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1 Introduction to Law of Large Numbers

The Law of Large Numbers is an important concept in statistics that illustrates

the result when the same experiment is performed in a large number of times. As
per the theorem, the average of the results obtained from conducting experiments a
large number of times should be near to the Expected value (Population Mean) and
will converge more towards the expected value as the number of trials increases.
There are two different versions of the Law of Large numbers which are Strong
Law of Large Numbers and Weak Law of Large Numbers, both have very minute
differences among them. Weak Law of Large Number also termed as “Khinchin’s
Law” states that for a sample of an identically distributed random variable, with an
increase in sample size, the sample means converge towards the population mean.
For sufficiently large sample size, there is a very high probability that the average
of sample observation will be close to that of the population mean (Within the
Margin) so the difference between the two will tend towards zero or probability of
getting a positive number ¢ when we subtract sample mean from the population
mean is almost zero when the size of the observation is large.
The law of large numbers is among the most important theorem in statistics. The
law of large numbers not only helps us find the expectation of the unknown dis-
tribution from a sequence but also helps us in proving the fundamental laws of
probability. There are two main versions of the law of large numbers- Weak Law
and Strong Law, with both being very similar to each other varying only on its
relative strength. Over the years, many more mathematicians contributed to the
evolution of the Law of Large Numbers, refining it to make it what it is today.
These mathematicians include: Andrey Markov, Pafnuty Chebyshev who proved a
more general case of the Law of Large Numbers for averages, and Khinchin who
was the first to provide a complete proof for the case of arbitrary random variables.
Additionally, several mathematicians created their own variations of the theorem
and that’s what really makes this topic and paper so much interesting.
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2 Weak Law of Large Numbers.

Before we begin our discussion of the Weak Law of Large Numbers, we first
introduce suitable notation and define important terms needed for the discussion.
In this chapter some elementary definitions with corresponding examples will also
be provided. Additionally, this section will outline the notation that will be seen
throughout the remainder of the paper. In order to best understand the content
of the paper, one should have an appropriate grasp on important concepts such
as expected value or mean, variance, random variables, some standard probability
distributions. So this paper assumes a basic knowledge of all those basic concepts
in the probability Theory.

2.1 Chebychev’s Inequality (In Probability Theory).

Chebychev’s Inequality . Let X be a discrete random variable with expected
value E(X) and let € > 0 be any positive real number. Then we have

< Var(X).

PX —E(X)| =€)

82

Proof. Let m(x) denote the distribution function of X. Then the probability that
X differs from E(X) by at least ¢ is given by

PIX ~E(X)| 2= 3 mla)
[z—E(X)[2e
We already know that

Var(X) = Z(w — E(X))*m(z).

and this is clearly at least as large as
Y. (z—EX))m(x)
[z—E(X)|ze

since all the summands are positive and we have restricted the range of summation
in the second sum. But this last sum is at least

Yoo Pmz) =2 ) mz) =Pz - E(X)| > ¢)
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Var(X
Y Emr) =Pz —E(X)| > ¢) = P(IX —E(X)|>¢) < "g )
e~ E(X)|>e
Hence we have proved the chebychev inequality. |

We are now ready to begin our main discussion of the Law of Large Numbers. In
this chapter we will state the Weak and Strong Law of Large Numbers as well as
Kolmogorov’s Law of Large Numbers and prove the Weak Law using two different
methods. The first proof uses Chebyshev’s inequality, and the second uses what is
known as characteristic functions. We will first state the Weak Law and prove it
using Chebyshev’s Inequality.

2.2 Proof of Weak Law of Large Numbers using the
Chebychev’s Inequality assuming the Finite Variance Case.

) =0

The proof of weak law of large numbers directly follows from the chebychev
inequality. Chebychev inequality states that

Weak Law of Large numbers . For any ¢ > 0 we have

) X1+Xo+Xs5+...+ X,
lim P

— E(XZ) >

n—00 n

Var(X)
22

P(IX —E(X)| >¢) <
Note that from now on we willl denote

1 n
— ZXi = Z,, and Var(Y;) = o
n <

Thus we have:

Var(X )
=2

Var(Zy,)

P(X — E(X)| 2 ) < g

P(|Zn —E(Zn)| 2 €) <

Now we will compute E(Z,) and Var(Z,).

E(Zn):]E<X1+X2+)Ti3+ +X> ( ZX) (ZH:JE(XZ'))

1=1

. (Z E(X») =P _p(x) = E(Z) = E(X).

n
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Now let’s compute Var(Z,).

X1 +Xo+X5+...+X, 1 o 1 -
Var(Z,) = Var ( 1+ et At ) = Var (— XZ-) = —Var (Z Xi)
n 4 ;

n

— Var(Z,) = —.

Therefore we have )

g
P(|Z, ~E(X)| 2 ) < — Ve >0

Now take the limit as n — oo, we have

. . 0'2 .
Jim (P(12, ~ BCO)| 2 )] < Jim (23] =0 = lim [B(1Z, - BOYG) 2 2)] =0,
> 5) = 0.

Thus we have proved the weak law of large numbers. Next we will prove the Weak
Law of Large Numbers using characteristic functions.

lim [P(|Z, — E(X;)] > ¢)] = 0

n—oo

<‘X1+X2+X3+...+Xn

— lim P

n—oo

. —E(Xy)

2.3 Proof of Weak Law of Large Numbers using Characteristic
function with Infinite variance.

The proof for the finite variance case is pretty simple and is more widely known.
However, since finite variance is not a necessary condition for the Weak Law of Large
Numbers (WLLN), there’s utility in knowing the proof for the infinite variance
case in the interest of completeness. First, let’s define the Characteristic function
of an arbitrary random variable, and provide some properties for independent and
identically distributed random variables that we might find helpful:

Definition 1.3.1 (The Characteristic Function of Random Variables). For a Ran-
dom Variable «, the characteristic function ¢, (t) is defined as

Palt) = E[eim]

Also Note that for two independent random variables o and § we have

Pars(t) = E [eit(A—&-B)} _E [e(z’tA+itB)] _E [eitAeitB] _E [62‘15/1] F [eitB} = 0u(t)p5(t).
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Also Note that for a random variable o we have

Pasm(t) =E [6(”’4)/ "] = ¢q <%> -

Now let’s Evaluate e® using the Taylors Theorem for Complex Functions
Corollary 1.3.2 (Corollary of Taylors Theorem for Complex Functions).

.A2 .A3 .A4 .An
A:1+z’tA+(Zt2') +(Zt3,) +(Zt4,) +...+(Ztn,) +o =14 itA+oft).

Now taking Expected value on both the sides we have
E (e"") =E(1 +itA+o(t)) = 1 + E(itA) + o(t).

We're now ready for the proof. Let’s begin with the Characteristic function of

our sample average of the n independent and identically distributed X random
variables.

'IL

= (pxn®)” = < <%>> = Pa/a(t) = Pa (%)
>n _ (E (e(itX)/n)>n — puplt) = E [e(z’tA)/n] . (%) |
( (e000n))" = (1 . z’tIEéX) Y ( % )) — () — L HE@) < ¢ )

n n

(1 v ”E;LX) to <%>>n - (1 + “Elei) to (%))n — E(X) = E(X))

ey (1) = <1+ z’tIEiXZ-) +O<%>>n

, _ itE(X;) AN . .
— nh_)n(glo (pz. (1) = nh—{EO <<1 + - + o0 <5)) ) = eltén = E(e tZ”) = gp]E(Xi>(t).

Thus we have shown that ¢z () has pointwise convergence to ¢gx,)(t).
With the help of Levy’s continuity theorem we know that Z, has a convergence in
the distribution to E(X;). Because E(X;) is fixed we get that

e2,(t) = @5 () = oy x(0)

X1+ Xo+ X5+ ...+ X,
Z, = B(X;) = hmIP’(' RS I ST T S

N—00 n
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Thus we have proved The Weak Law of Large Numbers using Characteristic func-
tion with Infinite variance.

Interpretation: As per Weak Law of large numbers for any value of non-zero
margins, when the sample size is sufficiently large, there is a very high chance that
the average of observation will be nearly equal to the expected value within the
margins. The weak law in addition to independent and identically distributed ran-
dom variables also applies to other cases. For example, if the variance is different
for each random variable but the expected value remains constant then also the
rule applies. If the variance is bounded then also the rule applies as proved by
Chebyshev in 1867. Chebyshev’s proof works as long as the variance of the first n
average value converges to zero as n move towards infinity:.

3 Strong Law of Large Numbers.

Now we will state the more powerful variation of our theorem; The Strong Law
of Large Numbers.

Strong Law of Large numbers . Let X;, Xo, X3, X4, ... be a sequence of inde-
pendent and idenically distributed random variables, then we have

X1+ Xo+ Xs4 ...+ X,
P(lim( irAe A ):E(X1)>:1

n—00 n

Before we begin our discussion of the Strong Law of Large Numbers, we first
introduce suitable notation and define some very important terms and concepts
needed for the discussion and proof of the Strong Law of Large numbers. In this
section some definitions will be provided. Additionally, this section will outline
the notation that will be seen throughout the remainder of the paper. In order to
best understand the content of the paper, one should have an appropriate grasp on
important concepts such as Markov’s Inequality, The First Borel-Cantelli Lemma,
The Second Borel-Cantelli Lemma, so we would be seeing all those prelimnaries in
this section so that it would be very easy to understand the latter part (that is the
proof of the Strong Law of Large Numbers) of the paper. So without making any
further delay, let’s see the Markov’s Inequality.

3.1 Statement and Proof of The Markov Inequality.
Markov’s Inequality . Let X be a non-negative random variable, then we have

P(X > a) < E[f].
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Proof. Let us define a random variable Y such as

1 <= X >a
0 otherwise

Now if X < a, Y = 0. Otherwise, X > a, in which case Y = 1. In both the cases
we get that Y < X/a. Note that we use the fact that X is a non-negative random
variable in the first case.Therefore

< E[X]

Thus we have proved the Markov’s Inequality. Now since were done with the
markov Inequality, let’s move towards a very crucial part in the Probability theory
that is The First Borel-Cantelli Lemma and The Second Borel-Cantelli Lemma.
Both will play a very crucial role in the proof of Strong Law of Large Numbers.

3.2 Statement and Proof of The First Borel-Cantelli Lemma.

The First Borel-Cantelli Lemma . Let A, Ay, A3, ... be a sequence of events
in some probability space. The Borel-Cantelli lemma states that if:

ZP <oo:>IP><ﬂUA>

n=1m=n

Proof. We should note that

ﬂUA CUA Vo> 1.

n=1m=n
:P(ﬁ@Am)<P<UA><§O: —>0<:7352021P> = 0.
T}Lrgoiﬁ”(A = (0 <= whenever XQP < oo = P(QUA )
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3.3 Statement and Proof of The Second Borel-Cantelli Lemma.

The Second Borel-Cantelli Lemma . Let Eq, E5, E3, ... be a sequence of in-
dependant events in some probability space. The Second Borel-Cantelli lemma
states

s — 21 J5)
n=1 n=1k=n

Proof. We need to show that the E,’s did not occur infinitely many value of n has
probability 0. Thus we need to prove that

(A0 -0 saean -2 (A0) (A 05) )

n=1k=n n=1k=n
P((ﬂ UEk) > (U ﬂEk> - (lnnmek) _]}L%P<ﬂ Ek>
n=1k=n n=1k=n k=n
It suffices to show that P (ﬂ E,ﬁ) =0, Since FEi, Es, E3, Ey, ... are independent.
k=n

k=n

:eXp<;P(Ek)> -0 = P(ﬁE,ﬁ) =0 = ]P(ﬁGEk> =2

k=n n=1k=n
Alternatively, we can see the same by taking negative the logarithm of both sides
to get:

(1) [Tt — (2 (715)) - 10 -0

(ﬂ ) HP Ep) = H 1 —P(E)) < [ exp(—P(E)).
k=n k=n

k=n k=n k=n k=n
— log (IP (ﬂ E,i)) = —log (H(l - P(Ek))) = — Zlog(l —P(E)) =0
k=n k=n k=n
The reader should Note that — Z log(1 —P(Ey)) =0 <« Z]P(En) = 00.
n=1

_Zlogl— () =0 = P(ﬂUEk>:

n=1k=n
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3.4 Proof of Strong Law of Large Numbers (Restricted Case)
using The Markov Inequality and The Tonelli’'s Theorem.

Strong Law of Large numbers . Let X, Xo, X3, X4, ... be a sequence of inde-
pendent and idenically distributed random variables, then we have

Xi+Xo+ Xs+...+ X,
P<hm< 1+ X+ X3+ ..+ ):E(X1)>:1

n—00 n

Note that Strong Law of Large Numbers remains valid without the assumption
that E(X{) < oo (That is assuming that the fourth moment is finite), just assuming
that E(]X1]) < oo (That is assuming that the first moment is finite). The proof
for the general result is hard, but under the extra moment condition E(X{) < oo
there is a nice proof.

Proof. We set S,, = X7 + Xo 4+ X3+ X4+ .... Now let’s see a lemma.

Lemma 2.3.1. In The Strong Law of Large Numbers, there is a constant K such
that for all n > 0 we have

E((S, — nE(X1))*) < Kn?,

Proof. Let Zp, = X —E(Xy) and T), = Z1+ Zo+ Z3+ ...+ Z, = S, —nE(X;). We
have

E(T}) = E((S,—nE(X1))*) = (Zn: ZZ-> = nE(Z)+3n(n—1)E(Z32Z3) < Kn?

by expanding the fourth power and noting that most terms vanish such as
R(Z,Z3) = B(Z))E(Z3) =0 < E(XY) = E(X)E(Y).
K was chosen appropriately, say K = 4max{E(Z}), (E(Z3))?}. |

Now by Lemma 2.3.1 we know that

E ((% - ]E(Xl))4) < %

Now, by Tonelli’s theorem we have,

(o)) -Ea(( )

Page 9



Sarth Chavan

— > (% —E(X1)>4 < 00

n>0
But if a series converges, the underlying sequence converges to zero, and so

— (& — E(X1)>4 — 0

n

n—oo

X+ Xo+ X3+ ...+ X,
:P(hm( 1+ Xo+ X3+, + )
n

— ]E(Xl)) —1

3.5 Proof of Strong Law of Large Numbers (Restricted Case)
using The Borel-Cantelli Lemmas

Proof. Note that we will Assume, without loss of generality, that the fixed E(X;) =
0. We can allow this just by the transformation of Random variables where if
E(X;) would be non-zero then we could always start with a new set of random
varibles W), = X — E(X;), with E(W;) = 0. Now we will consider a scenario
where the limit of Z,, as n — oo is not equal to the E(X;) = 0: (Note that here
Zn=(X1+Xo+ X3+ ...+ X,))/n=5,/n).

lim (Z,) # E(X1) = 0

n—00
X4+ X+ X5+ ...+ X, .
— lim( i s B )zlim (S—>#E(X1):0.
n—oo mn n—00 n

This would therefore mean that there exists some € > 0 such that for infinitely
many n we have

X+ Xo+ Xs+...+X,
n

S

>e = |S,| > ne.

Thus we need to prove that the below equality which would imply the latter

IP’(lim (X1 + Xo+ X3+ ...+ X,|) >n8) :]P(lim (15u]) >ns> —0

n—oo n—oo

X i+ Xod Xadt ... +X
:>P<11m< Lt A2t Ayt ”):0):P<hm <&):0):1.
n—oo n n—oo n

We know that Markov Inequality States that: For a non-negative random variable
X >0, we have

E(X)

P(X >a) < , for all a > 0.
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n 4
E(S)) =E (ZX) =E| ) XX;X;X;| <= Multinomial theorem.

1,5,k,1<n

Now expanding, we will get terms of the form [E (XE’Xj) JE (XZ-ZXij) JE (XXX X))
with 1, 7, k,[ all distinct. These terms are all equal to zero since we know that
E(X;) = 0. Thus the nonzero terms in the above sum are

E(X)).E(X/X}) = (E(X})) <= E(X}X}) =E(X})E(X}) = (E(X}))".

Now we know that there are n terms of the form E (X}) in the sum and 3n(n — 1)
terms of the form E (XZZXJQ) = (E (Xf))2 Thus we have shown that

n 4

(Z Xi> — nE (X})+3n(n—1) (E (X?))” = nE (X})+3n(n—1)0"
=1

Note that the last equality is implied by 0? = (E (X2)) = o* = (E (X2))".

n 4

(Z Xi> — nE (X)+3n(n—1) (E (X?))” = nE (X})+3n(n—1)0"
=1

=nlE (Xf) +3n%0* — 3no* = 3n%c* +n (E (Xf) — 304) < n? (302 + 1)

E (1)

With the help of Markov Inequality we already know that P (|S,| > ne) < i
n

n? (302 + 1) B (3(72 + 1)

4
— P(|S,| > ne) < E (%) < «— E(S)) <n*(30°+1).

ntet — nied - n2et
(302 + 1 3(7 + 1
P(’Sﬂ 2n€)§n2—€4 — ZP |S ‘ >Tl€ <Z 2l .
n>o n>o

Note that here « is the first n such that E (S;;) < n? (302 + 1) holds. Since we are
neglecting a finite set of terms in the sum, this cannot affect the convergence or
divergence of the infinite series.) Thus by the Borel-Cantelli lemma we have

P(lim (X1 4+ X0+ X3+ ... + X)) >n5) :]P(hm (15.]) >n8> =0

n—oo n—oo
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Xi4+ X+ X54...+ X,
:>1P<1im< i T A ):E(X1)>:1.

n—00 n

Thus we have Proved the Strong Law of Large Numbers. A monument to ingenuity
and persistence! [ ]

4 Difference Between Strong Law of Large Numbers
and Weak Law of Large Numbers

Given that there is both a Weak Law of Large Numbers and Strong Law of Large

Numbers, eventually it raises very important questions such as, How does the Weak
Law differ from the Strong Law? and also Are there any situations in which one
version of the Law of Large Numbers is better than the other one?
The difference between weak and strong laws of large numbers is very subtle and
theoretical. The Weak law of large numbers suggests that it is a probability that
the sample average will converge towards the expected value whereas Strong law of
large numbers indicates almost sure convergence. Weak law has a probability near
to 1 whereas Strong law has a probability equal to 1. As per Weak law, for large
values of n, the average is most likely near is likely near E(X;). Thus there is a
possibility that (—E(X7)) > ¢ happens a large number of times albeit at infrequent
intervals. With Strong Law, it is almost certain that (—E(X;)) > e will not occur
that is the probability is 1.

5 Limitations of Law of Large Numbers

The average of the results obtained from a large number of trials may fail to
converge in some cases. For instance, the average of n results taken from the
Cauchy distribution or some Pareto distributions (o < 1) will not converge as
n becomes larger; the reason is heavy tails. The Cauchy distribution and the
Pareto distribution represent two cases: the Cauchy distribution does not have an
expectation, whereas the expectation of the Pareto distribution (« < 1) is infinite.

6 Applications of The Law of Large Numbers

Like many other great results in the fields of probability and statistics, the Law of
Large Numbers has many useful applications to a variety of fields. In this section we
willexplore how to apply the Law of Large Numbers by means of general examples
as well as discussing Monte Carlo Methods. To begin to think about how to apply
the Law of Large Numbers let us consider a very basic example.
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Example 1. A coin is flipped 9999 times with the coin landing on heads 4998
times and tails 5001 times. What is the probability that the next coin flip will
land on heads? This is a trick question. The probability that the coin will land on
heads is 0.5 as it always is. We know by the Law of Large Numbers that as the
number of trials increases we get closer and closer to the mean, however this does
not guarantee that any fixed flip will land on heads. This is an important idea as it
utterly disproves what is called the Gambler’s Fallacy; the belief that in an event
such as this, the absence of a coin landing on heads several (or many) consecutive
flips implies that a flip landing on heads is imminent.

Example 2. Another good example of the Law of large Numbers is the Monte
Carlo method and Monte Carlo Problem. Monte Carlo Problems is based on the
law of large numbers and it is a type of computational problem algorithm that
relies on random sampling to get a numerical result. The main concept of Monte
Carlo Problem is to use randomness to solve a problem that appears deterministic
in nature. Monte Carlo methods are mainly used in three categories of problem
namely: Optimization problem, Integration of numerals and draws generation from
a probability distribution.

Example 3. Another good example of the Law of large Numbers is the Casino’s
Profit. A Casino may lose money for small number of trials but its earning will
move towards the predictable percentage as number of trials increases, so over a
longer period of time, the odds are always in favor of the house, irrespective of the
Gambler’s luck over a short period of time as the law of large numbers apply only
when number of observations is large.

Example 4. Insurance companies rely on the law of large numbers to help estimate
the value and frequency of future claims they will pay to policyholders. However,
the theoretical benefits from the law of large numbers do not always hold up in the
real world. The law of large numbers states that as a company grows, it becomes
more difficult to sustain its previous growth rates.

Example 5. In the field of cryptography there is a heavy reliance on probability
when trying to decode messages encoded using specific methods. The English
alphabet has a very specific frequency distribution for each individual letter. The
law of large numbers implies that the longer the encoded message, the higher the
probability the frequency distribution of each letter approaches the expected value.
Similarly, if one wishes to know the probability that a specific word appears in a
message, or piece of writing, the law of large numbers implies that this probability
increases significantly the larger the length of the message. The applications of the
Law of Large Numbers are not only limited to the ones discussed in this paper.
There are many other interesting concepts that could be explored in regards to the
Law of Large Numbers.
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