll == dr = . = —.
17112 zw/ﬂw YT or T3 3

-2
On the other side, since ’f(n)’ = 1/n? for n # 0 and the coefficients are symmetric in +n,
o0 o0

S i =3 s =23

n=-—00 n#0 n=1

‘ 2

Parseval’s identity (4) equates these two sides, so 2> o, n™2 = 72/3, which is the celebrated
evaluation.

Theorem 9.2 (Basel problem, Euler 1735).

2 G
—n 6
Remark 9.3 (The constant we already used). This is precisely the value invoked inside the proof of
Theorem 5.2, where we needed >, n=2 = 2((2) = 7%/3. There the sum was the “price” of trading
one derivative for faster decay; here Parseval pins down its exact value. It is worth pausing over
what happened: a fact about the energy of a simple straight-line ramp turned into the exact value
of a sum over every positive integer.

Remark 9.4 (The same idea with a smoother function). A similar computation with the triangle
wave f(z) = |r| of Example 8.2, whose coefficients decay like 1/n?, squares those coefficients to
1/n* and yields the companion evaluation

24T 90
=n 90
This is no coincidence: the smoother the function, the faster its coefficients decay, and the higher
the power of n whose reciprocal sum Parseval can reach. Euler’s values of > 1/n%" all arise in this
way, another echo of the paper’s central theme that regularity is stored in the size of the coefficients.

11



10 Taming the oscillations: Fejér’s theorem

The Gibbs overshoot and the slow convergence of rough functions are defects of the ordinary partial
sums Sy. A classical and beautiful remedy, due to Fejér, is simply to average them. Define the
Cesdaro means

1 X 1 (sin((N+1)t/2)>2
onf )

:N+1n:05"f:FN*f’ Fv®) =53 sin(t/2)

Here oy f is the running average of the first NV + 1 partial sums, and it is again an averaging of
f against a lens, the Fejér kernel Fy. The decisive contrast with the Dirichlet kernel is visible in
Figure 4: whereas Dy oscillates and dips below zero, Fi is nonnegative. Together with % f:r Fy =
1 and the concentration of its weight near ¢ = 0, this makes {Fx} an honest averaging family (a
good kernel, or approximate identity).

Dirichlet kernel Dy (changes sign) Fejér kernel F; >0 (a true approximate identity)
15 1 8
10 6
5 47
NN AN ANA AN, IS
0
—r 0 T — 0 m

t t

Figure 4: The two lenses, drawn at N = 8. The Dirichlet kernel Dg (left) changes sign, with its
negative lobes shaded, and its total size grows like log N. The Fejér kernel Fy (right) is nonnegative.
This single difference accounts for both the Gibbs overshoot and its disappearance under averaging.

Theorem 10.1 (Fejér [1, 2|). If f € C(T) then onf — f uniformly on T. More generally, if
f € LY(T) and the one-sided limits f(x*) ezist at a point x, then oy f(z) = 5(f(z7) + f(z7));
and for 1 <p < oo, onf — f in LP(T) whenever f € LP(T).

Sketch. Because Fy > 0, has total weight % J Fn =1, and for each § > 0 has vanishing weight
away from the origin (% f5<‘t|<7r Fy — 0), the family {Fxn} is a good kernel. For continuous
f.osplit onf(z) — f(z) = o= [Fn(t)(f(z — t) — f(z)) dt into the piece || < §, where uniform
continuity makes the integrand small, and the piece |t| > 0, where the vanishing tail weight controls
it. Uniformity comes from uniform continuity of f on the compact circle. The remaining statements
follow from the same good-kernel argument in the relevant norm. O

Fejér’s theorem repays several debts at once.

Corollary 10.2 (Weierstrass approximation; uniqueness). Trigonometric polynomials are dense in
C(T). Consequently, if f € L*(T) has f(n) =0 for all n, then f = 0 almost everywhere.
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Proof. The first statement is immediate: oy f is a trigonometric polynomial that converges uni-
formly to f. For uniqueness, if every coefficient vanishes then oy f = 0, so the L' case of Theo-
rem 10.1 gives f = limoyf = 0 in L', hence almost everywhere. (This is the uniqueness fact used
in Propositions 4.4 and 5.1.) O

The conceptual payoff, though, is the ezplanation of why averaging works.

Remark 10.3 (Positivity kills the overshoot). For a real-valued bounded f, the fact that Fy > 0
and % | Fn =1 makes on f a genuine weighted average of the values of f:

inff < onf(z) < supf for all =, N.

An average can never exceed the data it averages, so oy f cannot overshoot: the Gibbs phenomenon
simply does not occur for Cesaro means. By contrast, the Dirichlet kernel’s negative parts (Re-
mark 6.2) let Sy f overshoot, and its growing Lebesgue constants let the overshoot persist. Figure 5
shows the two side by side on the square wave: Sy rings and overshoots, while oy stays within the
range of f and never overshoots. The same structural property, the sign of the lens, explains both
the disease of Section 7 and its cure here.

Ordinary partial sum vs. Cesaro (Fejér) mean

1.0 A\ ~ N
0.5 1
0.0
—-0.51
— f
-1.0 \F V4 Sy f (overshoots)
\/ \l —— o9 f (no overshoot)
- —7/2 0 /2 ™

Figure 5: Square wave: the ordinary partial sum Say f overshoots near the jumps, while the Cesaro
(Fejér) mean o094 f stays within the range of f and shows no overshoot, illustrating Remark 10.3.

11 Conclusion

We have followed a single thread from smoothness to convergence. The Riemann-Lebesgue lemma
guarantees that Fourier coefficients fade to zero; integration by parts sharpens this into a quantita-
tive dictionary in which each derivative contributes a factor of 1/n, so that a function’s smoothness
can be read straight off the decay rate of its coefficients: polynomial for finitely differentiable func-
tions, exponential for analytic ones. Decay in turn controls convergence: absolute summability of
the coefficients yields uniform convergence, and a single continuous derivative already secures it.
At a jump, where uniform convergence is impossible, Dirichlet’s theorem locates the limit at the
midpoint while the Gibbs phenomenon exposes a permanent overshoot of about 8.95% of the jump.
The three case studies (square, triangle, and analytic) make the 1/n, 1/n?, exponential trichotomy
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concrete. Finally, Fejér’s theorem shows that averaging the partial sums restores uniform conver-
gence and erases the overshoot, for a reason that is structural rather than accidental: the Fejér
kernel is nonnegative where the Dirichlet kernel is not.

One caution worth stating plainly: Fejér’s averaging removes the overshoot, but at a jump it
still converges to the midpoint of the one-sided values, just as the ordinary partial sums do, not to
whatever value the function may have been assigned at the jump itself. Averaging improves how
the series converges, not the limit it is allowed to reach at a discontinuity.

Several natural directions extend this circle of ideas. The finite-energy (L?) theory turns Par-
seval’s identity into a perfect correspondence and, in the form of Sobolev spaces, makes “decay2<—>
| <
oo [4]. The far subtler question of pointwise convergence for general finite-energy functions was set-
tled by Carleson’s theorem on almost-everywhere convergence [7]. And the same philosophy (local
regularity governs the size of transform coefficients) reappears, in sharper and more localized form,
in the theory of wavelets.

regularity” an exact equivalence: f lies in the Sobolev space H*® precisely when Zn(1+n2)3
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