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1. INTRODUCTION
A famous result of Euler is the Basel Problem:

Theorem 1.1 (Basel Problem).

— n? 6

This was a well-known problem at the time, so he was widely regarded for solving it. His
work was built on by Bernhard Riemann in his influential 1859 paper “On the Number of
Primes Less Than a Given Magnitude.” The Basel Problem is a special value of the Riemann
Zeta function introduced in Riemann’s paper.

The Riemann Zeta function is defined as

1
((s) = =
n=1

when R(s) > 1 and extended analytically to the complex plane. There has been a plethora
of research relating this function, and it appears in a million-dollar conjecture [3]:

Conjecture 1.2 (Riemann Hypothesis). The roots of the ((s) besides the negative even

integers all lie on the line R(s) = 3.

One useful representation of the Riemann Zeta function is known as Euler’s Product
Representation.

Proposition 1.3. For any s with R(s) > 1, we have

<@>=111_23::<II(L_%))1

p

where the product is over all primes.

Proof. If we rewrite

—L4p T ()

1—p—s
and expand, we get
1 1 = 1
=2 am =2 =<
P 1 p ai,az,... (pl Py ) n=1 n
where pq, ps, ... are the primes. This follows from the Fundamental Theorem of Arithmetic,
and we can disregard all the terms with infinitely many positive a;, since those are 0. [
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One nice application of this product formula is the following:

Proposition 1.4. The asymptotic probability that s natural numbers are all relatively prime

18
1

((s)
Proof. An informal argument follows intuitively from 1.3, noting that the probability that s
natural numbers are divisible by a prime p is ]%. Since divisibility by primes is asymptotically
independent, the probability that they are all coprime is

()=

One topic of study is related to the values of ((k) for positive integers k > 1. For even
k this problem was solved by Euler, who was able to generalize his solution to the Basel
problem to ((2k) for k > 1.

Theorem 1.5. For any positive integer n,
B " 2 2n -1 n+1
2(2n)!

Here, Bs, is the 2n-th Bernoulli number, which is given by the exponential generating func-
tion

r B,z"
er—1 n!
n>0
For example, By, = %, B, = —%, and Bg = é while
2
s
((2) = 5
4
s
((4) = 90
6
s
€(6) = o

For odd zeta values, however, much less is known. It was proven by Apéry in 1978 that
¢(3) is irrational, and it is unknown whether or not ((3) is transcendental. For every odd
k > 5, it is unknown whether or not ((k) is rational, but it is believed that they are all
transcendental. However, it is known that infinitely many odd zeta values are irrational and
that at least one of {(5),{(7),((9),¢(11) is irrational.

The values of ( at negative integers were also found by Euler, and these are relevant to
the study of modular forms.

Definition 1.6. Given a field K, a subfield L of K and a set S C K, we say that S
is algebraically independent over L if the elements of S satisfy no nontrivial polynomial
relation.

It is thought that the following very strong conjecture is true, but there has been little
progress towards proving it.



Conjecture 1.7. The numbers
1,m,¢(3),¢(5),...

are algebraically independent.
Now we focus on multiple zeta values, which are an extension of the Riemann Zeta function.

Definition 1.8. For any sequence of positive integers s = (sq, o, ..., S¢), we can define the
multiple zeta value

1
C(s1,82,..,80) = Z P TIr—

ny'ng’---n
ny>ng>-->ny>1 17%2 4
as a natural extension of the Riemann Zeta function, provided that this sum converges.

Note that s; > 1 is necessary for convergence, as

1 1
_— > = Q.
Z n%n;z e nzl HZZZ n(g — 1)52(£ —_ 2)83 e 1S£

n1>ng>>np>1
It is also sufficient.

Claim 1.9. If (sy, 2, ..., S¢) is a sequence of positive integers with s; > 1, then ((s1, Sa, .. ., S¢)
18 a real number. We call such sequences admissible.

It suffices to show that ((2,1,...,1) converges, since ((s1, Sa, .. ., S¢) is bounded above by

£—1 ones

this value. Note that

21, =Y e <23 (Z%>

/—1 ones

ni>nz>->ny n>1 k=1
(log(n — -1
< Z g( + 1)
n>1

which converges.

For any admissible sequence, we say that s; + ss + - - - + s, is the weight of s and that /¢
is the length of s. We also say that a number z is a Multiple Zeta Value or MZV if there is
some admissible sequence s such that

((s) ==
In this paper, we will look at some special properties and relations between Multiple Zeta
Values. Then we will explore the algebra of MZVs by looking at shuffle and stuffle products
and multiple polylogarithms.

2. PROPERTIES, RELATIONS AND SPECIAL CASES
Another identity of Euler is the following:

Proposition 2.1.
¢(2,1) =¢(3)

and

T (4) =¢(2,1,1) = ((3,1) +((2,2)



These arise as special cases of the following identity, known as the Sum Theorem for
Multiple Zeta Values:

g C(s1,82,.-.,80).
> si=n
512>2,8;2>1

We also have the identity ((a)((b) = ((a,b) + ((b,a) + ((a + b).
Proof. Note that

((a)C(b) = (Z %) (Z ni) -y

n>1 n>1 m,n>1
1 1 1
= 2 it 2 e T 2
m>n>1 m<n>1 m=n>1

— ((a,b) + C(bya) + Cla+b).

This can be extended to products of more than 2 zeta values, which we will see in the

next section.
We can also derive the following, which comes from the product expansion of sin(x):

Proposition 2.2.

7T2n

92 -
{2k = 2n+ 1)1
Proof. The product expansion of sin(z) is

sin(z ﬁ ( %2) |

k=1

and we also know that
0 I,Qk—i—l(_l)k

(2k+1)! 7

sin(rz) =
k=0

2n 2n = x%(_l)k _ (="
H( 7r2k2) =l ];; 2%k + 1) @2n+ D

0
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However, the LHS is equal to
(=1)"¢({2}")
71—2n

by expansion, so

7T2n

C({2}") = Gnr 1)



3. ALGEBRA OF MULTIPLE ZETA VALUES

We have the following integral identity:

—d d —d 5| d
/ xl/ 11— 2= T $1/0 (2372) 2

In general, a similar representation holds for Multiple Zeta Values, or
x Tgq— Ly dgodedsy—
C(S S / / ! d$2 / s1—1 dIsl /‘ s1+sgt-tsp—1 dx81+82+-~+84
17 27 e 7 o P *
1- Lsy 0 1— Lsy+sa++s¢
S1— 1

We will prove this by considering MZVs as special cases of multiple polylogarithms.

3.1. Multiple Polylogarithms. The polylogarithm function is a generalization of the Rie-
mann Zeta function, defined as
Li,(
1 Z ]{78

Note that Lis(1) = ((s). Now we can generahze further to the multiple polylogarithm.
Definition 3.1. We define the multiple polylogarithm as

. z
Lis, 59,0050 (2) = Z 51, 52 s¢°

/rL /rL ) n
ni>->ne>1 1 72 ¢

ni

This series always converges when |z| < 1, and converges for z = +1 when s is admissible.

These have the integral representation
1 Tgq—1 T 1
Li / / dx2 . / 1 d$s1 . / seztte dxs1+sz+~~+sl
51,582, 58 :
| 1=z 0 L — %) foptts,
81— l

For convenience, we may write w,(x) in place of % and w,(zy) in place of 1‘1_3”;k in the
integral expansions of multiple polylogarithms and MZVs. For example, the iterated integral

for ((2) can be written as
[ o).
1>x1>22>0

We will introduce the spaces £, £, and $° to prove the iterated integral expansion and the
shuffle and stuffle products.
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3.2. Shuffle and Stuffle Products. We can now look at these Polylogarithms and MZVs
in terms of words with two letters.

Definition 3.2. Let a word be some sequence of xs and ys. Let

be the free algebra over Q with the two noncommutative variables x and y. Equivalently, £
is formed by Q-linear combinations of words. Similarly, let $* = Q(y, ry, zxy,...), or the
space spanned by words ending in y. We also let $° = Q(xy, zay, rzzy,...). Note that £°
is also the space spanned by admissible sequences, when viewing xs and ys as corresponding
to wi and 1—;:):1 in the integral representation. For example,

9° 3 zryryrry « (3,2,3).
We use 1 to refer to the empty word in §). We can also say that for an admissible sequence
S = (81,82, ...,50),
Cs) = Gy eay)
and we view ((w),w € ) as a linear combination of the zeta values for these words. We also

think of Li as a linear map from $! to the space of functions over (0,1). Then, we write
Li(w) as Li,(2) for any w € H'.

Lemma 3.3. If w = au = (81, S2,...,5:) = s is a word in H' when a is a letter and u is a
word, then

d 1L if a =
A ig(z) = 2ale) - ifa=a
—Liu(2) ifa=y

Proof. Note that

ni—1

d . z
Shu(@) = >,

. .. Sé ’
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If @ = 2 then s; > 1 and
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Now we can prove the integral representation of Li.



Theorem 3.4. For any word ' > w = ajas . .. a, where a; are letters and z € [0,1),

L) = [ wulon) | " ) / N ().

Proof. The proof is by induction on k, where k£ = 1 follows because

/Ozwy(x):/o 1_xdx—/ Zx”dx— —Lly()

Then, the induction step follows by 3.3 as

d 1
—Li,, = —Li
P . . i,(2)

—> Liz(2)=C+ /OZ wy (1) Ly (27)

and
d 1
T T hu(2)
= Liy,(2) = C’+/ wy (1)L, (1)
0
but Li(0) =0, so C' is 0 for any u, z and we are done. [

Now we can define the shuffle and stuffle products of words in $!.

Definition 3.5. The shuffle product over ), or L, is defined by the rules w1l = 1w = w
for any word w and
au Wby = a(u W bv) + b(au LI v)

where a and b are letters and u and v are words.

Definition 3.6. The stuffle product over H!, or *, is defined by the rules w*1 = 1%w = w
and

xju* 20 = Tj(u* 2p0) + op(Tju* v) + i (u* v)
where z,, = 2™ 'y and u and v are words. We can extend the stuffle product to $ by letting
T xw=wxx) =wx;.

These two operations are extended linearly over $). One can see by induction on the length
of words that the stuffle and shuffle operations are commutative and associative.
Let’s look at some examples of these products. Note that
vy Way = x(y Way) + z(zy Wy)
= z(y(zy) + z(y Wy)) + z(x(y Wy) + yzy)
= zyxy + 2zxxyy + 2r0YyY + TYTY
= 2zxyxy + 4drxyy.
As an example of a stuffle product,
zy * xy = xy(ry) + zy(zy) + vaery
= 2zyxy + xxTy.



These products give rise to many relationships between multiple zeta values. This is
because we have the two beautiful relations

C(wwv) = ¢(w)((v) (3.1)
and
C(w*v) = ((w)¢(v) (3.2)

for any w,v € H°. These are called the shuffle relations. In our previous examples, this tells
us that

¢(2)* = 2¢(2,2) +4¢(3,1) = 2¢(2,2) + ((4).

We can prove 3.1 from the iterated integral representations. In our previous example,

- [ )

We can rewrite this as an integral over the region 1 > x; > x9 > 0and 1 > y; > yo > 0 and
casework on the order gives

2
¢(2)* = (/ +/ +/
1>y1>y2>x1>12>0 1>y1>z1>y2>12>0 1>y1>z1>22>Yy2>0

- v +f Yoo ozl )
1>z1>y1>y2>22>0 1>x1>y1 >x2>y2>0 1>z1>20>y1>y2>0

= ((wyzy) + ((zryy) + ((zyy) + ((vryy) + ((vryy) + ((ryry)
=2¢(2,2) +4¢(3,1)

which is exactly what we found with 3.1.
In fact, 3.1 holds for multiple polylogarithms.

SO

Theorem 3.7. For any w,v € §°,

Liy (2)Liy(2) = Liguw(2).
The proof follows from 3.3, and can be found in more detail in [1] (50).
The result in 3.2 does not follow from the iterated integral expansions, but instead from
truncated Multiple Zeta Values, defined as

1
CM(Sl,...,Sg) = Z 51 _s¢-

M>ni>->n,>1 1 ¢
Theorem 3.8. For any M and w,u € H°, Cur(w)Car(u) = Car(w * u).
Proof. The proof can be found in [2] (53-54). |

Taking the limit as M — oo proves 3.2.

Note that the shuffle relations only give linear dependencies of values of the same weight.
However, these are not the only linear dependencies among MZVs of the same weight. If
we let Z be the Q-vector space spanned by MZVs of elements of §° and Z; to be the Q-
vector space spanned by MZVs with weight k, then there have been a number of results and
conjectures involving Z and Z.



For example, an upper bound is known on dim Z,.

Theorem 3.9. We have dim Z;, < dj, where dy is defined by dy = 1,dy = 0,dy = 1 and
dk = dk_g + dk_g fOT k Z 3.

It is conjectured that equality holds [2] (4).
Conjecture 3.10. For all k, dim Z, = d,,.

It was also proven that Zj is spanned by indices with just 2s and 3s.
Theorem 3.11. The set

{g(Sl,..,,Sg) | 81,580 € {273}}
generates the Q-subspace Z.

It is conjectured that this set is a basis of Z, which would imply 3.10.
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