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1 Introduction

Modular forms are a class of functions that satisfy an infinite number of recurrences and symmetries
given by a type of group called a congruence subgroup. While the connections may not be obvious on the
surface, modular forms are related to many fields of math.

This paper serves as an introduction to modular forms. There is far too much known about modular forms
to fit within a single paper, so to allow more information, justifications may not be provided for definitions,
some proofs will not be written. However, when one is not already included, a reference will be provided
containing a proof. The main source for this paper, [Loz11], contains justifications for the definitions given.

2 Complex Analysis

This section will cover the elements of complex analysis important to modular forms, but it assumes
knowledge of the basics (e.g. what a complex number is, how functions work on them, e.t.c.) and of real
calculus.

Definition 1. The deriwative of a function f that is defined in a neighborhood of a point zq is equal to

lim f(z0 +h) — f(20)
h—0 h

at zg.

Just as with real functions, the derivative may not exist everywhere. While this definition is extremely
reminiscent of the definition of a derivative in real calculus, it is more restrictive.

Definition 2. A function is holomorphic (or analytic, which is equivalent but typically defined differently)
on an open set S C C if it is complex differentiable at every point in S. It is holomorphic on a non-open set
S C Cif it is holomorphic on an open set containing S.

Definition 3. A function is meromorphic on S if it is holomorphic on S, excluding a set of isolated points.

3 Modular Curves

Definition 4. The upper half-plane H := {a + bi : a,b € R,b > 0} is the subset of the complex plane with

“ b] € SL(2,7Z), we define Mz = 2=+tb

positive imaginary coordinates. For any z € H and M = d td-

This action of the special linear group on H will allow us to create constructs, such as functions or groups,
based on a combination of the two.



Definition 5.

FO(N):{CCL Z €SL(2,Z) : c=0 modN}
Fl(N):{(z Z €SL(2,Z):c=0,a=d=1 modN}
F(N){Z Z €SL(2,Z):b=c=0,a=d=1 modN}

A group G is a congruence subgroup if I'(N) < G < SL(2,Z) for some N € Z™.

Definition 6. Let I" be a congruence subgroup. The points 7,7’ € H are equivalent relative to T" if there is
a matrix M € T such that 7/ = M7. The set of equivalence classes is Y(I') = H/I.

We will not prove this, as topology is outside the scope of this paper, but Y(I') is not compact. To make
Y (T") compact, we need to add in some points. This requires us to extend H as Y is defined as a quotient.

Definition 7. Homogeneous coordinates are a set of coordinates [xg,z1,...,2,]. The difference between
homogeneous coordinates and regular coordinates is that, for any A # 0,

[0, X1,y ...y &n] = [Azo, AZ1, ..., ATp].

Definition 8. The projective line P1(F) of a field F is the set of equivalence classes of homogeneous
coordinates [xg, x1] for xg,x1 € F.

For all 21 # 0, [xo, 1] = [xoz] ', 1], which maps to zgz;* € F. When z; = 0, we have the equivalence
class of [1,0], which is typically referred to as the point at infinity, or simply co. Thus, P1(F) = F U {co}.

Definition 9. The extended upper half-pane is defined as H* := H U P!(Q). For any [s,t] € P1(Q) and
M = [CCL Z] € SL(2,Z), we define
M]s, t] := [as + bt,cs + dt].

Note that for s € Q, Ms = M[s,1] = [as + b,cs + d] ~ [2£5,1] = 2£8 which matches our previous
definition.

Definition 10. We can extend the equivalence that we defined in H to H*. Let I' be a congruence subgroup.
The points 7,7 € H* are equivalent relative to I' if there is a matrix M € I' such that 7/ = M 7. The set of
equivalence classes X (I') = H*/T is called a modular curve. The cusps of X (I') are the equivalence classes
with a representative in P!(Q).

X (T) is compact due to the added points, but we will not prove this.

Remark 1. For the specific cases of T'g(N), I'y(N), and T'(N), the modular curve is typically denoted as
Xo(N), X1(N), or X(N), respectively.

4 Modular Form Basics

Definition 11. Let I' be a convergence subgroup. A function f : H — C is weakly modular of weight & for
T if
1. f is meromorphic on H.

2. For any M = [i Z} €L, f(Mz) = (cz +d)* f(2).

f is a modular function of weight k if it is weakly modular of weight k and is meromorphic at the cusps of
the modular curve X (T'). If I'(N) C T, we say the level of f is N.



Remark 2. The second condition is what creates the infinite symmetries of modular forms. For example,
when I' = SL(2,Z) (i.e. N =1), f(z+1) = f(2) and f(—1) = 2F f(2).

Definition 12. f: H — C is a modular form of weight k for I' if it is a modular function of weight & for
I’ and is holomorphic on H and the cusps of the modular curve X(I'). A modular form is a cusp form if it
vanishes at all of the cusps of X(T).

Proposition 1. Let k, k' < 2 be integers, and let T' be a congruence subgroup.

1. Let f,g be modular forms of weight k for T. For all \,u € C, Af(2) + pg(2) is also a modular form of
weight k for T'. (In other words, the set of modular forms of weight k for T is a vector space over C.)

2. The set of cusp forms of weight k for I is a C-linear subspace of the vector space of modular forms of
weight k for T'.

3. Let f,g be modular forms for T' of weight k and k', respectively. f(z)g(z) is a modular form of weight
k+ Kk forT.

Proof. Since modular forms for I' are holomorphic over H and X (T") by definition, we will not need prove
meromorphicity.

a b

d
function by a constant factor will create another holomorphic function. This follows from the definition
of complex differentiation, as the constant can simply be taken out of the limit. A\f(Mz) = A(cz +
d)*f(2) = (cz + d)*\f(z). Therefore, Af is a modular form of weight k for T

Now, let g also be a modular form of weight k for I'. The fact that (h + k)'(2) = h'(2) + k'(2) for
any h,k : H — C complex differentiable at z can be easily derived from the definition of complex
differentiation. This tells us that the sum of two holomorphic functions is also holomorphic. (f +
g)(Mz) = f(Mz) + g(Mz) = (2 +d)* F(2) + (2 + d)g(2) = (cz+d)*(f +g)(2), 50 f +g is a modulax
form of weight & for T.

1. Let f be a modular form of weight k for ', let A € C, and let M = } € I'. Scaling a holomorphic

Thus, the set of modular forms of weight k for I" is a vector space over C.

2. The sum of two functions that vanish at a point will also vanish at that point, and scaling a function
that vanishes at a point by a constant factor will create a function that also vanishes at that point.
Thus, the set of cusp forms of weight k& for I' is a C-linear subspace of the vector space of modular
forms of weight k for I'.

3. Let f and g be modular forms of weight k and k’, respectively, for ', and let M = eI

a b
c d
To figure out if fg is holomorphic, we will use the complex differentiation product rule (fg)' (x) =
f'(x)g(x) + f(x)g'(x). The derivation for this is the same as the real product rule. Since f and g
are both holomorphic, it follows that fg is holomorphic on H and the cusps of X (I"). (fg)(Mz) =
F(M2)g(Mz) = (cz + d)* f(2)(cz + d)¥ g(2) = (cz + d)*F (fg)(2), so fg is a modular form of weight

k+k forT. O

Definition 13. M (T) refers to the C-vector space of modular forms of weight & for I', and Sy (T") refers to
the subspace of cusp forms.

Proposition 2. Let T',T be congruence subgroups. If TV < T, then My(T) is a C-linear subspace of My(T"),
and Si(T") is a C-linear subset of Si(T").

Proof. Let f be a modular form of weight k for I'. If the recurrence f(Mz) = (cz + d)¥ f(2) is satisfied for
all M € T, then it is clearly satisfied for all M € IV <T. From the way we created cusps, it follows that f is
also holomorphic on the cusps of X (I"). Since we already know My (T') is a vector space over C, this tells us
that My (T") is a C-linear subspace of My(I"). Adding in the additional condition of vanishing at the cusps
makes it clear that S(T") is a C-linear subspace of Si(I"). O



Definition 14. Let £ > 2 be an integer, and let L be a lattice. The Eisenstein series of L of weight k is
defined as
Gor(L) = ) TS

For z € H, we define Gax(2) = Gar((z,1)).
Proposition 3. Ga(z) is a modular form of weight 2k for SL(2,Z). The value of Goy, at oo is 2¢(2k).
For an outline of the proof, see Exercise 4.5.3 of [Loz11].
Definition 15. The g-ezpansion of a function f(z) is
> and”
for some sequence a,.

Unless otherwise stated, we will be using ¢ = e?™%* for all of our g-expansions. This is a special case
called a Fourier expansion.

A function being holomorphic at oo is equivalent to the g-expansion having no terms with n < 0. To
show that a weakly modular function of weight & is holomorphic on all of the cusps of X(T'), we can show
that the g-expansion of f[M];(z) = (cz + d)~* f(Mz) has no terms with n < 0 for any M € I'.

This function notation will be useful later on, as f[M;Ms]x(z) = f[Ma]x[M1]i(z). This will allow us to
more easily test the modularity of functions.

Definition 16. A modular form is normalized if the first non-zero coefficient of its ¢-expansion is 1.

Proposition 4. Let k > 2, let op(n) = ZO<d|n d*, and let B,, be the nth Bernoulli number. The g-expansion
of the Eisenstein series is

2m
ng(z) C(Qk Qk‘—l Za'gk 1
and the normalized Eisenstein series is

Eor(z) = 2<(1 )sz( 4k ZO'Qk 1
n>1

A proof of this can be found in Chapter 3, Proposition 6 of [Kob93].

Definition 17.
A(2) = —16(4(—15G4(2))? + 27(—35G4(2))?)

is a modular form of weight 12 for SL(2,Z) called the modular discriminant.

Theorem 1. The dimension of My(SL(2,Z)) is

0 k<0 orkisodd
dime (My(SL(2,Z))) = 4 | ] k>0and k=2 mod 12
|£]4+1 otherwise

In addition, for any k € Z, there is an isomorphism ) between May_12(SL(2,7Z)) and Sar(SL(2,Z)) given by
P(f(2) = A(2)f(2).

The proof of this theorem can be found in Chapter 7, Theorem 4 of [Ser73]. From this, it is clear that
modular forms share a deep relation to the Riemann zeta function. For better or for worse, it is only related
to ¢(2k), which is already well understood. However, this paper only looks at modular forms of integer
weight, and there may be connections with better application for non-integer weight.



5 Math Applications

The proof of Fermat’s Last Theorem involves modular forms. The statement of Fermat’s Last Theorem
is that, for any integer n > 2, there are no nonzero a,b,c € Z such that a™ + " = ¢". Fermat claimed to
have a proof too large to fit in the margin, but it took 358 years before it was proved by a mathematician
named Andrew Wiles. A previous mathematician named Gerhard Frey conjectured that if Fermat’s Last
Theorem was false, the Taniyama-Shimura-Weil Conjecture, a theorem relating elliptic curves to modular
forms, would be false. Wiles was able to prove the Taniyama-Shimura-Weil conjecture, proving Fermat’s
Last Theorem. The proof is around 100 pages long and can be read at [Wil95]

Another theorem proved with modular forms is the Jacobi Four Square Theorem, the proof of which is
much shorter.

Theorem 2 (Jacobi Four Square Theorem). The total number of ways to write an integer n as the sum of

4 squares is r4(n) = Z 8d.
d|n,d¢4Z

Definition 18. 74(n) is the number of ways to write n as the sum of k squares. More precisely, r(n) =
#{(ay,az,...,ax) € Z*|>. a? = n}.

Definition 19. 6 : H — C is defined as
9(2) — Z eQTriz*mz.

mEeZ

The absolute value of (z) is bounded by 23 -, e=2mIm(z)n — ﬁ

Im(z) > 0. Since the terms of § go to 0 as |m| — oo, 6 also converges. Now, we will connect 6 to r.

0(2)F = > 1] g"=> r(n)g"

n€Z \(ar,..ax), 5 a?=n nez.

This bound converges since

This tells us that we should care about (z)*.

Theorem 3. 0(2)* € My(To(4)).

Lemma 1. T'y(4) is generated by + [(1) ﬂ ot [411 (1)]

a b
Proof. Let M = L d

have, where * represents a complicated value we do not care about:
a o1 11" fa =
¢ d| |0 1| ~|c nc+d
bl [1 0]" * b
c d| |4 1| ~ |c+4md d

The first allows us to choose n such that |nc + d| < |¢[/2. The second allows us to choose n such that
|c +4md| < 2d. Thus, we can repeatedly reduce |c| and |d|. Since d could never be 0, eventually ¢ will equal
0. O

1

} If c =0, then a = d = £1, so M is generated by + [(1) 1]. Suppose ¢ # 0. We

Q

Proof of Theorem[3, o, o g
6(z)= Y P = YT AT < gz 4 1)

meZ meZ



This tells us that (z)* = 6(z + 1)4. Let f(z) = ¢~™=".

£ > 2 xn? e ni\2
f(n) :/ e—'rrt.ac —2man dr = 67/ e_Wt(r_T) dx

— 00 — 00

Tn

- o0
= 672 / eiﬂ-ta‘g dx = LSTQ
oo Vi

7\"712 -
Let z = L. By the Poisson Summation Formula, §(— ) = Y, et = VY, o, emin® = V—2iz0(z).

Thus,
4 4 2 4
z 1 1 1
0(———) =0(—— ) =(2i(=+1 —— 1
(&51) =g =) - () (=)
(1 2 1\*
“((& 1) (%)
— (2 (L +1 2(72' )20 (2)*
=(2i{ 4 12)°0 (2
= (4z+1)%0(2)"
Therefore, 6(z)* is a modular form of weight 2 for I'o(4). O

Now, we will figure out the dimension of Ms(T'g(4)). This will allow us to create a basis and find the
value of §(z)* in terms of that basis. To do this, we will establish a new and equivalent definition for modular
forms of weight 2k.

Definition 20. Let k € Z. A holomorphic function f : H — C is a modular form of weight 2k for T" if:
1. f(2)(d2)k = f(Mz)(d(Mz))* for all M €T.
2. f is holomorphic at the cusps of the modular curve X (T').

This clearly satisfies every condition except the recurrence condition, which we need to prove. d(Mz) =

az+b\ __ ad—bc _ 1 . .
d(cHd) = (&Tae dz = IR dz, so the recurrence is satisfied.

Theorem 4. dim M5(Tg(4)) = 2.

Proof. This proof requires some topology, which is outside the scope of this paper, but a summary will still
be provided. The full proof can be found in Chapter 6, Section 1 of [Sril9]. First, we discover the infinite
region bounded below by semicircles of radius 1 at £1 and bounded on the sides by |Re(z)| < % to be a
fundamental domain of I'g(4). Then, we show this to be equivalent to a sphere with punctures at 0, 1, and
0. Next, we show that the space of 1-forms over this sphere is generated by df and ;il. By our redefinition

of modular forms of even weight, this space is equivalent to M3(T'(4)), so dim M5 (T'y(4)) = 2. O

The basis we are going to construct involves Go. In our definition of the Eisenstein series, we started

at G4. This is not because Gy does not exist, but because it is not a modular form. Let Z equal Z\0 if

c =0 and Z otherwise. G2(2) = > .cz > qcz. m. It is important to note that this does not converge

absolutely, so we must treat it with care. We will rewrite Gy with the help of these two identities:

j— 1 1
7rcot7rz—+2( + )
z —_ zZ—"n zZ4+n

[e ]
weotwz = —mi — 270 Z q"

n=0




o0 oo
1
Taking the derivative of these two identities gives a third identity, namely Z — = —4n? Z ng".
n=-—o0o (Z+n)2 n=0
Using this, we can re-express Go:
c€Z deZ, (cz + d
-3 53 Z CHd 5D Z CHd
d;éO c>0d=— c<0d
)2 Z
c>0d=—oc0 CZ + d
) +2) (—4n?) Z dg®®
c>0

_ 2
=3 — 87 T;:l o(n)q
where o(n) =3_,,n

Theorem 5. G3[M]2(z) = Ga(z) — er_cd for all M € SL(2,Z).

11

Proof. We will first show that this is true for M = {O 1

GQ(Z + 1)

} . In other words, we want to prove that Ga(z) =

G (Z + 1) _ QC _ 87‘(’2 Z Z d€27rwd(z+1) _ QC 87‘(’2 Z Z de27rzcdz GQ(Z)

c¢>0 n=0 c¢>0 n=0

Now, we will show this to be true for the other generating matrix of SL(2,Z), M = [ 0 1

. 0} . In other words,

we want to show that 2 2Ga(—1) = Ga(z) — 22,

z

(1) =t E C/M

cE€EZ A€l
_ZZ c—|—dz
c€Z dEZ,
=22 e
dEZcEZd
_;chl:d z+d
:Z +ZZ cz+d
d;éO dEZc;ﬁO

While this appears to just be Ga(z), we must keep in mind that we cannot simply swap the sums as this
does not converge absolutely. We will use ), m, which is a telescoping series and equals 0, to
express (G2 in a manner easier to apply here.

7+ZZ (cz —|—d ZZ (cz + d)( cz+d+1)

c#0 deZ c#0 dEZ

2 1
:?_Fzz(cz—i-d) ez+d+1)

c#0 deZ



This new sum is absolutely convergent as the term being summed is on the order of = + ez ay®» SO We can swap
the sums. Thus, we get that

dez 750 dez ;éo dez. ;éo
s 1 i
Now, we will show that hm dZN; CETICEYES) = - When N is finite, this converges

absolutely, so we have

N—1 1
Z Z (cz 4+ d)( cz+d+1) Z Z (cz+d)(cz+d+1)

-N c;éO ¢#0 d=—N

_Zcz— _ZchrN

c#0

__i;%(zv/zl—c“L N/lz/i—c>

2 1
= NZ - ;27TCOt(7TN/Z)

which tells us that

li li
Ngnoo ZN%:O CZ+d CZ+d+1) Ngnoo

2z 2mcot(mN/z)
N z
— fim 27 cot(wN/2)
N— 00 z
o0 27riN/z 41

=—— lim ¢
2 Nooo e2miN/z _ 1

277@

z

We will now show that this is true for the inverses of these matrices. For the first generating matrix, the
inverse is just a translating matrix in the opposite direction, and Ga(z) = Ga2((z — 1) + 1) = Ga(z — 1).
The second generating matrix is its own inverse. Now, we just need to show that our formula satisfies the

multiplicity. Let M, = [‘; Z} M, = Le] ﬂ € SL(2,2).

2mic
M )o[ M- = — M.
P ) = (= 27 ) el
2mig _o 2mic
= f(2) = =29 (gz 4 )2
gz +h oy +d
() - 2mic — 2mig(clez + f) + d(gz + h))
N (92 + h)(clez + f) +d(gz+ h))
We want to prove that 27;;2;%&?}@2?}‘;2;(C;(jj;)};)) = (e f;;)(ch(_gﬁl > S0 we will show that 2mic+2mig(c(ez +
+d(gz + = 2mi(ce +dg)(gz + h). Expanding and canceling gives 2mwi(c + gcf) = 2miceh, which is true
f+d h 2mi d h). E di d li ives 27i f) = 2miceh, which i
because det My = 1. O

We want to modify G5 to become a modular form, but we will first establish a theorem that will help us
with this.



Theorem 6. Let f : H — C be weakly modular for T' with level N. If there are C,r > 0 such that the
q-expansion of f is f(x) =3, 50 ane?™ /N ywhere 0 < a,, < Cn", then

° C
< r —2wtIm(z)/N 1
|f(z)_Co+C</0 t'e dt)—i—l o

for some C1,C5, and f is a modular form for T

Proof. Tt is clear that |f(2)| < |ao| + Zn>0 Cn"e2mnIm)/N — Tet g(t) = e 2mmE)/N - When t €

(0, =~ ¢/(t) > 0, and when ¢ > , ¢'(t) < 0. This tells us that

’ 2wIm(z) 27rIm(z)

k
nre—QTrnIm(z) </ tre—ZTrty/th and
0

“iMI

oo
Z nre—QTrnIm(z) </ tre—Qﬂ'ty/th
n=k+2 k

where k = Lmj Therefore,
k—1
|f(22)| < |a0| +C<kre—2ﬂklm(2)/N (k__|_1)r —2m(k+1)Im(z) /N_|_ ane—Zﬂ'nlm(z) + Z n’e —Qﬂnlm(z))

n=1 n=k+2
o) 0o
< CO +—L 4 </ t7'e—27rt1m(z)/N) ]
Im(z)" 0

We have C (fooo tre—2mtIm(z)/N dt) = yﬂl (fooo tre*%t/N) = r+1 for some Cy. As I'm(z) — oo, we have:

o N Cy
(M=) Tm(M2)y+
Ci(cz+d)?"  Cy(cz+d)*r+2

Im(2)" Im(z)r+1

[fIM](2)| = |(cz + d)~F f(M2)| < |(ez +d) ™" (Co +

(cz+d)~%(Cy+ = O(Im(2)"'7")

Therefore, lim |f[M]pe*™*/N| = lim O(y' '~ *)e 2 ImE)/N — 0, so f is a modular form. O
z—r00 Im(z)—o0

Definition 21. We define G2 n(2) = G2(z) — NG2(Nz).

a b

We will prove that G2 n is weakly modular of weight 2 for I'o(N). Let M = [ Ne d

N(Mz) = M'(Nz). With this, we can calculate that

] and M’ = {a Nb}
c

d
Gon(Mz) = Go(Mz) — NGo(N(Mz)) = (Ncz + d)*Go(z) — 2rNe(Nez + d) — NGo(N(Mz))

= (Nez 4 d)*Ga(2) — 2rNe(Nez + d) — NGo(M'(Nz2))

= (Nez + d)*Gy(2) — 2miNe(Nez +d) — N((Nez + d)*Ga(Nz) — 2mic(Nez 4 d))

= (Nez 4 d)*(Go(2) — NG2(Nz)).

Since G,y is clearly meromorphic, it is weakly modular. Note that I'g(4) C I'g(2), so Ga 2 is also weakly
modular over I'y(4). Now, we will apply theorem @ The g-expansion of Gy 9 is

G272(Z) = GQ(Z) — 2G2(22)

=2¢(2) — 872 Z o(n)g"™ —2 (2((2) — 8n? Z U(n)q2">
n=1 n=1
w2 > n
=5 - N B

n=1 \d|n,d¢2Z



Similarly, the g-expansion of G'g 4 is

G274(Z) = GQ(Z) — 4G4(22)

=2(¢(2) — 87 Z o(n)g™ —4 (2((2) — 872 Z o’(n)q4n>
n=1 n=1

:—772—87r2§: Z d]q™.

n=1 \d|n,d¢4Z

Thus, G2.2,G2,4 € Ma(T'9(4)). Since Gy 4 is clearly not a constant multiple of G 2, these two functions form
a basis of Ms(T(4)). Now, we will look at the first two terms of 8%, G5, and G2 4:

0(z)* =1+8q+...

71.2
G272(Z> = —E(l —|—24q—|— . )

Gaa(2) = —71'2(1 +8¢+...)

Therefore, 6(z)* = — 25 Ga4(2), so r4(n) =8 Z d. O
d|n,dg4Z

6 Other Applications

Modular forms appear in String Theory, specifically relating to black holes. Jacob Bekenstein and Stephen
Hawking discovered that black holes are thermodynamic objects, and therefore have entropy. Through
thought experiments about scattering waves, Hawking was able to create this formula for the entropy of a
black hole:

1Ag
S]cglﬁss — kaT
403
where (3, = % and Ay is the area of the event horizon. Using Boltzmann’s equation which relates the

number of microstates to the entropy, this expression can also be found:

kB IOg dmicro = ]%IIZ—LISS
This equation is approximate, but it is valid in the thermodynamic limit of black hole size. The number of
microstates and the microscopic degeneracy of states have been discovered to be closely related to modular
forms, further connecting anything related to black hole entropy or the area of the event horizon to modular
forms. String Theory and Black Hole theory are outside the scope of this paper, so the connections will not
be explained any more here. A more in-depth explanation can be found at [Mur23].

7 Conclusion
The information presented in this paper is merely an introduction, and modular forms run much deeper
than shown here. They are connected to many different mathematical fields, and they may even be connected

to the most fundamental building blocks of reality. It may not seem so initially, but modular forms are
incredibly important.
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