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ABSTRACT. In this paper, we cover the proof of the Spectral Theorem and some applica-

tions.

1. SPECTRAL THEOREM
We introduce the Spectral Theorem.
Theorem 1.1 (Spectral Theorem). Any symmetric matriz is diagonalizable.

We start by going over the basis and the eigenbasis.

Definition 1.2. The basis is like a coordinate system that relies on a set of n vectors each
of size n. If for some vector ¥, U = ¢10] + 903 + - - - ¢, 0y, then ¥ in basis A = (v1, 03, - - - Uy,),
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represented as [0] 4 is equal to | . |. For example, R? uses the basis B = 0,1
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and the vector v = |1| in basis U = 11,1 11],]-1 is equal to |3 | since
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Theorem 1.3. For vector & and basis B = (v1,03,---vy,), T = S[Z]p where
S = [171 Uy ve- UZ].
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Proof. Let [Z]p = | . |. Then,
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T= 101 + U3 + -+ - CuUy, = [01, 03, - - - Uy : = S[7]g.
Cn,
Definition 1.4. The eigenbasis of a matrix with eigenvectors v, 03, - - - vy, is the basis B =

(vi, 03, Up)-
1
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Theorem 1.5. Let there be a transformation matrixz A. Let the matrixz B be the B-matriz of
A, which performs the transformation of A in basis B = (01,03, - v,) (i.e. [AZ]p = B[T]p).
Then, AS = SB where S = [271 Vg -e- vﬂ.

Proof. We know that AS|[Z]g = AZ. We also know that AS[Z]z = S[AZ]z = AZ. Therefore,
AS[¥]g = AS[Z|p = AS = SB.
[ |
We now prove the Spectral Theorem.

Theorem 1.6. Let there be a matrix A and eigenbasis D = (v1, 05, - - v;,) of A with Av; =
A\;v;. Then the D-matriz D of A is

MO0 ...00
B 0 X ... 0 o .
D=5"A8 = L . ,whereS:[vl vy - vn}
0 0 ... A

Proof. We know that D = S7'AS is true from rearranging Theorem 1.5. We must prove
that the D-matrix of A is the diagonal matrix with the eigenvalues of A. Let there be a
vector & = 101 + o0 + + - - ¢, Uy, Then, D[z]p = [Az|p. We see that
Az = A(c107 + cov5 + -+ - ¢ 0y,)
= 1 AV} + cAvy + -+ - ¢, Av,,

= CIAUT + CaA9U3 + + - G A Up,.

C1 )\1 -Cl
Cg)\g (&)
Therefore, [Az]p = | . |. We know that D[z|p = D | . |. Thus, since D[z|p = [Az]p it
Cn)\n L Cn
is obvious that
A0 07
0 A 0
0 0 An

2. MATRIX FACTORIZATION APPLICATION
We present another method of factorization using Spectral Theorem.
Theorem 2.1. A positive semidefinite real matriz has eigenvalues that are nonnegative.

Proof. Let the matrix be A. Since it is positive semidefinite, 27 MX > 0. Let ¥ be an
eigenvector of A. Then,

v Mo = v o = vTo) > 0.

Since v7v must be nonnegative, A, which is the eigenvalue of ¥ must also be nonnegative. W

This will come in use later.
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Definition 2.2. A real matrix M is said to be positive semidefinite iff, Vo € R™, 2T Mz > 0,
where M7 is the transpose of M.

Theorem 2.3. A real symmetric n x n matriz A is positive semidefinite if there exists an
n x n real matriz X such that A = XTX.

Proof. Since A = XTX we know that 27 Az = 2" X7 Xz = (X2)T(Xz) = || Xz||* > 0.

We now prove the other direction:

Let A be a real symmetric n xn matrix. Therefore, it is positive semidefinite and by the Spec-
tral Theorem, is diagonalizable: D = S7'AS = A = SDS~! where S = [271 Uy v v_,;}
and v1, 03, - - - U;, are the eigenvectors of A and D is a diagonal matrix containing the eigen-
values of A. Let T = St so A=T"'DT.

Theorem 2.4. The eigenvectors of a symmetric matriz are orthogonal.

Proof. For any matrix A and vectors x and y, we know that
(Ax,y) = (Ax)Ty =x" ATy = (x, ATy).

Now let A be a symmetric matrix and x and y be its eigenvectors. Let the corresponding
distinct eigenvalues be A and p, respectively. Therefore,

Ax,y) = (Ax,y) = (Ax,y) = (x, ATy) = (x, Ay) = (x, py) = p(x,y).

Thus, \(x,y) = u(x,y) = (A — p)(x,y) = 0. Since A # pu, then A\ — u # 0 and (x,y) =0
implying that x | y. [ |

Therefore, T' is orthogonal and T-* = T%, so A =TT DT.

Va0 ... 0
0 VX ... 0

Let R=+D = . . ) .| . Since all eigenvalues are nonnegative by Theorem
0 0 ... vV

4.1, R remains a real matrix. Define the matrix X = RT. We can now see that another

factorization of A is XTX = (RT)'RT = TT"RTRT =TT DT = A. [

3. MATRIX POWER CALCULATION

We present a quick method of calculating matrix powers.
Let A be a real symmetric n X n matrix. The matrix’s mth power is the resulting matrix
after being multiplied to the identity matrix m times. For example, we have

(),



4 TAIGA NISHIDA

Then,

1 2 1 2 1 2

2 3/\2 3)\2 3
(1 2\ (1x1+2x2 1x2+2x3
S \2 3/ \2x1+4+3%x2 2x2+4+3x%x3

1 2 5 8
2 3 8 13
I1x54+2x8 1x8+2x13
2Xx54+3x%x8 2x8+3x13

(21 34
—\34 55)°

When calculating the mth power of A, it requires n®(m — 1) multiplications.
Instead, by using Spectral Theorem, we can factor this into SDS~! where D is the diagonal

matrix containing the eigenvalues and S is the matrix with column eigenvectors. Then we
have

A™ =SDS 'SDS™t...8DS!

= Spms—!
X0 0N\ /a0
oL . 0O A -+ 0 9
:(Ul V2 v v”) : S : i
0 0 - ) \u

which nicely limits the number of multiplications to n® + n? 4+ n(m — 1) where the power of
the eigenvalues are calculated naively without optimization.
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