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ABSTRACT. Dobinski’s formula expresses the Bell numbers, which
count the number of partitions of a finite set, as an infinite series in-
volving factorials. In this paper we prove Dobinski’s formula using
exponential generating functions and show how it can be inter-
preted probabilistically. In particular, we show that the Bell num-
bers arise as the moments of a Poisson random variable. Finally,
we discuss how this interpretation illustrates a general computa-
tional principle used in modern statistics and machine learning;:
complicated infinite sums can often be expressed as expectations
and approximated using random sampling.

1. INTRODUCTION

Counting the number of ways to partition a set is a fundamental
problem in combinatorics. The number of partitions of an n-element
set is given by the Bell number B,,. Although Bell numbers arise from a
simple combinatorial definition, their behavior is surprisingly rich and
they appear in many areas of mathematics, including combinatorics,
probability, and analysis.

One particularly striking result about Bell numbers is Dobinski’s
formula, discovered by G. Dobinski in 1877. This identity expresses
B,, as an infinite series:

B, =

[

o0 kn

>

k=0

At first glance, this formula is unexpected. The left-hand side counts
discrete combinatorial objects, while the right-hand side involves an
analytic expression containing factorials and the constant e. Neverthe-
less, the two quantities are exactly equal.

Dobinski’s formula reveals a deep connection between combinatorics
and probability. In particular, the right-hand side can be interpreted
as the n-th moment of a Poisson random variable with parameter 1.
Thus the Bell numbers are naturally the expectations of powers of a
random variable. This provides a probabilistic perspective on a purely
combinatorial quantity.
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In this paper we first introduce the necessary background on Bell
numbers, the Poisson distribution, moments of random variables, and
exponential generating functions. We then prove Dobinski’s formula us-
ing the exponential generating function for the Bell numbers. Finally,
we explain how the probabilistic interpretation of the formula leads to a
useful computational viewpoint: infinite series can sometimes be writ-
ten as expectations and approximated using random sampling. This
is an important concept in modern statistical and machine learning
methods.

2. PRELIMINARIES

2.1. Bell Numbers. A central object in this paper is the sequence of
Bell numbers.

Definition 2.1. The Bell number B, is defined as the number of ways
to partition a set of n elements into nonempty subsets.

For example, if we consider the set {1,2, 3}, its possible partitions
are

{L2.8) (L2038} {{L3h{2) {23041 ({14213},
so B3 = 5. The first few Bell numbers are

By=1, By=1, By=2 B3=5 B;=15  Bs=52
Bell numbers grow very rapidly and appear throughout combinatorics.
Definition 2.2. The Stirling number of the second kind {7]‘} is the

number of ways to partition an n-element set into exactly 7 nonempty
subsets.

Since the number of ways to partition a set of n elements into
nonempty subsets is the sum of the number of ways to partition it
into exactly 7 nonempty subsets, we have

" (n
B,=Y" { }
=0
2.2. The Poisson Distribution. We will also use a probability dis-
tribution that arises naturally in many contexts.
Definition 2.3. A discrete random variable X has a Poisson distribu-
tion with parameter X\ > 0 if
e Mk
k!

for integers k > 0.
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The probabilities sum to 1 because

e N &M
o€ &
=0

k=0 k=

=e et = 1.

The Poisson distribution frequently models the number of events
occurring in a fixed interval when those events occur independently
and at a constant average rate.

2.3. Moments of Random Variables.

Definition 2.4. If X is a nonnegative integer-valued random variable,
its n-th moment is defined as

E[X"] = f: E'P(X = k).

In the case where X follows a Poisson distribution with parameter
1, we obtain

o0 —1
ny __ ne
EX" =) k -
k=0
2.4. Exponential Generating Functions.

Definition 2.5. Given a sequence ay, a1, . . ., its exponential generating
function (EGF) is the power series

o0 xn

n=0

Exponential generating functions are particularly useful for counting
labeled combinatorial objects, since the factorial in the denominator
naturally compensates for the number of ways to label elements.

3. DoBINSKI’S FORMULA

Now, we introduce the main result of the paper, which expresses the
Bell numbers as an infinite series.

Theorem 3.1 (Dobinski’s Formula). For every nonnegative integer n,
1 o= k"
B, =- —.
e g k!

In other words, the number of partitions of an n-element set can be
computed by evaluating the infinite series above.

Although the right-hand side of Dobinski’s formula is an infinite
series involving real numbers, the result is always an integer.
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This identity provides a remarkable connection between combina-
torics, infinite series, and probability.

3.1. Convergence of the series. Before proving the formula, we
must verify that the series

X 1n

2

k=0

actually converges, which we can do using the ratio test.
Let

k,TL
ap = F
Then
apr (kD" KL (k+Dm (I
ar  (k+1D)! k (k+ Dk k+1
As k — oo,
Ak41 0
ag

Since the limit is < 1, the series converges. So the infinite sum in
Dobinski’s formula is well-defined.

3.2. The Generating Function for Bell Numbers. To prove Dobin-
ski’s formula, we use a fundamental result in combinatorics, which
states that the exponential generating function for the Bell numbers is

o n
xXr z_
E Bn_' = 66 !
n:
n=0

(see [I]).

We briefly explain why this formula holds.

When forming partitions of a labeled set, we first choose blocks (sub-
sets) of elements. Each block must contain at least one element. The
exponential generating function for a nonempty set is

et — 1.

Since a partition is simply a collection of such blocks, and the blocks
themselves are unlabeled but contain labeled elements, the exponen-
tial formula from combinatorics tells us that the generating function
becomes

exp(e” — 1).

o0
x" o _

E Bn_‘ =e° 1.
n!

n=0

Thus
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3.3. Proof of Dobinski’s Formula.

Proof. Consider the formula

Mg

n
x_ -1
7’L

n=0

We expand the right-hand side. First write

Now expand e using the power series for the exponential function:

oo
" (em>k
e =
Thus
o0 z\k X kx
e =1 _ 1 (e®) o €
=) e
k=0 k=0
Now we expand each exponential e
o
kx (k.il?)
(A =
o0 o0
« 1 k™™
e*—1 -1 il
€ = Zk‘ n'
k=0 n=0
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(swapping sums is justified here because > _, n k, converges absolutely
for each fixed x).
But we know that
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3.4. A Combinatorial Proof of Dobinski’s Formula. We now give
a second proof of Dobinski’s formula, this time using a combinatorial
argument involving the Stirling numbers of the second kind.

Proof. Recall that
B, = {”}
21

Now fix a nonnegative integer k. The quantity £™ counts the number
of functions from an n-element set to a k-element set. We may count
these functions in another way.

Given a function f : {1,2,...,n} — {1,2,...,k}, the nonempty
preimages f~(1), f71(2),..., f71(k) form a partition of {1,2,...,n}
into some number j of nonempty blocks, where 0 < j < n. Conversely,
if we begin with a partition of {1,2,...,n} into j7 nonempty blocks,
then to construct a function whose nonempty preimages are exactly
these blocks, we must assign distinct labels from {1,2,... &k} to the j
blocks. This can be done in

Kk — 1)k —2) - (k—j +1)

ways.
Therefore,

n

k”:Z{@}k(/{—1)---(/~c—j+1).

=0

Substituting this into the right-hand side of Dobinski’s formula gives
L= k" Ix=1l<=(n ,
DI DD B LR EF R
k=0 k=0 " j=0
Since the sum over j is finite, we can swap sums:

Ie=k" 1~ (n)s=k(k—1)---(k—j+1
E;H:gz{}z( RHUEIE)

7=0 J k=0

For k < j, the product k(k —1)---(k — j + 1) is zero, so

Zk(k—=1) - (k—j+1) = Kk I & 1
,; k! :;%—j)!ﬂzgm

Letting m = k£ — 7, this becomes

o0

1
ZM:&

m=0
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Hence
Ie=k" 1<~ (n " (n
iy EZ{j}ez.Z{j} :B"'
k=0 7=0 7=0
This proves Dobinski’s formula. |

4. A PROBABILISTIC INTERPRETATION

Dobinski’s formula becomes more intuitive when we rewrite it in
probabilistic language.
Recall that a random variable X with Poisson distribution with pa-

rameter A\ = 1 satisfies
-1

e
P(X =k)= R
If we compute the n-th moment of X, we obtain
E[X"] = ik”P(X =k)= ik"e—_l = lio: ﬁ
k=0 k=0 k! € =0 k!

Comparing this with Dobinski’s formula, we get
B, = E[X"]

where X ~ Poisson(1).

Thus, the Bell numbers arise as the moments of the Poisson distri-
bution with parameter 1.

This interpretation shows that the combinatorial complexity of count-
ing set partitions can be expressed through expectations of a simple
probability distribution.

5. CONNECTION TO MODERN COMPUTATIONAL METHODS

Using Dobinski’s formula, we are able to write an infinite series in
terms of the expected value of a distribution. This is an example of
a general computation strategy widely used in statistics and machine
learning: instead of evaluating a complicated infinite sum, one can
estimate it using random samples drawn from a suitable distribution.

Since
o0

B, =) K'P(X =k)=E[X"],
k=0
the Bell numbers are the expected values of the function f(X) = X",
when X follows a Poisson distribution with parameter 1.
Instead of computing the infinite series in Dobinski’s formula directly,
we can approximate B, by taking m independent samples

X17X27"'7Xm7
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and take the average
~ 1 &
B, = — X"
w2
This quantity is called an estimator for B,. A key property of this

estimator is that it is unbiased, i.e. it is accurate on average and
doesn’t systematically over- or underestimate the value:

L ix,."] - S E[X}] = E[X"] = B,,
=1 =1

by Dobinski’s formula. This perspective provides an alternative way of
computing the value of the series.

E[B,| =E
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