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1. INTRODUCTION

Brownian motion is a fundamental example of a stochastic process and arises naturally as the scaling
limit of random walks. Despite its simple definition, it exhibits highly irregular behavior and is nowhere
differentiable, making classical analytical tools insufficient for its study. One way to understand Brownian
motion is through its covariance structure. This perspective leads to the Karhunen—Loéve expansion, which
represents Brownian motion as an infinite series with random coefficients. In this way, Brownian motion can
be viewed as a random Fourier series, connecting probabilistic ideas with classical harmonic analysis. The
irregularity of Brownian motion also motivates the development of stochastic calculus. In particular, the
quadratic variation of Brownian motion leads to a modified chain rule known as It6’s lemma. This allows one
to analyze functions of stochastic processes and to solve stochastic differential equations. As an application,
we derive an explicit formula for geometric Brownian motion. The goal of this paper is to develop these
ideas and illustrate how analytic and probabilistic methods combine to describe the structure of Brownian

motion.

2. PRELIMINARIES

In this section we review several analytic and probabilistic concepts that will be used throughout the paper.
We begin with orthogonal expansions in L?[0, 1], then discuss Gaussian random variables and random series,
and finally recall the definition and covariance structure of Brownian motion. Let L2[0, 1] denote the space

of square-integrable functions on the interval [0, 1], that is

L?[0,1] = {f :0,1] = R, /01 |f(t)|?dt < oo} )
This space is a Hilbert space with inner product
)= [ g
A sequence {e,, }5°; in L?[0,1] is called orthonormal if

1 m=n,

(e, en) = 0 m=#n.
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If {e,}5°, is an orthonormal basis of L2[0,1], then every function f € L?[0,1] admits an expansion f(t) =
S22 L anen(t), where a,, = (f,e,). Parseval’s identity states that

n=1
/ Rora =3 al.
0 n=1

Orthogonal expansions of this type play a central role in Fourier analysis and will later allow us to represent

stochastic processes as infinite series.

Definition 2.1. Let (2, F,P) be a probability space. A random variable is a measurable function X : Q@ — R.
The expectation of X is defined by
/ X(w) dP(w

Definition 2.2. Let X and Y be random variables with finite expectations. The covariance of X and Y is
defined by

The variance of X is Var(X) = E[(X — E[X]

Cov(X,Y) = E[(X — E[X])(Y — E[Y])].

Definition 2.3. A random variable X is called Gaussian, or normally distributed, with mean y and variance

o2 > 0 if it has density

L @wreet) LR

V2ro?

In this case we write X ~ N(u,0?). The special case = 0 and 6% = 1 is called the standard Gaussian
distribution. A random variable Z with this distribution is called a standard Gaussian random variable, and
we write Z ~ N(0, 1).

Because of this, if Z;,Z,,... are independent standard Gaussian random variables, then E[Z,] = 0,
E[Z2] =1 and for m # n, E[Z,,Z,] = 0.

Definition 2.4. A collection of random variables {X,,}5°; is said to be independent if for every positive

integer k and every choice of real numbers aq, ..., a,
k
P(X: <ay,...,Xp<ap) = H (X, <ap).

If X and Y are independent and have finite expectations, then E[XY] = E[X]E[Y].
In this paper we will consider random series of the form

= i anZnen(t)

n=1
where {e, }°; is an orthonormal family in L?[0,1], the coefficients a,, are real numbers, and the random

variables Z,, are independent standard Gaussian variables.
Definition 2.5. A sequence of random variables X converges to X in mean square if

E[(Xy — X)?] =0
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as N — oo.

Mean-square convergence will be the natural notion of convergence for the random series considered in this
paper as each of the series are just the sum of many random variables so are a random variable themselves.

Definition 2.6. A stochastic process is a collection of random variables {X;};er defined on the same
probability space, indexed by a set T. For each t € T, the random variable X; represents the value of the

process at time t.
We now introduce Brownian motion, which will be the central stochastic process in this paper.

Definition 2.7. [Wie23] A stochastic process { B, };>¢ is called standard Brownian motion if it satisfies the

following properties:

(1) BO = 0,
(2) for 0 < s < t, the increment B; — B; is normally distributed with mean 0 and variance ¢t — s,
(3) increments over disjoint intervals are independent,
(4) the sample paths ¢t — B; are continuous.
Brownian motion may be viewed as a continuous limit of a simple random walk. Let X;, X5,... be

independent random variables with P(X; = 1) = P(X; = —-1) = % Define the partial sums S,, = X1+ - -+X,,.

The scaled process
1

Tt

approximates Brownian motion as n — oo. In this sense Brownian motion may be interpreted as the

Bn(t)

continuous limit of a random walk.

An important quantity associated with a stochastic process is its covariance function K(s,t) = E[X;X].
Notice that this is the case because E[X;] = E[X;] = 0. For Brownian motion the covariance can be
computed explicitly. If s < t, we write B; = By + (B; — Bs). Using independence of increments, we obtain
E[Bs(B: — Bs)] = 0, and therefore

E[B;B;] = E[BI] = s
since the variance of By — By = By is s — 0 = s. Thus the covariance function of Brownian motion is

E[BsB;] = min(s,t).

This covariance function will play a central role in the remainder of the paper. In particular, it will allow
us to construct an orthogonal expansion of Brownian motion through the eigenfunctions of the associated

covariance operator.

3. THE COVARIANCE OPERATOR

An important object associated with a stochastic process is its covariance function. If {X;};>o is a

stochastic process with finite second moments, its covariance function is defined by

K(s,t) = E[X,X,].
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As shown in the previous section, the covariance function of Brownian motion is K(s,t) = min(s,¢). The

covariance function allows us to construct a linear operator acting on functions in L?[0, 1].

Definition 3.1. Let K(s,t) be the covariance function of a stochastic process defined on [0, 1]. The covari-

ance operator T is the linear operator defined by

@MwaAK@W@@.

For Brownian motion the kernel is K(s,t) = min(s,t), and therefore the covariance operator takes the

form
1
()0 = [ mins.0)f()ds

The significance of this operator arises from the following observation. Suppose a stochastic process

admits a representation of the form
X(t) ="\ AnZnen(t),
n=1

where {e,}>°; is an orthonormal family in L?[0,1], the constants ), are nonnegative, and {Z,}5°, are

independent standard Gaussian random variables. Then the covariance of the process can be computed as

EX X ] =E | > vV AnZmem(s) D vV AnZnen(t)

Expanding the product gives

EX X =D ) VA E[Zin Zn] em(s)en(t).

m=1n=1
Since the random variables Z, are independent standard Gaussians, we have E[Z,,Z,] = 0mn, where 0,
denotes the Kronecker delta. Therefore

EX Xl = > ) VA S em(8)en(t) = D Anen(s)en(t).

m=1n=1

Thus any process with such a representation has covariance function

K(s,t) = Z Anen(8)en(t).

In particular, if we wish to represent Brownian motion in this way, the functions e, and constants A, must

satisfy min(s,t) = Y02 | Anen(s)e,(t). Applying the covariance operator to a function e gives

(Te)(t):/0 min(s, t)e(s) ds.

If the kernel admits the expansion above, then the functions e, must satisfy T'e,, = A\, e,. In other words, the

functions appearing in the expansion must be eigenfunctions of the covariance operator. We are therefore
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led to the following eigenvalue problem

1
/ min(s, t)e(s)ds = Ae(t).
0

Solving this equation will determine the functions that form the orthogonal basis in the expansion of Brownian

motion.

4. EIGENFUNCTIONS AND EIGENVALUES OF THE COVARIANCE OPERATOR

In the previous section we introduced the covariance operator (T'f)(t) = fol min(s, t) f(s) ds. To obtain an
orthogonal expansion for Brownian motion we must solve the eigenvalue problem Te = Ae. In integral form

this becomes

/ min(s, £)e(s) ds = Ae(t).
0

s s<t
To analyze this equation we use the fact that min(s,t) = . Splitting the integral at ¢ gives
t s>t

/Ot se(s)ds —l—t/tl e(s)ds = Xe(t).

We now differentiate this expression with respect to ¢. Differentiating the first term using the fundamental

% (/Otse(s) ds) — te(t).
% (t/tle(s)ds) _ /tle(s)ds—te(t).

/tl e(s)ds = \e'(t).

Differentiating once more gives —e(t) = Ae”(t), and therefore ¢”(t) = — }e(t). Thus the eigenfunctions satisfy

the second-order differential equation e”(t) + w?e(t) = 0, where w? = ;. We now determine the boundary

theorem of calculus gives

For the second term we obtain

Adding these derivatives yields

conditions. Setting ¢ = 0 in the integral equation gives fol min(s,0)e(s)ds = 0, which implies Ae(0) = 0.
Since A # 0, we obtain e(0) = 0. From the first derivative equation ftl e(s)ds = Ae'(t), we set t = 1 and

obtain 0 = Ae’(1), which implies /(1) = 0. The general solution of the differential equation is
e(t) = Asin(wt) + B cos(wt).

Using the boundary condition e(0) = 0 gives B = 0, so e(t) = Asin(wt). Differentiating yields €'(¢t) =
Aw cos(wt). Applying the condition e’(1) = 0 gives cos(w) = 0. Hence

w=(n—3%Hm, n=12.3,...
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2:

Since w % we obtain the eigenvalues

>

3

Il
o= =

(n— Ly2g2’

The corresponding eigenfunctions are
en(t) = Ay sin((n — 3)7t).

Choosing the constant A, so that the functions are normalized in L?[0,1] gives
en(t) = V2sin((n — L)rt).

We summarize the result in the following theorem.

Theorem 4.1. The eigenvalues and eigenfunctions of the covariance operator

(Tf)(t)z/O min(s,t)f(s)ds

are given by

en(t) = V2sin((n — L)rt),

ol —

form=1,23,....
These functions form an orthonormal system in L?[0,1]. In the next section we use these eigenfunctions

and eigenvalues to obtain the Karhunen—-Loeve expansion of Brownian motion.

5. THE KARHUNEN-LOEVE EXPANSION

The Karhunen—Loeéve theorem provides a general method for representing stochastic processes as orthog-
onal series with random coefficients. The idea is that the eigenfunctions of the covariance operator provide
a natural orthogonal basis. In this way the deterministic part of the process is in the eigenfunctions while
the randomness appears through independent Gaussian coefficients.

We first state the theorem in general form and then apply it to Brownian motion.

Theorem 5.1 (Karhunen-Loeve). [Kard7][Loéd5] Let {Xi}icjo,1) be a mean-zero stochastic process with
covariance function
K(s,t) = E[X: X4].

Let T be the covariance operator defined by

1
(TF)(t) = / K (s,8)f(s) ds.

Suppose T has eigenvalues A, and orthonormal eigenfunctions e,,. Then the process admits a representation

X(t) = Z \/xZnen(t),

where {2,152, are independent standard Gaussian random variables.

We will not prove the theorem in full generality. Instead we verify it explicitly for Brownian motion.
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Recall from the previous section that the covariance operator for Brownian motion is

1
(TF)(t) = / min(s, £)f(s) ds,

and that its eigenvalues and eigenfunctions are

1
An = 1

(n—3)?m?’

en(t):\/isin((n—%)ﬂt), n=123....

Define a stochastic process X = {X(t)}1e(0,1] by
X(t) =Y VAn Znen(t),
n=1
where {Z,}22, are independent standard Gaussian random variables. Explicitly,
- V2
X(t) = Zp————sin ((n — )nt).
nz::l n (n . %)71’ ( 2 )

We now compute the covariance of this process. Using independence of the Gaussian variables and the
identity E[Z,, Z,] = 0mn, we obtain

E[X X =Y Anen(s)en(t).

Because the eigenfunctions and eigenvalues were obtained from the covariance operator with kernel

min(s, ), the series above equals min(s,t). Therefore
E[XX:] = min(s, ),

which is precisely the covariance function of Brownian motion.

We summarize this in the following theorem.

Theorem 5.2. Standard Brownian motion on [0,1] admits the expansion
0o \/5
B; = Zy————sin ((n — 1)mt),
L A e ()

where {7,152, are independent standard Gaussian random variables.

Now we need to see that this expansion converges. For each t € [0, 1], define the partial sums

N
Xn(t) =D VAn Znen(t).

We will show that {Xy(¢)} converges in mean square.

Proposition 5.1. For each fized t € [0, 1], the sequence X n(t) converges in mean square.
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Proof. Let M > N. Then
M
Xu(t) = Xn() = > VAnZnealt).

n=N+1
Taking expectations and using independence of the Gaussian variables, we obtain

M
E[(Xu(t) = Xn®)?] = > Anen(t)”.

n=N+1

Using the explicit form of e, (t), we have e, (t)* = 2sin*((n — 3)mt) < 2. Hence

M
E[(Xa(t) = Xn®)?] <2 > An
n=N+1
1
(n—g)?m?
Yoo ni1 A — 0as N — oo, and it follows that

Since A\, = , the series Y ° '\, converges by comparison with Y >° # Therefore the tail

E[(Xar(t) — Xx(0)?] = 0.
Thus {Xn(t)} is a Cauchy sequence in mean square and hence converges in L2. O

We denote the limit by X (¢) = limy_0o Xn(f). By construction, X (¢) is a Gaussian random variable
with mean zero, since each partial sum is a finite linear combination of independent Gaussian variables. We

can also compute the variance of X (t) directly. Using independence and the identity E[Z2] = 1, we obtain
E[X ()] =) Anen(t)”.
n=1

6. ITO CALCULUS

A fundamental difficulty is that Brownian motion is nowhere differentiable. Its increments satisfy By, —

B; ~ N(0,h), so their typical size is of order v/h rather than h. As a result, the difference quotient
Biyn — By
h

diverges as h — 0, and classical notions of differentiation and integration do not apply. This motivates
the development of a new theory of integration with respect to Brownian motion. The key observation is
that while first-order approximations don’t work, second-order approximations behave in a regular way. In
particular, sums of squared increments converge to ¢, a phenomenon known as the quadratic variation of
Brownian motion. This property underlies the construction of the It6 integral and leads to a modified chain

rule, known as It6’s lemma.

Theorem 6.1 (Quadratic variation). For every 7 > 0 and standard Brownian motion B(t),

(65 5() -

in mean square as n — oco. Equivalently, one writes that (dB)? = dr.
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Proof. Set X; = B (%7) - B (%’7’) The random variables X; are independent and each satisfies X; ~

N (0,Z). Let
n—1 ) n—1 Z+1 i 2
£ () 0 ()

=0

We show that @, — 7 in mean square. First, since E[X?] = Z, we have

n—1 n—1
E[Qu] =Y EX})=) - =r.
=0 =0

Next, because the X; are independent, the random variables X? are also independent, so Var(Q,) =
Z;:Ol Var(X2). If X ~ N(0,0?), then we can use the well known result E[X*] = 30%, and therefore

Var(X?) = E[X*] - E[X?)? = 30" — 0* = 20*.

Applying this with o2 = T gives
2
Var(X?) = 2 (Z) .

n

e = 32 (7)o (7) - 20
=0

Hence

Observe that
Qn—7T= (Qn - E[Qn}) + (E[Qn} - T)~
Squaring and taking expectations gives
E[(Qn - 7)2] = E[(Qn - ]E[Qn])Q] + 2(E[Qn] - T)E [Qn - E[Qn]] + (E[Qn] - 7-)2-
Since E[Q,, — E[@,]] = 0, the middle term vanishes, and therefore
E[(Qn - 7)2} = Var(Qn) + (E[Qn] - 7)2~
But E[Q,,] = 7, so this simplifies to

272

E[(Qu— )] = Var(Qu) = = 0

as n — oo. Thus @), — 7 in mean square, as claimed. O

We now define integration with respect to Brownian motion. Let f : [0,7] — R be a continuous function.

The It6 integral is defined as the limit of sums

T n—1
/ F(t)dB, = lim S £(t)(Bu,, — By,
0 n—oo e

where 0 =ty < --- < t, = T is a partition of [0, 7], the function is evaluated at the left endpoints, and the

limit is taken in mean square.



10 VEDANT VALLURI

Theorem 6.2 (It6 isometry). Let f:[0,T] = R be continuous. Then

E (/OTf(t)dBt>2 :/on(t)th.

Proof. Let
n—1
Sn = Z f(ti)(Bti-H - Btm)
i=0
Then

E[Sg,] =K Z f(ti)f(tj)(BtiJrl - Bti)(Btj+1 -

By independence of increments, the cross terms vanish when i # j, so

n—1

E[S?z] = Z f(ti)2 E[(BtiJrl - Bti)z]‘

=0
Since E[(By,,, — By,)?] = tit1 — ti, we obtain

n—1

E[S;] = Z Ft:) (b1 — i)

=0

T 2 T )
E (/O f(t)dBt> :/0 F()2 dt.

Taking the limit gives

Before stating [t6’s lemma, we explain why its form differs from the

an equation of the form
dXt = U dt + oy ch

then the random increment AX,; contains a Brownian term and is therefore typically of size v At. Con-
s such as At AX; and (At)? are of

smaller order and vanish. For this reason, in the Taylor expansion underlying It6’s lemma one keeps terms

sequently (AX;)? is of size At and contributes in the limit, while term

up to second order in the space variable but only first order in the time

Theorem 6.3 (It6’s lemma). [It644] Let X; be a stochastic process and let it satisfy

dXt = Ut dt + o dBt,

J

ordinary chain rule. If X, satisfies

variable.

and let f(t,x) be a function with continuous derivatives %, %, and % Then

_ (o,  Of  ot?*f of
df‘(at+”tax+ 2922 ) 1T 7oy

dBj.
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Proof. Let 0 =ty < --- < t, =t be a partition, and write

n—1

f(tht) - f(OvXO) = Z (f(tk—‘rlv th+1) - f(tk,th))'

k=0
Let Aty =tp1 —tr and AXy = Xy, ., — Xy, . By Taylor expansion,

af 192f

0
f(tk:-‘rlet;H,l) = f(tk7th) + f(tkvth)Atk + (tkath)AXk + (tkath)(AXk)2 + Rk?

ot Ox 2 0z
where Ry, collects higher-order terms. Summmg over k, we obtain
0?
ft, X)) — f(0,Xp) = Atk+z AXk o ‘é(AXk +ZRk

Now write
AX, = NtkAtk + O'tkABk-

Expanding, we obtain
(AXk)Q = ,u%k (Atk)z + Z,LLtkO'tk AtkABk + Ut2k (ABk)z

The first two terms are of smaller order and vanish in the limit, while the third term contributes, since
(ABg)? is of order Aty. Thus

(AX)? = Jfk (AB})? + terms that vanish.

Passing to the limit yields

of of 1

t t 2
3 =00+ [ exan s [ (Ghex) vnglox + goileon ) o

Taking differentials gives the form in the lemma. O

We now apply [t6’s lemma to solve a stochastic differential equation.

Definition 6.4. A stochastic differential equation is an equation of the form
dXt = U dt + oy dBt,

where B; is Brownian motion and the processes u; and o; are called the drift and diffusion coefficients,

respectively.

We now consider an important example of a stochastic differential equation. A stochastic process X; is

called a geometric Brownian motion if it satisfies
dXt = ‘[LXt dt + O'Xt dBt,

where 1 € R and o > 0 are constants. The term X, dt represents deterministic growth proportional to the
current value of the process, while the term o X; dB; represents random fluctuation, also proportional to the
current value. Thus geometric Brownian motion evolves multiplicatively rather than additively. This makes

it a natural model for quantities whose relative change is random. Because the coefficients are proportional
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to Xi, it is natural to apply It6’s lemma to the function f(z) = logx, which converts multiplicative behavior
into additive behavior.

Theorem 6.5 (Geometric Brownian motion). Let X; satisfy
dXt = /,LXt dt + O'Xt dBt,

where p € R and o > 0 are constants. Then

1
X, = Xgexp ((u — 202> t+ aBt> .

Proof. Take f(t,z) =logz. Since f has no explicit time dependence, we have % =0, and

of 1 0% f 1

9=y wm@=
In the notation of It6’s lemma, the process X; has drift coefficient p; = pX; and diffusion coefficient
oy = 0Xy. Therefore

d(log X¢) = <Mtg£

o? 0% f of
(Xt) + 2"‘8]}2(Xt)) dt -+ Ut%(Xt) dBt

Substituting the expressions above gives
d(log X;) = (uXt . 1 + 1(UX,5)2 (12>) dt +oX; - 1 dB;.
X, 2 Xi Xy
Simplifying, we obtain
d(log X;) = (u — ;(72> dt + o dBy.
Integrating from 0 to ¢ yields

1
log X; — log X = (H — 202> t+ oB;.

Exponentiating both sides, we conclude that
1
X: = Xopexp ((u — 202> t+ O’Bt) .
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