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1 Historical Background

In past times, the decay and extinction of aristocratic surnames has been a point of remark and
the reasons for this trend a point of interest. Francis Galton, a 19" century statistician, was
among those who proposed that this trend was not due to lower fertility of aristocratic families,
but rather due to the ordinary laws of probability. Hence, in 1873, he posed the following
question in an issue of the “Educational Times”:

Let po, p1, pa, ... be the respective probabilities that a man has 0,1,2,... sons, let each son
have the same probability for sons of his own, and so on. What is the probability that the
male line is extinct after r generations, and more generally what is the probability for any
given number of descendants in the male line in any given generation?

Reverend H.W. Watson subsequently proposed a model and solution to this problem, leading to
a published paper jointly written with Galton. Watson, however, made an algebraic oversight
and falsely concluded that all family names eventually die out with probability 1, even if the
average number of male offspring is greater than 1.

Nonetheless, the mathematical model discussed in the Galton-Watson paper, today known
as the Galton-Watson Branching Process, has been further developed and applied to scientific
areas of study such as nuclear chain reactions and epidemiology. In this paper, we discuss basic
properties of the branching process, particularly the distribution of the number of males after
a certain number of generations, the expectation and variance of this distribution, extinction
probability, extinction time and asymptotic growth.

2 The Model

We define Z,, to be the number of people in the nth generation. Unless otherwise specified, we
let Zy = 1. For each individual ¢ in generation n, we let §i(”) be a random variable distributed
over the nonnegative integers representing the number of children he has. It follows that

Zn,

n

Zn+1 = E fz
=1



The fi(n)s are independent and identically distributed according to a distribution &, which we
assume has a finite expected value p. Define py to equal P(§ = k).

We will discard the case where ¢ is a constant distribution (i.e. for some k, py = 1), because
in this case, the process is completely deterministic and hence uninteresting. We will also
discard the case where P({ < 1) = 1 because in this case, the P(Z,) =1 is simply p7.

3 Probability Generating Functions

Definition 3.1. It will be very useful to define a probability generating function for the dis-
tribution £. We thus define this generating function to be:

f(z) =E(2%) = Zxkpk.
k=0
Definition 3.2. Let f,(x) be the probability generating function for Z,,, that is,
fulz) = E(z%") = kaP(Zn = k),
k=0

with fo(x) = x. We seek to express f, in terms of f.

Lemma 3.3. Suppose we let the root value Zy be equal to r instead of 1, for r € Z. Then
E(x?"|Zy = 1), that is, the generating function which expresses the distribution of Z,|(Zy =),
is equal to f,(x)".

Proof. We compute:

E(x”|Zy=1) = 2"P(Z, = k|Zy =)

keN
=> ) Il Pz.=dz=1)
keN 41,4253 EN  q=q1,..,qr

q1+q2+-+qr=Fk

= (X arZ, = aZ = 1))T

qeN

= fn(z)r

Theorem 3.4. We have the recurrence fy1(x) = f(fu(x)).



Proof. We have:

The following corollary immediately follows.
Corollary 3.5. We have f, = f".

We continue with some basic properties of the generating function f, which we will make
us of in the following sections.

Lemma 3.6. The generating function f satisfies the following properties:
1. f is continuous on [0, 1] and twice differentiable on (0,1).
2. f'(z) =EB(§2*7") and f"(x) = E(§(§ — 1)2*7?).
3. f is increasing and convez.
4. [ is differentiable from the left at x =1 with f'(1) = p.

Proof. The first statement easily follows from the fact that f is a power series. We proceed to
proving the second statement; evaluating f'(z) gives

S katpy = E(gatY),
k=0
and evaluating f”(z) gives

> k(k = Dafpp = B(E(E — 1)257).

k

oo
=0

The first and second derivatives are clearly positive, so f is convex and increasing. Evalu-
ating f'(1) gives > oo kpr = E(§) = p. O



4 Expected Value and Variance

Theorem 4.1. E(Z,,) = p"

Proof. We know from Theorem 3.4 that f,,11 = f(f,). Differentiating (from the left) both sides
at z = 1 using the chain rule and applying Lemma 3.6 yields:

E(Zni1) = frpa (D) = f (L) (D) = FA) (1) = p- E(Zn).
Since E(Z;) = p by definition, the theorem follows by induction. H
Definition 4.2. We define 7 = min{n : Z,, = 0} to be the extinction time.
Corollary 4.3. We have that P(n < 1) < u".

Proof. Since the event {n < 7} coincides with the event {Z,, > 1} and we assume P(Z,, < 1) <
1, we have
Pin<Tt)=P(Z,>1)<E(Z,) =pu"
O
We will prove a stronger result in section 6. We now proceed to calculate the variance, but

first we need a lemma.

Lemma 4.4. We have that E(Z2) = f!(1) 4+ u™.
Proof. We calculate:

k=0
= i k(k—1)P(Z, = k) + i kP(Z, = k)

]

Theorem 4.5. If 0? := Variance(§) is finite, then the variance of Z, is given by no? if u =1
O'Q,U,n_l(,u,n*l)

otherwise.
pn—1

and

Proof. We have the recurrence

Fann ) = (f'(fa) - £ (1) = FIQOF (£2 (1) + 7 (£a(1)) £1,(1)"

Thus, we have:
Variance(Z,) = ]E(ZZ) — IEJ(Zn)2
= f’(1) + " — p*™  (by the previous lemma)
= W@+ 1O froa (1) + p® = ™
FOPFo() + F O (fro (D) + F1() froa (1)) + p =

=f’( )" fo (1) + (1) (e (1) + £/ (1) fre (1)2+-~-+f’(1)”‘1f6(1)) + ot = "
= O T 1)+u — "
= (0% + 1 = " (U b P A T
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If 1 = 1, then this expression is equal to no?. Otherwise, it is equal to:

n—l:un —1

= (0% = )T e ™"
pw—1
U2Mnfl(un_1) M2_M o n " n
= + e (T VR
uw—1 uw—1
_ o (pt - 1)
p—1

This proves the theorem. In fact, higher moments of Z,, (such as E(Z?2)), if they are finite, can
be obtained through a similar calculation. O]

5 Probability of extinction

Definition 5.1. Let n = P(Z, = 0| n € Z") be the probability of extinction.

The ultimate goal of this section is to determine how the value of u affects whether or not
n = 1, that is, whether or not extinction is certain.

Lemma 5.2. Both n and 1 are solutions of the equation p = f(p) and any other solution
¥ € 10,1] satisfiesn < < 1.

Proof. Because f,,(0) = P(Z,, = 0), we have lim,,_, f,,(0) = n. It follows that since f,11(0) =
f(fn(0)) and f is continuous, taking the limit as n goes infinity gives n = f(n). That 1 = f(1)
simply follows from the fact that the coefficients of f must add up to 1.

Suppose v is also a fixed point of f. Because f is increasing, f(0) < f(1) = . Inductively,
if £,(0) <1, taking f of both sides gives f,11(0) < f(¢) = . Thus, for all n, f,(0) <1, and,
taking the limit n — oo, n < 1. O

Remark 5.3. In fact, by the convexity of f, there are at most two fixed points of f, so n and 1
with 7 < 1 are the only solutions to p = f(p).

Theorem 5.4. We have the following:

o Ifu<1,n=1. (subcritical case)
o [fuu=1,n=1. (critical case)
o Ifu>1,n<1. (supercritical case)

Proof. Consider the function g(z) = f(z) — x, and suppose that n < 1. Then g(n) = 0 = g(1),
so there exists by the Mean Value Theorem ¢ € (7, 1) such that ¢’(¢) = 0 or f'(c) = 1. Because
f is strictly convex and ¢ < 1, 1 = f'(¢) < f’(1) = p. Taking the contrapositive, we have that
if £ <1, thenn=1.

Now we consider the case where p > 1. Note that f(0) = po. If po = 0, then clearly
extinction is impossible, so n = 0 < 1. If py > 0, then f(0) —0 > 0. Because f'(1) > 1 and
f(1) =1, there exists some ¢ close to 1 such that f(¢) < t. Because we have f(0) —0 > 0 and
f(t) —t <0, we can find a solution to f(x) — z by the Intermediate Value Theorem, so there
must be a fixed point other than 1, which must be 7. O
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The following graph illustrates the situation pictorially.

0s Subcritical: y =f'(1) <1,n=1

Critical: y =f'(1)=1,n=1

Supercritical: y =f'(1) >1,n <1

6 Extinction Time and Growth Rate

In the critical and subcritical case, the population goes extinct with probability one. The logical
question to ask is how long it takes to go extinct. In the supercritical case, when the population
doesn’t die out, we might ask how it behaves asymptotically.

Theorem 6.1. Suppose the variance is finite. In the subcritical case, there exists a constant C'
such that P(7 > n) ~ Cu™. In the critical case, P(T > n) ~ -3

o?n”

Proof. To begin, recall that P(t > n) =P(Z, > 0) =1 — £,(0) and that the f,,(0) converge to
1.

We begin with the subcritical case. For large n, f,,(0) is close to 1, so we can approximate
1— fn41(0) with the first-order Taylor series (i.e. f(1—x) = 1—pz+O(2?), with O(2?) positive
because f is concave-up) to get

1= fus1(0) = 1= f(1— (1= f,(0)))
= 1= (1= (1= £2(0)) + O((1 = 1(0))*))
= (1 = fu(0)) = O((1 = £a(0))%).

We see that the first-order Taylor series is an overestimate. Thus for large n, there exists a
constant C' > 0 such that

(L= £a(0)) = C(L = fu(0))* < 1= fui1(0) < p(1 — £, (0)).

Note that iterating the upper bound gives us 1 — f,(0) = P(7 > n) < p™. Alternatively, we
can recall a more strict result from Section 4. Dividing by u(1 — f,,(0)) and redefining C'/u as

6



C,weget 1 —C(1— f,(0) < ;(_lf_"—ﬁl((g]))) < 1. Since 1 — f,,(0) < p", we equivalently have

(L £ (0)
1 f(0)

1-Cp" <

p” MY (1 fn11(0))
.U'in(l_fn(o))

) converges. By Weierstrass’s Theorem on the convergence of products !,

This means that the terms

p” Y (1= fn41(0))
p= (1= fn(0))

get exponentially close to 1, so Y >~ (1 -

A= fa(0) 1= (0)
LU= o) el

converges as well, so there exists some constant C' such that 1 — f,,(0) ~ Cu™.

We now consider the critical case, that is, where p = 1. We approximate using the second-
order Taylor series expansion, which gives us

S
2

1= fn1(0) = 1= £,(0) — (1= fa(0)* + O((1 = £a(0))°)

2
=1— f.(0) — %(1 — £a(0))* + O((1 = £4(0))*).  (recalling Lemma 4.4)
We let y,, = %:
1
Ynt+1 = Yn - o2
1-% - +0(3)
1

[terating on n gives us:

2 Yn—1
o? 1 1
s G o) o) -
2 Yn—1 Yn—2
2 n—1
o 1
e So(l)
+n 2+; "

ME S ) an| < oo, then []02 (14 ay,) converges.



. 2 —1 .
Now, since from above we know v,, > - = L < # we can bound 1+ Z?:o O(i) in the

last line as

i=0 i—1
n—1 1
i=1
= O(log(n))
Therefore, we have:
2 o2 o2
Yo =n-—=+0O(log(n)) =n-—+o(n) = y,~n 5

]

Theorem 6.2. The sequence W,, = 5—:{ converges to some random variable W with probability
1. IfE(Z?) < oo, then E(W) = 1 and Variance(W) = -2, and W > 0 if and only if Z, — cc.

M2_M7
Proof. We have that E(Z,,,1|Z,) = pZ,, and thus that E(Z,,|Z,) = u*Z,. Dividing, we then
have E(W,,x|W,) = W,. Thus the sequence of W, is a nonnegative martingale, and by the
Martingale Convergence Theorem 2, it converges (almost surely) to a random variable W with
finite expectation.
We proceed to compute the expectation and variance of W,:

E(Z,) = 1" = E(W,) =1,

2, n—1 n_ 1 2 1
ol (p ) — ]E(Wz): 14 20 (1_ )
p—1 W= I8

. o? 1
= Variance(W,) = — (1 - —)
B = p"
Taking the limit as n approaches infinity yields:
E(W) =1,

0.2

pE =

We now show that P(W = 0|Z,, — o0) = 0. Let n* = P(W = 0). We consider the quantity
P(W = 0|Z, = k) and define W* to be the limit as n — oo of the ratio of the number of
offspring of person k in the first generation to p™. In order for the event {W = 0|Z; = k} to
occur, each of the W* must be equal to 0. In addition, since each W* is equal to %, we have

P(W* =0)=P(W =0). It follows that
P(W =0z =k) = [[ POW* = 0) = P(W = 0)*
k

E(Z3) = i*" +

Variance(W) =

= " =P(W=0)=)Y pP(W=0)"=f(n).

2 A nonnegative supermartingale W,, converges almost surely to some random variable W, which is almost
surely finite.



Thus n* is a fixed point of f, and since it is not equal to 1 (because the expectation of W is
positive and its variance is finite), it is equal to 1, the extinction probability. Since extinction
implies W = 0, this means that extinction and W = 0 are the same event. Therefore,

P(W =0|Z, = o) = P(Z, — 0|Z, = o00) = 0.

We have just shown that if Z, — oo, then W > 0. Since the converse is obvious, we have
W > 0 if and only if Z,, — 0o, as desired.

]
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