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1. INTRODUCTION

Among the many remarkable discoveries of Srinivasa Ramanujan, his formulas
for % are some of the most celebrated. Found in the early twentieth century,
these identities stood out for the unexpected way they connected 7 with elliptic
functions, modular quantities, and hypergeometric series. Furthermore, these series
for % converge at an extremely fast rate. For this reason, Ramanujan’s formulas
have attracted attention not only for their beauty, but also for their later influence
on high-precision computation of 7.

The formula considered in this paper is perhaps the most famous example:

1 2V2 i (4k)!(1103 + 26390k )

T 9801 ~ (k1)4(396)4F

Its convergence is extraordinarily rapid. Even the first term already gives a very
accurate approximation to w, and each successive term improves the approxima-
tion dramatically. This makes the identity especially striking: the coefficients are
explicit and elementary in appearance, yet the series converges with a speed that
seems almost mysterious when first encountered.

Ramanujan’s identity does not arises from an interaction between complete el-
liptic integrals, Jacobi theta functions, singular moduli, and hypergeometric series.
The goal of this paper is to present this connection clearly and to provide a proof
for this formula.

2. THE RAMANUJAN P1 FORMULA

Theorem 2.1 (Ramanujan).

V2 i 1103 + 26390k)

4k
T 9801 &~ )*(396)

The convergence of this forumla is very fast. Just taking the first term of this
series gives an approximation of m & 3.14159273001, which is already accurate to
7 digits. We will now explain a proof of this formula using elliptic integrals, theta
functions, and hypergeometric series. The overall plan is to first derive a more
general identity for 1/7, and then plug in a special value where all of the constants
simplify in a remarkable way.

From here on, let k € [0, 1] denote the elliptic modulus.
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Definition 2.2. The complete elliptic integrals of the first and second kind respec-
tively are defined as

K(k) = /2 4
0 V1—k2sin%0
B(k) = / V1 kZsin®0 do
0
The complementary modulus is defined as k' = /1 — k2

These two functions are the main analytic objects in the proof. They appear
often in the theory of elliptic functions, and they satisfy several useful identities.
Our goal is to use those identities to eventually rewrite 1/7m as a hypergeometric
series.

Lemma 2.3. We have that
dK  E— (K 2K
dk k(K2
and
dE.  E—-K
dk — k
Proof. We will prove the first identity. The other one follows similarly. By using
the definition of K, we have

£l 1
w= [ 2
o Ok 1—k2sin%6
where the result then follows from this. |

So the complementary integrals are defined as
K'(k) := K(K) E'(k) = E(K)

Besides K (k) and E(k), we also need the corresponding functions attached to the
complementary modulus k’. These complementary quantities are closely related to
the original ones, and together they satisfy an identity known as Legendre’s relation.
Lemma 2.4.

E(k)K'(k) + E'(F)K (k) — K (k) K’ (k) = g

This identity is one of the central tools in the argument. It is important because
it gives a direct formula involving 7, and so it will later let us transform an identity
involving elliptic integrals into one involving 1/7. We now introduce Jacobi’s theta
functions. These functions give another way to describe elliptic quantities, but in
terms of power series in a new variable ¢, called the nome. This point of view is
very useful because it lets us pass from elliptic integrals to series expansions.

Definition 2.5. The (specialized) Jacobi theta functions are defined as

> 2
V2(q) = Z q(n+%)

n—=—oo

o0

Is(g)= > ¢"

n—=——oo



dalg) = > (-1)"¢" =vs(—q)

where |¢| < 1, and is called the nome.

Although these are only special cases of the full theta functions, they are exactly
the cases we need here. They contain enough information to describe the modulus
k, its complement k', and the elliptic integral K (k) in a very explicit way.

We can also define the nome in terms of the elliptic integrals.

K'(k)
K (k) ]
However, we also need to see that k& can be defined as a function of q.

Theorem 2.6.

qzexp{—w
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These formulas are extremely useful. They show that the modulus and the
elliptic integral can both be written in terms of the nome ¢. In other words, they
let us move back and forth between elliptic integrals and ¢-series, which is an
important step in the proof.

3. THE G-INVARIANT

We next introduce another quantity used by Ramanujan, called the g-invariant.
This quantity may look mysterious at first, but it is chosen very carefully. It
packages certain algebraic combinations of & and k' into a form that is especially
well suited for the transformations we need later.

Definition 3.1. Define the Ramanujan g-invariant as
(k/)2 %
- ( 2k >
From here, we have the following formula for g,, which was proved by Ramanu-
jan.

Theorem 3.2.

[I (- =2,
k=1,35---

This formula shows that the g-invariant is closely connected with special values
of g-products. That is one of the reasons it is so useful. In the final steps of the
proof, the g-invariant will allow us to write the argument of the hypergeometric
series in a very simple algebraic form.

We now define two special functions depending on a positive real number r.
These are called singular value functions. The reason for this name is that, for cer-
tain values of r, the corresponding elliptic quantities take especially nice algebraic
values. Those special values are exactly what make Ramanujan’s formula possible.
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Definition 3.3. Let r > 0. Let ¢, = e ™V". Let k, € (0,1) be the unique modulus
satisfying

K'(k)
Ko ~ V"
We call k,. the singular modulus associated to r. Define
_ E'(ky) T

= Kk T KR
to be the singular value function of the second kind.

The definition of «(r) uses the complementary integral E’(k), but for later cal-
culations it is much more convenient to rewrite it in terms of E(k), K(k), and r.
This is where Legendre’s relation becomes important.

Theorem 3.4. E(k;)
o) = JRWE \”{Kuﬂ) - 1]
Proof.
 E'(k) n AE'(R)K(k) -7
V= Fm TARBE T AR

By Legendre’s relation, 4K (k)E' (k) = 2r—4E(k)K'(k)+4K (k) K'(k). Substituting
this in gives
7+ 4K (K)K' (k) — AE(K)K' (k)
4K (k)2

However, we know that
K'(k,)
Rk~

Then, when we set k to be the singular modulus k,., we get the result

_a B(k)
o) = srgep V| ww |

The quantity k.., called the singular modulus associated to r, is the special elliptic
modulus determined by the condition

Equivalently, if we write the nome as

K'(k)
T eXp(‘” K (k) ) ’
then the singular modulus is the modulus corresponding to the special nome
g = e ™V

Thus, instead of starting with an arbitrary modulus k and computing its nome, we
reverse the process and choose a nome of a particularly simple form. The resulting
modulus k,. is called singular because, for special values of r, especially positive
rational values, it leads to remarkably structured algebraic quantities.

The importance of the singular modulus in Ramanujan’s formula is that it turns
a general identity into an explicit one. For an arbitrary modulus, the quantities
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built from k are typically quite complicated. By contrast, when k = k,. is a singular
modulus, expressions involving k.., k.., and the associated g-invariant often simplify
dramatically and can be evaluated in closed algebraic form. This is exactly what
makes it possible to choose a value such as r = 58 and obtain the constants that
appear in Ramanujan’s series for 1/7.

We now arrive at the main identity that leads to the series expansion. The point
of this formula is that it expresses 1/m in terms of K(k), its derivative, and the
singular value «(r). Once we rewrite K (k) in hypergeometric form, this identity
will turn into a series for 1/7.

Theorem 3.5. Let k = k,.. Then
2
1 2 dK
—=vrk(K')? | =) K{t)—
L v |(2) ko
Proof. By the derivative formula for K,
20K
dk

Vrk(E')? Kif}(‘”{] = (i)Q\/FK(E— (K')’K).

9 2
|+ fatr) = v 2|
k(K" E— (K)’K.
Hence

dk
Adding the second term gives

(2)2 N2 12 2 2
- [\/FKE—\/F(k) K2+ (a(r) — VI KK }

Since k% + (k')? = 1, this becomes
9\ 2
(> [\/FKE —VFK%*+ oz(r)KQ}.
T

Now substitute

™ FE
Then -
a(r)K? = 1 VrKE 4 \/r K.

So the bracket simplifies to 7/4, and therefore the whole expression is

4. HYPERGEOMETRIC SERIES

The next step is to bring in hypergeometric series. These are exactly the kind of
series that appear naturally when elliptic integrals are expanded in a suitable way.
After this step, the proof becomes a matter of substituting the right formulas and
simplifying the coefficients.

1 if n=0

Definition 4.1. Define (q), =
(@ {q(q+1)~--(q+n+—1) if n>0

Now, we can define the hypergeometric functions.
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Definition 4.2. The hypergeometric series is given by

oF1(a,b;¢2) = Z (azz)(:)n %7:

n=0
and by
ZTL
nonl

- anbncn
3F2(“’b’c%a7ﬂ;2)—;)(()a)(n)(ﬂ())

These identities connect the elliptic integral K (k) with hypergeometric functions.
This is a crucial transition in the proof. It lets us replace the analytic behavior of
K (k) by a power series whose coefficients can be studied directly.

Proposition 4.3.

2 11
—K = | =, = 1: (2kK)?
T (k) 2 1(474’ ’(kk)>

2 2 111
ZK(k)| =3 2,5, 551,15(2kK)?
|:71' ():| 3 2(272727 ) ’( ))

The following transformation is the specific one that is needed for Ramanujan’s

formula. It rewrites the square of K(k) in a form whose argument is expressed
through the g-invariant.

Corollary 4.4. For0 <k < %, we have that

2 2 1 113 2 2
—K(k - K= 2. Z1.1:
|:7T ( ):| ]{72+1 3 2<472747 ) 7<912+g_12) >

2
We can therefore express iK(k)} in to form of m(k)F(p(k)) = mF, where m

and ¢ are algebraic numbers and F' is a hypergeometric series given by
F(p(k)) =) anp"
n=0

Now that the square of K (k) has been written in this form, we can differentiate
it using the chain rule. This is the step that produces both a constant term and
a term involving n, which is exactly the kind of coefficient pattern that appears in
Ramanujan-type series.

Differentiating both sides of the equation gives

2\ dK 1 (dm dF dp
il N "l Rl -
(77) dk 2<dk +md<pdk)

However, we know that

dFF & 1S
do Znanga” b= Z(” + Dage"t!
d(p n=0 ¥ n=0

Substituting this differentiated expression into the earlier identity and then ex-
panding term by term gives a general series for 1/m.

By B3
dm 00 de
dk do dk

L= vy 5 )]+ o) - v



Then, using the previous equations,

N W e R ™ ek 28
ﬁ;an[zﬁuk) G+ la(r) = ViRm + GRS |

1 1 3
Recall that a,, = %, m(k) = k21+1 and p(k) = (ﬁ)2 We can
express the terms of the series as a, (A + nB) for algebraic A, B.
It is convenient to introduce a shorter notation for the argument of the series.
This will simplify the formulas and make the final specialization much easier to see.
We therefore write this argument in terms of a new quantity x .

Set

2 k(R
gl2 + 9712 (1 + k]2\f)2

TN

We then get the series

1 — i (i)n(%)n(%)n [ a(N) - VN VN 9N — 91?712 p2ntl
L S G en(1+ky) 49y 2 N

This is now the general form of the series that we need. It already has the
right shape, but the coefficients still look complicated. The next goal is to simplify
the hypergeometric coefficients and then choose a special value of N for which the
algebraic quantities can all be evaluated explicitly.

To match Ramanujan’s formula, we now rewrite the Pochhammer products in
factorial form. This is a direct computation, but it is important because it turns
the coefficients into the expression involving (4n)! and (n!)*.

1\ (3

Now, we will obtain an expression for (i)n (§)n (Z)n'

(zli) n (;) " (i) - 2516” %

1 1-5-9---(4n — 3)
4 n 4”

(;)n _ 1~3~5--21-1(2n—1)

3 _3:7-11---(4n—1)
Yy 4n

Multiplying these all together gives

Cl)”(;)"(i)n - 3% . 4’(521):)! ' (22732!! N 2516" (4:!)!

Lemma 4.5.

Proof.

|
Substituting this into our sum gives
I & 1 (4n)! N N 12— gyt
722 (4n) o )2 —\/;—i-n\/N-gN IN x?\?ﬂ
L (n)* lan(14+K%)  4g) 2

With this simplification, the series now looks much closer to Ramanujan’s for-
mula. What remains is to evaluate the algebraic terms in the bracket for a suitable
choice of N.



We now choose the special value N = 58. This is the value that leads to Ra-
manujan’s famous formula. The reason this choice works is that the associated
quantities gss, kss, 58, and «(58) can all be computed explicitly. However, com-
putation is very difficult. Thus, we will not show it here. It turns out that when
N = 58, we are able to evaluate the g invariant. The evaluation is as such:

[5+ /29
gs8 = 5

We then compute kss = (v2 — 1)°(13v/58 — 99). Finally, we also have that

12 —12
% = 9801, meaning w53 = ygor- We also then get a(58) = 3gSskss(33v/29 —
148).
Then we have

I & 1 (4n)! N N 12— gyt
722 (4n) o )2 _\/;+n\/ﬁ_91v IN m%wrl
T ¢ 256" (n))* [an(1+ k%) 49y 2

5. PUTTING THE PIECES TOGETHER

We now simplify the three parts of the expression above. First we determine
the overall power of zsg, since this is what produces the denominator 396*". Next
we simplify the coefficient of n, which will give the number 26390. Finally, we
compute the constant term, which will turn out to be 1103. Once these three
pieces are identified, the series takes exactly the form stated by Ramanujan.

We begin with the power of x55. This is the term responsible for the denominator
in the final series, and it is the source of the factor 396%™ that makes Ramanujan’s
formula converge so rapidly.

We compute

aggtt 1 1 T 1
256" 9801 \ 256 -98012 ) ~ 9801 396%"
We next simplify the coefficient of n. This term comes from the part of the general

series involving gi2 — gig>. After substituting the explicit values and simplifying,
this coefficient becomes the number 26390 appearing in Ramanujan’s formula. We

12
know g2 = (\/wgﬂ = 9801 + 18201/29. Therefore gg2 = 9801 — 1820/29.
So

12 —12
958 — 9ss \/% 2\/§
= 1820V29 = 22 .92
Z53V/58 5 9801 820v/29 9801 6390

It remains to compute the constant term. This part is slightly more delicate,
since it involves both «(58) and gi2. We therefore simplify the two contributions
separately and then combine them at the end. After cancellation, the constant
turns out to be 1103. The constant part is

a(58) V58

zs5s(1 + k3g) - 4933

T58

So
V58 V58

B VB8 13195v/2
4-9801gi2 49801

1-1820v29) = Y= —
(9801 — 18201/29) ; 9501




Recall that we have a(58) = 3g53kss(331v/29 — 148). Thus, we obtain
a(58) VB8 37v2 VB8 10989v2
1+ k3, 4 33 4 9801
So the full term is
2v2

9301 1103

Substituting these simplifications back into the series gives exactly the desired ex-
pression. The resulting expression is exactly Ramanujan’s formula for %

%: i E4n)! 1 {2\/5(1103”6390”)] 2v2 f: (4n)! 1103 + 26390n

nl)* 39647 | 9801 T 9801 &~ (nl)*  396%n

n=0 n=0
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