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Abstract

Bessel functions are solutions to the Bessel Equation, which arise in a va-
riety of fields such as Physics and Number Theory. This paper provides an
introduction to the Bessel Functions by detailing the derivation of the Bessel
Functions of the First and Second Kinds using the Frobenius Method. Their
key properties such as when they are linearly dependent and some important
identities that are used are explained and proved. It also provides a short in-
troduction to Modified Bessel Functions, which have to do with exponential
growth and decay rather than oscillations like the normal Bessel Functions. It
concludes with two examples of the applications: the Gauss Circle Problem
and the Heat Equation on a Cylinder.

1 Introduction

This paper will cover the Bessel Functions that arise from solving the Bessel Equation,

d? d
x2d—;é+x£+ (mz—nz)y:(),
which is an equation that arises in a variety of different fields, and especially in physics.
They occur specifically in problems that involve cylindrical symmetry, such as heat
diffusion in a cylinder, electromagnetic waves, vibrations, and quantum mechanics.
This paper aims to show how they come up, how the functions are derived through
the Frobenius Method, their properties, their applications, and a modified version of
them.

Section 2 will cover the background knowledge required for this paper including the
linear independence of functions, the Wronskian, the Gamma and Digamma functions,
and the Laplacian and cylindrical coordinates.

Section 3 will show how the Bessel Equation arises from the example of a drumhead
being struck by using the Laplacian and rearranging the equation by separating the



variables.

Section 4 will cover how the Bessel Functions are derived from the equation using the
Frobenius Method, including the construction of the second solution. It also details
the process of rewriting the function in terms of Harmonic numbers.

Section 5 will cover some important properties of the Bessel Functions such as
when they are linearly dependent, when they are elementary, and some key identities
relating to the derivatives and recursive relations.

Section 6 will cover the derivation of the Modified Bessel Functions and the main
difference between them and normal Bessel Functions.

Section 7 will cover an application of Bessel Functions in Number Theory: the Gauss
Circle Problem, which is about the number of lattice points in a circle of radius R.
It uses Bessel Functions along with the Fourier Transform, Fourier Series, and the
Poisson Summation to come up with a formula for the error term.

Section 8 will cover an application of Bessel Functions in Thermal Physics: Heat
Equation on a Cylinder, which models the diffusion of heat in a cylinder using Bessel
Functions, Differential Equations, and the Laplacian.

2 Background

This section will cover the background information for this paper.

2.1 Linear Independence in Functions

A set of functions fi(z), fo(z), ..., fu(z) defined on an interval I are linearly inde-
pendent if none of the functions can be expressed as a linear combination of other
functions in the set. That is, if the equation,

lel(x) + C2f2($) +- Cnfn(x) = 07

for all z € I implies that
c1=C = =c¢,=0.

Linearly dependent functions are the opposite, they can be expressed as a linear
combination of the others.

2.2 Wronskian

To determine if a set of solutions are linearly dependent, the Wronskian is used. For
two differentiable functions, it is defined as

f(x) g(z)
f'(x) g'(x)
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W(f,g)(x) = = f(z)g'(x) — g(x) f'(z).




If for all x in an interval, the Wronskian is equal to 0, then the functions are linearly
independent. Specifically in the case of a second-order differential equation, if for any
point xy in the interval, the Wronskian does not equal 0, the solutions are linearly
independent. This is because of Abel’s identity which shows that for a differential
equation of the form
Ty, p —0
P Q=0

the Wronskian is:
wwmwzwmﬂmem@l?@@.

The exp function is never equal to 0, so the Wronskian is either always 0 or always not
0. The Wronskian is linear in the second argument because it uses the determinant
which has linearity.

2.3 Gamma and Digamma functions

The Gamma function is a generalisation of the factorial, to extend to the negative
numbers and is denoted by I'(x). It is defined as

['(n) :/ e 2" dx.
0

Below are some important results of the Gamma Function.
The Gamma function evaluated at 1:

(1) = / e "2’ dr = [—e_”’]go = 1.
0

The Gamma function evaluated at % using the substitution z = t? and the Gaussian
integral [~ et dt = ‘/TE:

1 ° 1 R
r (—) = / e r72 dr = 2/ e dt =2 {ﬁ] = /.
2 0 0 2

The most important property of the Gamma function is that I'(n + 1) = nI'(n) as
shown below:

Fn+1)= / e " dr = — [x”e_f”];o + n/ 2" te™ dv = 0+ nl'(n) = nI'(n).
0 0



This property is used to extend the factorial for positive integers as it is the same
property that the factorial has. Since we have I'(n + 1) = nI'(n),

I'(n+1)=nl
When it is a negative rational number,

F()_I‘(n+1)_(n+1)r(n+1)_r(n+2)__“_ I'n+k+1)
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where k is the least positive integer such that (n+k+1) > 0. The last property that
needs to be discussed is that the Gamma Function is not defined for negative integers
and 0 since

T(0+k+1) T(1+k+1)
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Since there is a 0 in the denominator, it can be concluded that the function is unde-
fined at these values.

The Digamma Function is defined as the logarithmic derivative of the Gamma Func-
tion and is denoted by ¢ (z):

d I'(x)
vle) = S l) =
A useful value of the function is
¥(1) = —.

where v is the Euler-Mascheroni constant.



P(r,0,2)

Figure 1: The cylindrical coordinate system.

2.4 Cylindrical Coordinates and the Laplacian
2.4.1 Cylindrical Coordinates

Cylindrical coordinates, which are an extension of polar coordinates, are useful in
problems involving cylindrical symmetry. Rather than (z,y, z) in the cartesian coor-
dinates, it uses

(r,0,z),
where r is the radial distance, # is the angle, and z is the same as in cartesian
coordinates. The transformation is:

xr=rcosf, y=rsinf, z=z.

Figure 1 shows how the cylindrical coordinates work.

2.4.2 The Laplacian

The Laplacian is a second-order differential operator that measures how different
a point is from its surroundings. In cartesian coordinates with 3 dimensions, it is
defined as

Pu 0%u  O*u
02 + Oy? + 022"




In cylindrical coordinates, using the transformations shown above and the chain rule,
v 10 [ Ou N 1 0%u N D?u
U = —— r— —_— —_ .

ror \_ Or r200% = 022

3 Emergence of the Bessel Equation

Here, we will take the example of a drumhead that has been struck to show how the
equation emerges. We use u(z,y,t) to denote the height of the drum at position (x, y)
at time t. First, we define the drumhead: It’s a thin elastic membrane clamped at a
circular rim stretched under uniform tension. Clamped meaning that u(z,y,t) = 0
at that rim. There are two important physical properties:

1. Tension (T): The tension is the force that pulls it outwards at every edge.
Note that this quantity 7', however, is not referring to the force. If you cut a
line through the drumhead of length L, the force would be T" x L. T has units
Nm™.

2. Surface density (p): This is how heavy the membrane is per unit area. Its

units are kgm 2.

When it’s at rest, the tension cancels out as they are in opposite directions. i. e.
u = 0 everywhere when it’s at rest.

3.1 Derivation

Note that in this section, we will use V?u to denote

O
ox?  Oy?’
3.1.1 Newton’s Second Law
(zo,yo + Ay) (o + Az, yo + Ay)
(20,0) (o + Az, yp)

Figure 2: A rectangle in the Cartesian plane.



For a rectangular patch of membrane (as shown in Figure 2) at (zo,yo) with width
Ax and height Ay, its mass is

m=p-Ax- Ay.
Its vertical acceleration is %. Newton’s second law states that the force is the
product of mass and acceleration, so we get

0%u
Fnet:p'Ax’Ay'w'

3.1.2 Restoring Force

The rectangular patch has four edges. What needs to be found is the net vertical
component of all these pulls. First, consider only one direction (z). The right edge
of the patch (zo + Ax) is pulled by force T' x Ay since Ay is the length:

ou
Fright:T'Ay' %

r=x0+Az

The left edge of the patch (z) is pulled by force —T - Ay. This is negative because
this force is in the opposite direction:

ou
HeftZ—T'Ay'a— :
T T=x0
This means that the net force on the x axis is
0 0 0?

F,.=T Ay- ot - :T-Ay-Ax-—u.
or| _ ox|._ 0x?

r=x0+AT T=x0

This is because the change in slope over distance Ax is the rate of change of slope
with respect to x times Az. The same is used for F}:

0%u
Pu  0%u
Fnet —TAxAy (@—Fa—yz) .

Putting the previous sections together, we get

0*u v 0*u
AzAY - o T ArAy - [ 22 Y
prATAY: 5 TaY (81’2+8y2)’
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0*u
w:C2 Vzu. (1)

where ¢ = T'/p.

3.2 The Differential Equation

We can now switch to polar coordinates because it is easier to express the condition
of the rim. This is because in cartesian coordinates, the condition is u© = 0 when
2% 4+ y? = R, whereas in polar coordinates, the condition is « = 0 when r = R. The
chain rule is used to switch Equation (1) to polar coordinates, which gives

(2)

Pu_ (P 100 15
o2 or2  ror 12002

3.2.1 Separation of Variables
There are three variables: r, 0,t. Assume the solution has the form
u(r,0,t) = R(r)-0(0) - T(t).

Substitute into Equation (2). The left side is

R(r)-©(0) - T"(t).
The right side is

! T
% <6TR” rorfy R—Q@”> .
r r

Divide everything by ©T' R to get

T_/l B 02 <R_/l R/ @/l )

T R+@+r2@

Since the sides are dependant on different variables, the only way they can always be
equal is if both sides are equal to a constant. We pick —w? because if it were positive,
T would grow exponentially, and so would u, which does not represent the situation.
The reason it is squared is so that a cleaner solution is produced without a square

root in it:
T//
? = = T"+w2T: 0.



Solving this, we get
T(t) = Acos(wt) + Bsin(wt).
Now, for the right side, rearranging gives
7”2 R rR ) e
k2= ——.
R "R o
Using the same method as last time, since both sides depend on different variables,

they must be equal to a constant which we will call n?:

@//
—azTLQ - @"—i—n2@=0.

Solving gives:
©(0) = Acos(nf) + Bsin(nd).

3.2.2 [Equation

Rewriting:
R’ +rR + (K*r* —n*)R = 0.
Define z = kr. d% = k%. So:
dR d’R
I ke " kQ—.
I dz’ I dz?

Substituting,
2 d? d
x_<k2>_R 4 f(k)_R (22— n)R =0,

k2 dz? k' dx
d’R dR
207 ah 2 2\p_
xdm2+xd$+(x n“)R = 0.

This is a Bessel Equation of order n.

4 Derivation

This section will cover the derivation of the Bessel Function (as shown by [3]) from
the equation
dy dy
2 2 2
— —= — =0.
:cdx2+xdx—|—(:c n®)y
To find a solution to this equation, we use the Frobenius Method. This means that y

will have a solution of the form

y(x) = Z apz™tr.
h=0
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This means that the derivatives of y will be
oo oo
Z (h+7r)apx" 1, o( Z (h+7 —1)(h+7)apz" 2
h=0 h=0

We can now substitute these into the Bessel Equation to obtain:

5622 (h+7—1)(h+r)apz"™ 2+xz (h + r)apz" 1 + (932—n2)2ahx’“r =
h=0 h=0

Bringing the 22, z, and 2% — n? into the sums, we are left with

Zh—i—r—l h—l—r)ahxh”—i—z h+rahxh+r—|—2a:v+r+2 n Zaha: =0.
h=0 h=0 h=0 h=0

To be able to find an expression for aj, we would like the powers of x to be the same.
In the third series, the power of x is 2 higher than the others. To rectify this, we
introduce a variable s. In the third series, we use s = h + 2 and in the others, s = h.
Due to this, the beginning of the third series should be changed from h =0 to h = 2
as s = h+2 =04 2= 2. The others series would remain as s = 0:

[e.9]

Z(5+r—1)(5+7‘ S+T+Z s+r)a S”—i—Z(zs 25— Zas =0. (3)

s=0

For the series to converge to a value, the LHS has to be equal to 0 for each value of
s. First, for s = 0, using Equation (3) (Note that the third series has no contribution
to s =0 and s = 1 because it begins at s = 2):

2

r(r — Dagx” + ragx” — n“apz” =0,

P —n?=0, = r =n,19 = —n. (4)

4.1 Bessel Functions of the First Kind

For this function, we take r = r; = n. For s = 1, using Equation (3), this gives us
(14+n)(1+n—1a; + (14+n)a; — n’a; =0,

(n+1)%a;—n*a; =0 = (n*+2n+1)a;—n’a; =0 = (2n+1)a; =0 = a; = 0.
Now, let’s take the case s = s where s # 0, 1:

(s+n)(s+n—1)as+ (s +n)as + as_y — n*a, =0,

10



(s +n)’as — nas +as_o =0,

s(s+2n)as + as—o =0,
As—2

- 5

s(s+ 2n) (5)
Since a, is 0, Equation (5) shows that all odd numbered coefficients are 0. This means
that there will be only even numbered coefficients, so we can use s = 2m:

g =

o — — a2m—2 ___ 2m-2
am 2m(2m + 2n) 22m(m+n)
By using the recursive relation, we can see that
1 (—1) 1 () = (=1)™aq

22m(m 4+ n) 22(m—=1)(m—14n) C 22mpl(m4n) - (n+ 1)
The coefficient ag is arbitrary because any scaled version of a solution is also a solution

and ag is a constant. Since ag is arbitrary and we are trying to find a general solution,

we can pick any value of ag. Here, we pick a value to make the denominator simpler:

1

Aom = (—1)

Using this, the coefficient formula becomes
_ e
Aom = .
22m+nml(n 4+ m)!

Substituting this into the infinite sum, we get the Bessel Function of the First Kind

(Jn()):

o
(_1)mx2m
_ n
Inlw) =2 Z 22mtnml(n + m)!
m=0
However, this only works for n € Z. In order to extend it to any nonnegative v,
we need to use the Gamma Function. The Gamma function is an extension of the

factorial function with I'(n 4+ 1) = n!. The new formula using the gamma function is

(~1)ma?

Jolw) = m;) 92mtomIT(v + m+ 1) (6)

4.2 Bessel Functions of the Second Kind

To create the general solution, we need both functions. These two functions must not
be linearly dependent. Equation (4) gives us r = —n as the other solution. However
when n is an integer, the two are linearly dependent. The proof for this is explained
in the Properties Section. Note that in this section we use v to refer to any solution
and n to refer to integer solutions.

11



4.2.1 The Wronskian

To check whether two functions are linearly independent, we use the Wronskian. The
Wronskian is equal to 0 when the functions are linearly dependent. The formula for
the Wronskian is

W(f,9)=f-d—-f-g

The following formula is for second-order ODEs and is from Abel’s Identity:
W(7.9)0) = W(7.g)an) - exp (— [ P(0at)
0

2
%—i—P(m)Z—i—i—Q(m)y:O.

This shows that the Wronskian of two solutions is zero everywhere or non-zero every-
where because it uses the exp function which is never equal to 0. Therefore, the 0 can
only come from the other part which is always 0 or never 0. Since our two solutions
were r = v and r = —v, we first try to compute the Wronskian of J,(x) and J_,(z)

near x = 0 by using the leading terms from Equation (6):

Julw) ﬁ (3) @)= ﬁ (3)

Differentiating each gives us
v T\ —v T\ Y
1~ ey () e~ it ()
@)~ ra 1 g G
Compute the Wronskian:

W (Jv(‘x): va<x)) = Jv(‘x) ’ JLv<x> - JL(*T> ’ J,U(JI),

(8 w8 —men &) T )

Since (3)" - (5)7" = 1, the terms can be simplified to
—v v —2v
W(Jy, J—y) = — = .
( ) v+ DIl —v) 2l(v+DHIN(1—v) 2T'(v+ I —v)

Now, using the Gamma reflection formula I'(v)I['(1 — v) =
I'(v+1) =oI'(v):

L) and the fact that

sin(vm

T(v+ 1)T(1 —v) = oD ()01 —v) = v - szrm) - Sin“g;r).

12



Substituting it back in to the Wronskian:

W (o Jy) = —2v sinlom) _ 2sin (or)
z (o .
Note that when v is an integer, sin(vr) = 0 which shows that they are linearly

dependent and J_,(z) would not work as a solution. So, instead we try to find a
Y, (z) that is linearly independent and has the property:

Y, (z) =limY, (x).

v— N

4.2.2 Finding Y,
Here are the conditions for the the second solution, Y,,:

1. Needs to be independent from J, as that is a condition to form the full solution
space.

2. Varies smoothly as v — n, for all n € Z to fulfill the condition set at the end of
the previous section (Y, (z) = lim,_,, Y, (x)) to ensure that the function remains
well-defined and provides a continuous extension to integer orders.

3. W(Jy(z),Y,(x)) = 2. This is chosen merely for convenience and to simplify

formulas that come out of the Bessel Functions.

Any solution for the equation has to be a linear combination of J, and J_, (i.e.
aJ, + bJ_,) and the Wronskian has to be n%,:

9 i
W(JU’ aJv T bjfv) =a- W(JU7 Jv) + b- W(Jva va) =b- (_ Sln(vﬂ.)) '

T

Remark. The Wronskian of a function with itself is always 0 as they are always
linearly dependent. The Wronskian can be split up as shown above because it
is linear in its second argument due to it being calculated from the determinant
which is linear.

Equating this to % gives us

b.(_M):i oy

nw T sin (vr)

At integer v = n, J_,, = (=1)"J,, so aJ, + bJ_, approaches

13



m diverges as v — n. To cancel out this divergence, a also needs to diverge in
cos(vm) ecause near v = n
sin(vm) ’

cos (vm) - (—1)"
sin (vw)  sin (vm)

the same manner. We choose a =

This produces a 8 form with a finite L’Hopital limit rather than diverging. This gives
us

Jy (x) cos (vmr) — J_v(x).

sin (v)

Y, (x) =

4.2.3 Computing with L’Hoépital

At v =n, Y,(z) is g. We now use L’Hopital to differentiate with respect to v.
The denominator. Below is the differentiated denominator:

0

— sin (vm =rcos(vm) =7 (—=1)".

G (m) | =meos(em) =7 ()

The numerator. Here, we use N to refer to the numerator. Using the product rule:
ON  dJ, aJ_,
ov  Ov ov

At v =n, sin(nm) = 0 and cos(nm) = (—1)", so the middle term vanishes:

cos (vr) — mJ, sin (vm) —

Remark. The reason that cos(nm) = (—1)" is because this is only at integers
and at multiples of 7, it only takes on the values of —1 and 1. For example,

cos(m) = —1, cos(2m) = 1, cos(37) = —1, and so on.
ON (-1 dJ, 0,
ol ov |,_, o |,_,
For the second term, let © = —wv, so %J_U = —% Atv=n, p=—u:
n=—uv
aJ_, 9,
ov |,_, O ——n

Substituting it in,

8_]\7 (1) oJ, oJ,
87} v=n B 8U v=n av v=n
This leaves us with
Vo) = L 0 et o _ 100 (2100, )
" 7 (—1)" T ov|,_, T 0v|,_ .
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4.2.4 Differentiating J, with respect to v

In the series of J,,

o (@) = mzjo 22mm!1£(_nlz)+ v+ 1) (g)”’”” !

there are two factors dependent on v. We differentiate this using the product rule.
For the first factor (Note that in this paper we use log to signify the natural log of

base e):
) 0 T\ 2m+v T 2m+v1 T
alz) =) ey

Remark. (x) is the Digamma Function. It is defined as the logarithmic
derivative of the Gamma function:

For the second factor:

a0 1 _ Ym+ov+1)
owl(m+v+1) TIim+v+1)

Putting this together:

aJv o = (_1)m T\ 2m+tv T
B _mzz:om!f‘(m—l—thl) (5) [k’gg—@”(mﬂﬂ) :

4.2.5 Evaluating

Evaluating at v = n. Substitute and use '(m +n +1) = (m +n)!:
0Jy

= i () ek~

zlog§§%< >2m+n i‘):o - mm—i_—l—ngz—l—l) <2>2m+n‘

&

-~

In(z)

The sum of the first term is the same as J,(x), so:

0J, _ T = (=)™ (m+n+1) sa2mtn
o |,_ In (@) log 2 T;) m!(m + n)! (5) (8)



Evaluating at v = —n. Using the same method:

0Jy R (-1)™ X\ 2m-n x
_T;)mlf(m—n+1) <§> [logg—z/}(m—n—i—l) '

ov

v=—"n

Remark. Due to the properties of the Gamma Function,

1

S —
Fim—n+1)

whenever m —n + 1 is 0 or a negative integer.

Due to the Gamma function being 0 for those numbers, the first n terms vanish
and have to be treated differently:

oJ,
ov

:i(...)+2(...)

For the first part, the sum starts at m = n:

- mZ:% m!r(gljn ) @)m_n [1og§ ~Ylm-n+t 1)} '

This can be reindexed with £ = m — n to produce:

v=—"n

)k+n

Z k+n 00k + 1 )(§>2k+n log g —w (k).

0

Using I'(k 4+ 1) = k! and splitting,

h T e (—1)}‘C N 2k+n o e ¥ (k+1) 2%+n
D 10g§;k!(k:+n)! (5) ; k:' k:+n (E) '

J;(’x)

For the other part of the series, let k =n—m—1,so —k = m+wv+1. The logarithmic
term vanishes as = 0 and there is no other factor with n. This leaves only the

1
T(—k)
digamma term:

S~ (D" (k) ()"
2

16



Remark. In this case, we cannot leave it as % because that is undefined at
negative integers. Instead we use the original formula to get:

PN IE R UPINTE
dz <F(z)) 2 (z) 2 (z) W ()T(2) ['(z)

To find the derivative of 1/I", we use the Gamma recurrence:

P(z) = I'z+k+1) z2(z+1)--- (2 +k)
TG (et k) T(z+k+1)

Let
f(z)=z(z4+1)---(2+k).

i( 1 >_f’(z)r(z+k:+1)—f(z)r’(z+k:+1)
dz \T (2)) Fz+k+1)2

Evaluating this at z = —k, (this causes f(—k) = 0):

i ()| en

To find f'(z), we apply the product rule to f(z):

f'(z) = ZH(Z +1).

The term corresponding to j is
[+
i#]

If j # k, then the product will contain the factor —k + k, so they will vanish.
The only surviving term is j = k:

k—1

f'(—=k) = H(—k; +i) = (=k)(=k+1)--- (=1) = (=1)Fk.




Substituting this back into the sum:

SR OB ()6

=0

LS ED iy 2y A 1y ()

m=0 m=0
n—1
el (n—m —1)! sx\2m-n
=(=1) mX::O m! (2)
The first term is the series of J,,(x), so
0Jy B n x . (n—m —1)! fx\2m-—n
v, ~ U @on g+ (1) 3D E— (5) .
"= 9
nx (D (k1) pary 2k
_( ]_) -
kz:% k! (k+n)! (2)
4.2.6 The Result
From Equation (7), we have:
10J, (—=1)"aJ,
Y, () = -
(z) T ov|,_, T Ov|,__,

Substituting in Equations (8) and (9),

=[5 S <;>””*”]

m=0

n—1

L [(—1) Jn (2)log 5+ (=1)" S (n-m= L) (5)2m_” (10)

(—1)F ¢ (k +1) fay2+n
_(1);0 k! (k +n)! (2) ]

For the second part, the (—1)" outside the brackets gets multiplied with the (—1)"
inside in each term to form (—1)*" which is equal to 1:

n—1
2 r 1 (n—m — 1)l fx\2m—n
e e i €

o m 2m+n " (11)
Y (3) e n )

O
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4.2.7 Rewriting with Harmonic Numbers

Remark. Harmonic numbers are partial sums of the Harmonic series and are
defined by:

The digamma function satisfies:

Y(k+1) = =y + Hy,

where 7 is the Euler-Mascheroni constant.
So,
Y(m+1)+(m+n+1)=(=v+ Hp) + (=7 + Hnin) = Hp + Hypsn — 27

Substituting them into Equation (11),

r 1 et (n—m—1)! fx\2m-n
Y, (2) = ZJ, (x)log & — = (—1 (—) ,
0)= Zhog s = (1 R (G
“Z m+Hm+n_27)< >2m+"
m! (m +n)! 2 '
The last term can be spht into:
1 & Hpy + Hppyn) ()20 2y 1" X\ 2mAn
_1 +>(_) +—VZL(—) |
T4 m'm+n) 2 T A= m!(m+n)! \2
J;(,x)

The second part of this is a multiple of .J,,(z) and will get absorbed into the logarithmic
term to form the full equation for Bessel Functions of the Second Kind:

i = Tt (o 1) zg 5"
BEe " (Hyy + Hypon) (E)zmﬂ (12)
2

™t m'm+n)
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5 Properties of Bessel Functions

Below are a few key properties of the Bessel Functions

5.1 Derivatives

This subsection will prove the following identities:
(2" J,) = 2" Jyo1 (z),
(270 (2) = =2 o (),
Joaw) + Jun (o) = (),
Jo—1(x) = Jpsa1(x) = 2J) ().

To start with, we multiply Equation (6) by z¥ and take z*” into the summation sign:

e (_1>mx2m+2v

Vp(x) = :
() mZ:O 22m+romIl(v 4+ m+ 1)

We can now differentiate this:

oo

Z m+v) 2m—+2v—1

22m+“m'F (v+m+1)

=0

2v—1

The 2 in the numerator can be moved to the denominator, the x is moved out of

the summation and the property of the Gamma Function (I'(n+ 1) = nI'(n)) is used:

- )™ (m+wv)2?
SO S ) R

22mtv—lm! (v +m) (v +m)

m=0

The (v + m) cancels and the 2?*~! on the outside can be split up:

_ w.ov—1 - (_1)m me
- Z 22mto=lmIl(v +m)

m=0

The right side can be rewritten as

v v—1 (_1>m me
T ( Z 22m+=DmIT((v — 1) +m + 1))
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The inner sum is the formula for J,_1(z). So, this can be rewritten as:

(2J,) = 2Ty (2). (13)

v

Similarly, we can multiply Equation (6) by x~", which cancels out with z" to give:

vy = 30 " et

L= 22mtoml(v +m + 1)

Remark. The new series starts at m = 1 because the first term becomes 0 due
to differentiation.

The 2 in the numerator gets moved to the denominator and using m! = m(m—1)!,

the m cancels out:
m _2m—1

e ()"
n mZ:1 22mtv=1(m — DNIM(v+m + 1)

Now, with m = s + 1, we get:

o (_1)3+1 x2s+1

- ; 22s+tvt1gIN (v 4+ s + 2)

This can be rewritten by factoring out the —1, adding =" outside and z" inside (this
can be done as they cancel out):

— 7V x’u—f—l i (_1)8 1.23
22+ HsIT (v + 1) +s+1) )

s=0

The inner part is the formula for J,1(x). So this can be written as:

(27, (w))/ = —x "Jys1 (7). (14)
The left side of Equation (13) can be differentiated to give the equation:
vz 1, () + 2V (2) = 2T,y (z) . (15)
Doing the same with Equation (14) and multiplying by 2" gives
—vx’ N, (2) + 2T (2) = =2 Ty (2) (16)

Subtracting Equation (16) from Equation (15) and rearranging gives

Jow) + Jua () = 2 (). (17)

Adding Equation (15) to Equation (16) and dividing by z¥ gives
Jo_1(z) — Jyr1(x) = 2J) (). (18)
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5.2 Half integer v

This subsection will show that Bessel Functions of the First Kind with half integer v
are elementary. We start with .J; /5(x):

m 2m m 2m+1
\/_Z 22m+1/2m'F m _|_ \/>Z 22m+1m[F m+ )

We can separate the denominator into two parts: A (2™m!) and B (2™ (m + 2)):

A=2m2m—-2)2m —4)---4-2

B = om+! (m—i—%) (m—%);%rG) =@2m+1)2m—1)---3-1-/7.

Remark. For B, we use the result F(%) = /7. This is proved in the section
on Gamma Functions.

Multiplying both A and B, we get:
AB=(2m+1)2m)2m —1)---3-2-1-y/7 = (2m+ 1)!/7.
Substituting this into the Bessel Function:

\/700 m2m+1
B Ez 2m—|—1 ‘

=0

NJ\»—'

The infinite sum is the Taylor series of the sin function, so this can be written as:

Ji(z) = isin(:z:). (19)

2 ™

Differentiating this and using Equation (13)

(v, (x))' _ \/g cos () = a3 J_1 (z). (20)

Using Equations (19) and (20) along with Equation (17), any of the half-integer Bessel
Functions can be found.
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5.3 Linear Dependence

This subsection will explain why J_,(z) and J,(z) are linearly dependent for integer
v =n. For v =n, we have:

S Vi

Jon (@) =2 Z 22m=nmIl'(m —n+1)

m=0

Due to the properties of the Gamma Function, it has poles at 0,—1,—2,—3,.... So

m = 0 for the first n terms, leading to them vanishing. This gives:

Jop(z)=a" Z (=)™

22m=rmIT(m —n+ 1)

m=m

Now let m = s+ n and use I'(s + 1) = s! to get:

o s+n p2st2n . 0 (_1)5 128
_ .n _( n
=7 Z 2s+n s+n 'S' ( 1) x 20225"""(84—71)!8!'
S= S=

The infinite sum is the same as the one for J,(z). So, we get:
J_p () =(=1)"J, ().

Since J_,(x) is a multiple of J,(x) for integer n, they are linearly dependent.

6 Modified Bessel Functions

For the modified Bessel Functions, we substitute ¢z instead of x into the equation:

y(x) =y iz).
This leads us to:
d . . e 9 . "o
Soy(iw) =iy (o), -y (i) =47 y" (iz) = —y" (i),
(iz)*y" (iz) + (i) y (iz) + ((iz)? — v*) y (iz) = 0,
—z%y" (ix) + iz -y (iz) + (=2 — v*) y (
—2? (=" + iz - (i) + (—2® — v
22" + xy — (m + v )gj 0.
This is the modified Bessel Equation.
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6.1 Main Difference

The main difference between the Bessel Functions and the modified Bessel Functions
is that for large = in Bessel Functions, we get:

y//_‘_y%()‘

which has solutions e**® which are oscillatory. Whereas, with modified Bessel Func-
tions at large =, we get:
y// . y ~ 0

which has solutions e*® which represent exponential growth and decay.

6.2 Solution 1

This is defined as:
I, (x) =i""J, (iz) .

The 7% term at the front ensures the result is not imaginary. Substituting:

Jv(i@:i (=™ @) (g)m%:f’i (=" (=1" (g)Qmﬂ

m!l'(m+v+1) m!l'(m +v+1)

m=0

-v ° 1 T\ 2m+v
' ;mlf(m—l—v—i—l) <2> '

The ¥ and the i7" terms cancel out to give:

m=0

[e.9]

I (z) = Z m!l(m iL v+1) <§>2m+v'

m=0

6.3 Solution 2

The Modified Bessel Function of the Second Kind is derived very similarly to the nor-
mal one. The main difference, however, is that I_,(z) does not need to be multiplied
with cos(mv) as is done for the normal ones. This is because, the normal ones require
it to eliminate the oscillating (—1)" term that appears in the Bessel Function of the
First Kind. There is no such term in the modified Bessel Function of the First Kind.
Here, the factor 7 is arbitrary and is chosen for convenience:

zj—v(x> — Iv(‘r) .

2 sin(wo)

K,(z) =

The same idea is used here with:
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7 Gauss Circle Problem

This is the first application of Bessel Functions that will be covered in this paper.
This problem is shown in [1]. The main question of the problem is, in a circle of
radius R, how many points (m,n) with m,n € Z land on or in the circle.
The number of points is denoted as N(R). For example, N(1) = 5 with the points
being (0,0), (£1,0), (0, +1). The most obvious guess is that it is 7R* as each unit of
area would have roughly one point inside it. This gives an error term of

E(R) = N(R) — nR*.

Gauss proved that |E(R)| < C'- R for some constant C'. This is because the error can
only come from the boundary strip of width 1 of the circle, which is proportional to
R. The problem asks about how much closer we can get.

7.1 Integral Representation of the Bessel Function

The problem involves the usage of the Bessel Function through an integral representa-
tion. This subsection will cover the derivation of that representation. Using Equation

(6): N
—1)™ sx\2m
M) =2, ((m!))2 (5)

This will use the following trigonometric identity:

2m)! 1 [
(2m) / cos®™ () d.
0

22m (ml)? 27
Substituting it in:
(_ m _.2m

Jo (z) = i (12)—771; (% /027r cos™™ (6) d@) )

m=0

1 2w ©© _1 m 0 2m

_2_/ (=1) (;CO?< V™"
T Jo . (2m)!

The inner sum is the Taylor Series of cos with x cos 6 inside rather than x:

1
o

Jo () /0 ' cos (x cos (6)) db.

Using the exponential representations:

e<s) — cos (x cos (0)) 4 i sin (z cos (8)) .
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The imaginary part integrates to 0 due to symmetry:

2 2
/ eiwes®) qp —/ cos (x cos (0)) db.
0 0

Substituting into the equation above, we get the integral representation of the Bessel
Function:

1 2 )
Jo ) = 5 / eireos®) g, (21)

7.2 Rephrasing

Here we use

ro(n) = #{(a,b) € Z* : a®> +b° = n}.
Using this, we can define N(R) as

|R?]

=2

This formula is summing up each shell of radius /n.

7.3 Fourier Transform
The Poisson Summation formula (as shown by [4]) says that

o fmon)= > f0k)

(m,n)€Z? (4,k)ez?

where f is the Fourier Transform of f. Let f be the indicator function of the disk,
i. e. f(z)=1if 22+ y*> < R? and 0 otherwise. This means that the left side of the
formula will be N(R) and the right side will be a sum of Fourier Transforms of the
disk.

The Fourier Transform of the indicator function of the disk of radius R is:

A~

f(6)= / 1w2+y2§326_2m($£1+y&) dx dy.
RQ

We can now switch to polar coordinates to make the function simpler, with p = |¢|:

R T
f(g) :/0 r (/02 6—27rirpcos(9) d0) dr.

26



The inner integral is a representation of the Bessel Function:
2m )
/ e~ 2mireeos®) dg — om Jy (2mrp) |
0

A~

R
f = 27r/0 rJo (2wrp) dr.

Using the Bessel Recurrence Identity 4 [tJ; (t)] = t.Jy (t) and t = 27rp,

Fo) = §J1 (2nRp) = %Jl (2nRIE))

Putting it together, we get:
E(R)= N (R) — TR
R
E(R)= Y ———1 (27rRx/j2 n k?) .
G20 V7 HF

The (0,0) term omitted from the sum is the 7R? and the rest of it forms the error
term. Simplifying with n = /52 4+ k2 and the number of pairs being ry(n):

E(R):RZTQ\/(%‘)

Ji (2mv/nR) .

8 Heat Equation on a Cylinder

This section is another application of the Bessel Functions. The main topic here is
modelling the heat over time on a cylinder as covered by [2].
Consider a cylinder of radius a and height L. In this section, we will be working with
cylindrical coordinates (r,#, z). This is an extension of the polar coordinates with z
as the height. The bounds for these are: 0 < r <a, 0 <0 <27, 0< z < L. The
heat equation is:

u = KA.

where k is the thermal diffusivity and A is the Laplacian. The Laplacian in cylindrical
coordinates is:

Au

10 (o) 10
o or r@r r2 002 = 022

This leaves the PDE as:
10 [ Ou 1 0%u 0%*u
_ L9 Ou) Lot Oruy 29
e %{rﬁr <T8r>+r2802+822] (22)
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The boundary conditions we will be using are:
u(a,0,z,t) =0, u(r,0,0,t) =0, u(r,0,L,t) =0.

These conditions specify u as being 0 along the boundaries of the cylinder.

8.1 Separation of Variables

Assume that u (r,0,2,t) = R(r)© (0) Z (2) T (t). Substitute this into Equation (22)
and divide by ROZT"

T/ 1 @// Z//
— (rR"Y =
7" R etz

8.1.1 Time

Since the left side only depends on ¢ and the right side only depends on r, 8, and z,
they must be equal to a constant. Here, we take the constant —x\2. The negative
sign is used so that T decays with time. This is important as 7' is a factor of u. So,
we are left with the following differential equation:

T/

T = —kA? = T = kNPT = T(t) = e,

And the rest of it (the spacial part) satisfies:

1 @// YA
ﬁf (T’R/), + 7“2@ + 7 - —)\2.

8.1.2 Axial

We can now rearrange the equation to get:

Z//_ ) 1 N o
7 - N R e

Once again, both sides depend on different things, so we choose a constant —u?. To

solve this equation:
Z//
- = —p? = Z'+u*Z =0.

try solution of e":
r2€7”z + Iu2erz — O,

P rpt=0 = r =iy
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This gives us the general solution of
Z (z) = Asin (uz) + B cos (uz) .
The boundary conditions are that Z (0) = Z (L) = 0. Substituting this in, we get:
0= Asin(0) + Beos(0) = B = B =0,
0= Asin (uL).
For a nontrivial solution A # 0, so sin(pL) = 0. Therefore:
uL=pr, p=1,2,3,...,

,up:]% = Zp(z)zsin(%)

8.1.3 Angular

We can now substitute in —u? and multiply through with r2 to get:

(rRY 412 (W — j2) + % —0.

r
R

Isolating the 6 term and using the same method as before, both sides depend on

different things, so we choose a constant —m?:

o

To solve this, we use the same method as we used for Z as it is the same equation.

So, we are left with:
©(#) = Acos (mb) + Bsin (mb).

This one does not have a boundary condition, however since it is angular, it has a
periodicity condition. i. e. © (0 +27) = O (6):

Acos (m (04 2m)) 4+ Bsin (m (0 + 27)) = Acos (mb) + Bsin (m#) .

This is only possible if m - 27 is a multiple of 2w. Therefore, m € Z. Negative values
of m give no new solutions as cos(—mf) = cos (m#) and sin (mf) = — sin (—mé). So,
m € Z>o. This gives us:

O (0) = A, cos (mb) + By, sin (mb) ,m € Z>y.
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8.2 Bessel Functions
After separating © and Z, we get:

! (rR) + [(V —p2) — T—;] R=0.

r
Let v> = A\* — 12, multiply through with r* and rearrange:

R+ rR + (v*r* —m®) R = 0.
Use the substitution p = vr, to get:

2R dR
2 S (PP —mA) R=0.
pdp2+pdp+(p m?)

This is a Bessel Equation of order m. The two solutions are J,,,(p) and Y, (p). How-
ever, Y, (p) is singular at p = 0. Since u needs to be finite at = 0, we discard Y,,(p)
and take

R(r) = Jy (vr).

The boundary condition of R(a) = 0 requires that
I (va) = 0.
Here, we denote the n-th positive zero of the Bessel Function with j,, ,,. Then,
Vg = 22 =1,2,3,....

Therefore,

Since \* = v7,, + 5, we get

And the time factor is:
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8.3 The result

We now have the separated solutions for all 4. Multiplying them together leaves us
with

Umn,p = Jm <

JmnT

) [Aynp cos (mb) + B, psin (mb)] sin (%) exp ( KA, o )

Since the heat equation is linear, any combination of solutions is also allowed. There-
fore, we can sum over all valid indices to get

(r,0,2,1t) Z Z Z I, (jm n'r’) [Ayynp cOs (MmB) + By, . psin (mb)]

m=0 n=1 p=1

sin (%) exp ( KA, np )

(23)

Appendix A. The Frobenius Method

The Frobenius method (as shown by [3]) is a technique for obtaining a series solution
to a linear differential equation near a regular singular point. It differs from the
normal power series method by the addition of an 2" term to the solution. When
using this, we assume a solution of the form:

00
— § anxn+r
n=0

This is then differentiated term-by-term into:
y (z) = Z (n+7)az" 1 ' ( Z (n+7r)(n+r—1)az"" 2
n=1 n=2

and so on. These are then substituted into the differential equation. Notice that the
indices are being shifted from n = 0 to n = 1 and n = 2. This is because, as each
term is differentiated, some of them become 0, which happens to the first 2 terms
after two differentiations. As an example, let us consider the differential equation

y'+y=0

After substitution, we get
Zn—i—r (n+r—1)a,x "”24—2@” "= 0.
n=2 n=0
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The next step of the method is to combine everything into a single series. We do this
by using index shifts. In this case we would switch from n = 2 to n = 0 and replace
all the n’s in the equation with n + 2. This gives us:

Zn+r (n+7r—1)ap 2™ + Zan "=,
n=0 n=0
Z[(n +7r)(n+7r—1)a,9 + a,]a"" = 0.
n=0

If a power series needs to be 0 for all x, then for each term or each n, the sum also
has to be 0. This gives us
(n+2)(n+ 1Days2 +a, =0,

(n+ Z)zn +1)’

These are the coefficients and ay and a; will be arbitrary.

n=0123....

Apt2 = —

References

[1] T.M. Apostol. Introduction to Analytic Number Theory. Undergraduate Texts in
Mathematics. Springer New York, 2013.

[2] S.J. Farlow. Partial Differential Equations for Scientists and Engineers. Dover
books on advanced mathematics. Dover Publications, 1993.

[3] E. Kreyszig, H. Kreyszig, and E. Norminton. Advanced Engineering Mathematics,
10th edition. John Wiley and Sons, 2011.

[4] E.M. Stein and R. Shakarchi. Fourier Analysis: An Introduction. Princeton
lectures in analysis. Princeton University Press, 2011.

32



	Introduction
	Background
	Linear Independence in Functions
	Wronskian
	Gamma and Digamma functions
	Cylindrical Coordinates and the Laplacian
	Cylindrical Coordinates
	The Laplacian


	Emergence of the Bessel Equation
	Derivation
	Newton's Second Law
	Restoring Force

	The Differential Equation
	Separation of Variables
	Equation


	Derivation
	Bessel Functions of the First Kind
	Bessel Functions of the Second Kind
	The Wronskian
	Finding Yn
	Computing with L'Hôpital
	Differentiating Jv with respect to v
	Evaluating
	The Result
	Rewriting with Harmonic Numbers


	Properties of Bessel Functions
	Derivatives
	Half integer v
	Linear Dependence

	Modified Bessel Functions
	Main Difference
	Solution 1
	Solution 2

	Gauss Circle Problem
	Integral Representation of the Bessel Function
	Rephrasing
	Fourier Transform

	Heat Equation on a Cylinder
	Separation of Variables
	Time
	Axial
	Angular

	Bessel Functions
	The result


