AN EXPLICIT EVALUATION OF THE ROGERS-RAMANUJAN
CONTINUED FRACTION.

YOANN TATROS*

ABSTRACT. In this paper we provide a proof of Ramanujan’s first non-elementary explicit
evaluation of the Rogers-Ramanujan Continued Fraction using the Jacobi Triple Product
Identity and the theta function transformations as our main ingredients. We also prove the
celebrated Rogers-Ramanujan identities. A theme of the subject is that the interchange
between any two of infinite series, infinite products and infinite continued fractions often
leads to beautiful results in mathematics.

1. INTRODUCTION.

The story of how Ramanujan amazed Hardy with theorems on continued fractions, among
which was included the explicit evaluation
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is very famous.

In this paper we will provide a proof of , using the Jacobi Triple Product Identity and
the theta function transformations [6.1| as our main ingredients. A moderate understanding
of complex analysis, in particular Liouville’s Theorem and analytic continuation, and a basic
understanding of Fourier series are assumed. Moreover, the reader is expected to be quite
comfortable when dealing with infinite products as well as infinite series.

Let x equal the right side of . Basic algebraic manipulations show that

1
(1.2) ——1l-z=5
x
The last equation is a special case of the more general relationship:

(1.3) ﬁ—l—R(Q):q_é (11:;]51) ’
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proved in Section , where R(q) denotes the Rogers-Ramanujan continued fraction:

(1.4) R(q) = ;

where ¢ = €™ for any 3(7) > 0.
By putting ¢ = e72" in ((1.3)), and comparing with (1.2]), we see that we are required to prove
that

15 % H ( 11_‘) i

i

In fact, |) is obtained by putting 7 = £ in the more general transformation

2n7r'rr 6 1
1.6 =
( ) H (1—@ 2nrm> i3

obtained in Section [f] using the theta function transformations.

We will now indicate a prominent theme of this paper. Conversions between any two of
infinite series, infinite products and infinite continued fractions often lead to beautiful results
in mathematics. For example, it is well-known how the equation

00 21 00 22
_1 TL—I— — 1 o
S gy = I (1 55)
n=1 n=1
leads to the resolution of the Basel problem
2 B =1
6 n?’

n=1

In this paper we will repeatedly be converting between infinite series, infinite products, and
infinite continued fractions.

After establishing some preliminary notions and definitions in the next section, we discuss
the convergence of the Rogers-Ramanujan continued fraction and also convert it into
the quotient of two infinite series in Section |3| by using the Rogers-Ramanujan functions.
This is followed in Section [4] by a short complex analytical proof of the Jacobi Triple Product
Identity, an immensely important result that gives a product representation for the theta
functions.

Then in Section [5| we express R(q) as an infinite product by proving the celebrated Rogers-
Ramanujan identities.

In Section @ we establish the important theta function transformations, used to prove ({1.5)).
Finally, we will be able to prove Ramanujan’s evaluation of R(e~*") in Section |7 I

In the last section we state more theorems about R(q) and provide references to the literature
for the proofs.
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2. PRELIMINARY NOTIONS.

By convention, an empty sum is zero, while an empty product is 1.
Throughout the entire paper, ¢ and 7 will be related by ¢ = €™ with 7 having positive
imaginary part. We also define ¢ = ¢™ where 77 = —1. These definitions will be used
freely from now on.
While R(g), defined by (1.4)), converges on |g| < 1, we will only prove its convergence for
0 < ¢ < 1in Section[3] because this will be sufficient for our purposes. Of primary importance
in this paper will be the theta functions, which we now define.

Definition 2.1 (Theta Functions). For every z € C,

Us(2,q) = Z (_1)"qn2€2niz
Us(z,q) =14 <z—|— g,q> = Z ¢ i

n=—0oo

P TTT N N~ (nhd)? (2n+1)iz
Uo(z,q) =e 1 -e 194<z+§+7,q> = Z q( 3) e

n=—oo

Remark 2.2. If we denote (1) =t > 0 and we suppose that |z| < M for arbitrary positive
real numbers M, then

o

[%S)
"195(27(]” § Z ’eﬂ'iTnQ—‘rQniz‘ S Z e_ﬂ'tn2-‘r2nM.

n=—0oo n=—oo

Since the last series converges, it follows that ¥3(0,¢) is an entire function of z for every
fixed (1) > 0, and is a holomorphic function of ¢ in the unit disk |¢| < 1 for every fixed
z € C. The same is true, of course, for the other theta functions.

Immediate consequences of the previous definition are stated in the next corollary.

Corollary 2.3.

Da(z + m,q) = —Va(2,q) Ua(z +77,q) = ™7 - e a(2, q)
Q93<Z + 7, q) - 193(27 q) 193(2 + 7T, Q) - e—ﬂiT ’ 6_2i2793(z7 Q)
794<Z +, Q> = l94(’27 Q) 194(2 + 7T, Q) = _eimT ' 6721'2194(/27 q)

Also following immediately from Definition [2.1]is the corollary which is stated next.
Corollary 2.4.

LT . 1 LT . 1 1
Ua(z,q) = e 1 - e (z + 3T q) =e1 %y (z + 57 + 5T q)

1 TiT - ]_
V3(z,q) =V, (z + 3™ q) =e 4 %y <z + 37T q)

TiT : 1 1 1
Ua(z,q) =ie s - ey <z + 3 + 57T q) =15 (z + 3™ q)

In this paper we will prove the Rogers-Ramanujan identities. Accordingly, we define the
Rogers-Ramanujan functions next.
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Definition 2.5 (Rogers-Ramanujan functions).

v q
SR B e B sy

(k+1)

S (1—=q")

k2

qk
(1-4q).

3. CONVERGENCE OF R(q).

It is not the purpose of this paper to develop a whole theory of continued fractions. An

excellent book discussing general convergence properties, among other things, of these inter-
esting mathematical objects, is [LWO0§].
Our discussion of the Rogers-Ramanujan continued fraction R(q) in this paper will be re-
stricted to positive real values of ¢ such that 0 < ¢ < 1. Accordingly, when we discuss the
convergence of R(q), we will not consider complex values of ¢, although R(¢q) does actually
converge in the open unit disk |g| < 1. The reader interested in the latter fact will find a
useful reference in [Ber06, Chapter 7).

Theorem 3.1. The continued fraction

a
L

a
1+ 1

1+

converges for all positive real values a and q such that a >0 and 0 < ¢ < 1.

Remark 3.2. Actually the result is valid for all @ € C and all complex values ¢ in the open
unit disk |¢| < 1; but as we have already mentioned before, we are not considering complex
values of a and ¢ in this paper.

We need to prove that the sequence of approximants to the continued fraction is conver-
gent. Accordingly, the proof of Theorem relies on the following lemma:

Lemma 3.3. If, for every positive integer n,

s

125

1+

" ‘
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1 {(1 — Q) o (1 — qk)}{(l — q) o (1 — qn—2k+1)}7
(1—q)...(1—g"F)akght+D)

—~{l-q...0-)HI-q...A=g 2"}
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o
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Proof. We need to define a new series: for every positive integer n and every integer 0 < r <
n?

1 _ q) o (1 _ qn7r7k+1) qu(r+k)

= Z {A=¢q)...0 =) HA —q)...(1 —grr=2kt1)}

Consequently, F, o = i, and F.1=v, Also F,,, =1and F,,_1 =1+ aq". Moreover,
since @ > 0 and 0 < ¢ < 1, it immediately follows that F),, > 1, so that division by F},, # 0
is permitted. We want to develop u,/v, = Fy/F; into a continued fraction by finding a
recurrence relation for F, . on r for every fixed n. To achieve this we consider the difference

_ (1—q)...(1—qvrFt)ghghtr+h)
Fn,r nr+1 Z { 1 - q (1 — qk)}{(l — q) - (1 — qn—T—2k+1>}

_ nfrfk)aqu(rJrlJrk)

(1-q)...(1—¢
Z {I=q)...0d=)HO—q)...(1 —grr=2F)}’

where 0 < r < n — 2. Now two cases arise according to whether n — r is odd or even. First,
suppose that n — r is odd.The right side becomes

n—r+1

2 (1 _ q) o (1 _ qn—r—k-i—l)aqu(?"-i-k)
—~ {(1-q)...0-)HA-q)...(0 =g}
(3.1) -
2 (1 . q) o (1 _ qnfrfk)aqu(rJrlJrk)

—~ {(1-q)...A=-)HI-q)...01=gM)}

and we can combine the two sums by temporarily separating the ultimate summand of the
first sum to obtain

n—r—1
i (1—q)...(1 =g F)akgttr+h) < 1 — gnrh - qk‘>
—~ {1l-9q...A=¢")H{1=q)...(A =g 72"} \L—gr2+

n—r+1 ntr+l n—r+1
2 (H' 2 )

+a 2 ¢
n—r+41
=aq"" + 2 (1—q)...(1—g" " ")akg"r+h
k=2 {(1 - Q) <. (1 - qkfl)}{(l — q) ... (1 — qnfrf2k+1)}

n—r—1

=aq" ! + ak r+1 i (1—q)...(1— qnf(r+2)fk+1)aqu(r+2+k)
! {(1-¢q)...1 =g HA —q)...(1 - gr(r+2)=2k+1)1

— aqTHFmH_Q.

We reach the same result, for the case where n — r is even, by following much the same
procedure except that (3.1) must first be replaced by

(1 — q) .. (1 — qn—T—k)aqu(T—i-k) ( 1 — qn—r—k—i-l B qk)
1 {1—=q)...A="H{A—q)...(1 —qgrr=2k)} \ 1 — gnr—2ktl :

n—r

[+



6 YOANN IATIROS*

It would be futile to supply these calculations inasmuch as the reader will have no difficulty
in filling in these straightforward and easy steps.
We have therefore shown that, for 0 <r <n — 2,

Fn,r - Fn,r—i—l - qu+1Fn,r+2-

Equipped with this recurrence, we now develop pu, /v, into a finite continued fraction as
follows:

&:Fn,OZFn,l—i_aanQ:l_i_ aq :1+ aq
Vn Fn,l Fn,l Fn,l/Fn,Q 1 + aq2
1+ N aqn—l
. Fn,nfl/Fn,n
a
=1+ a 5
aq
1+ e
14 q .
aq
1 _
+ 1
[ |
Corollary 3.4. For anya >0 and 0 < g < 1,
ak gk’
L+ g ® aq
ak gkt 1) =1+ ad?
L+ 205 T —
14+

Proof. This is apparent by letting n — oo in the previous lemma. We show that the infinite
series in the numerator and denominator are convergent. This is easily achieved:

e ] k k2 o0 k k2
2 (1 —Q)a q(l = = 2 (1a—q<J)’“'
k=1 T k=1
Now the series on the right converges by the ratio test. We similarly prove the convergence
oF k(k+1)
of > 52 17 —q)..(1—¢F)" =

Theorem [3 - 3.1]is now an immediate consequence of Corollary [3.4]

Corollary 3.5. Recall Definition |2.5. We have

R(q) = ¢° gég))

Proof. This is an immediate consequence of the previous corollary and the definition of R(q)

by . [

4. THE JAcoBI TRIPLE PRODUCT IDENTITY.

We have already alluded to the Jacobi Triple Product Identity in the introduction. This
powerful result is perhaps the most important result in the theory of theta functions and,
in fact, gives product representations for the theta functions in Definition 2.1} All known
proofs of Theorem , namely [Hir00, Wat29b|, utilise the Jacobi Triple Product Identity.
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Theorem 4.1 (Jacobi Triple Product Identity). For all z € C,

o

193(Z,q) _ H(l - q2n)(1 + q2n71€2iz)(1 + q2n71€72iz)_

n=1

We will give a short proof of Theorem [4.1{ by first proving two lemmas due to Euler [Eul51]
after discussing the holomorphic properties of an infinite product.

Lemma 4.2. Let us denote the infinite product [[-_(1+y™w) by F(w) when |y| < 1. Then
F(w) is an entire function of w for every fized |y| < 1.

Proof. Let |w| < M for an arbitrary positive real number M. Since |y| < 1, there exists

a minimum non-negative integer M, for which M|y|™ < 3 whenever m > M. For every

m > My, we have, if we make use of the principal branch of the logarithm,

[log (1 +wy™)| < My[™ - < Mly|" Y < 2Mly
n=1 n=1

and since Y\ o y[™ converges, it follows that Y-, . log (1 +y™w) is holomorphic
on |w| < M if Jy| < 1is fixed. From this it follows that

exp ( 2. log(1+ymw)> = [ a+ymw),
m=Mop+1 m=Mop+1

and hence [[~_ (1 + y™w), is an entire function of w for every fixed |y| < 1. |

Lemma 4.3. For allw € C and all y such that |y| < 1, we have

oo o0 r(r=1) .
y 2w
(1+y"w) = :
TLIO ;(1—y)---(1—yr)

Proof. We denote the Taylor expansion of the left side, which, by the previous lemma, is an
entire function of w provided that |y| < 1, by

o0

(4.1) F(w) =Y auw"

n=0

Then it immediately follows that ag = 1. But now

Floy) =[] @ +wy™),
m=0
so that
(14 w)F(wy) = F(w).
Therefore N . N
Z anW"y" + Z A"yt = Z anpw”.
n=0 n=1 n=0

Equating coefficients of w on both sides gives

n n—1
any" + ap—1y = Qp,
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so that we have the recurrence relation

anflyn_1
ap = ———
1—qyn
for n > 1. Since ag = 1, it follows that
L g0 L+ (n=1) _ y(n=1)/2
(I=y)---A=yr) (A-y)...(1-y")
The lemma now follows by replacing this value of a,, in (4.1)). |
Lemma 4.4. For all |y| <1 and |w| < 1, we have
o] 0 —1)"w"
(1 + ymw)fl — ( ) W

“(1-y)...(1—y)

Proof. Inasmuch as the proof of this lemma is very similar to that of Lemma 4.3 we leave
it as an exercise to the reader. |

m=0 r=

We can now prove Theorem [4.1]
Proof. In Lemma [4.3] put y = ¢ and w = ¢e** to find

ﬁ(l N q2” . 2”) _ i 62nizqn2 _ i ezmzqnz(l B q2n+2)<1 _ q2n+4) o
vt (=g .(A-gm) (1—g?)(1—q%)...

|
—~
—_
=
&
+
[\
~—
(]
@
[
3
S
=
3
N
—3
—~
—_
=
N
S
Jr
[\
+
[
3
~—
| IS |

Lj=0 1 Ln=0 m=0
[ oo T T oo oo
_ 2j4+2\—1 2niz n> 2n+24+2m
= [T =¢7*) > e [ -« );
L j=0 1 Ln=—o0 m=0
because [[77_ (1 — ¢*"+t*72™) equals zero whenever n is a negative integer. By making use

(1-¢
of Lemma again but this time by putting y = ¢?, and w = —¢***2, the last expression

equals
ﬁ(l 2j+2 Z e2n1zqn2 i q(2n+2)r+r _r
(1—-¢?) 2|

7=0 n=-—o00 r=

which can be written as

0 - 2]+2 r e2niz (n+r)2+r
I Sy e

j=0 n=—oo r=0

We can invert the double sum provided that it converges absolutely. For any fixed ¢ such
that |¢| = R where R < 1, we have

00 (_1)r 2znzq(n+7’

Z(1—(12)--

r=0

o mz|R n+r)2+r

Z (1— R2)r

inz| pn? = RT2+T inz| pn?
< |e*™*|R Z(l_—Rg)r:CW |R™,

r=0
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for some C' independent of n. Since > 7 |(321‘”Z|R”2 is convergent, the inversion of the
double sum is justified, so that

0 O e r,—2irz r o0
2n+1 2iz\ _ 242\ —1 (=1)"e q 2i(n+r)z (n+r)2
[L01+ e >—[H<1 ) ”Zﬂ_qu.a_qzq 2 T

n=0 7=0 r=0 n=-—o00

The ultimate sum being absolutely convergent, we can re-index it by changing n into n — r
without altering the value and the right side can be factorised as

- 242\ —1 - (—ge )" T inz n?
[H“‘q ) ”Zu—q%...(l—q%)] [Z < ]

7=0 r=0 n=-—00

But now if we restrict |[ge”**| < 1, we can make use of Lemma M4 with y = ¢* and
w = ge~?* to deduce that

H(l +q2n+162iz) _ [H(l _q2j+2)1] [H(l +q2n+1 sz ] [ Z p2inz n] ’

n=0 7=0 k=0 n=-—00

i.e.

o
Z q" n2 e2inz H(l + q2n+1€2iz)(1 + q2n+16—2iz)(1 _ q2n+2)’

n=-—00 n=0
when |g| < 1 and |g| < |e*#|. But both sides of the previous equality are entire functions of
z for every fixed |¢| < 1, by Lemma and Remark 2.2 Since, moreover, both sides agree
on a set of values of z, namely |e*?| > |q|, a subset of which is the open lower half z-plane,
containing at least one limit point, therefore both sides agree on the entire complex z-plane
for every fixed |q| < 1, by analytic continuation. [ |

It is now a straightforward exercise to give infinite product representations for the other
theta functions.

Corollary 4.5. For all z € C,

0a(z,0) = [0 = ¢)(1 — g 1e2)(1 = gt 2,
n=1
95(z,q) = [J(1 = ) (1 + ¢ ') (1 + ¢ e ),
n=1
Ua(2,q) = 2¢™1" cos 2 H(l _ q ")(1 4 q2n —sz)<1 4 q2n€—2iz)‘
n=1
Proof. These follow from a direct application of Theorem in Definition [2.1] ]

Two special cases of the Jacobi Triple Product Identity will be especially useful in this
paper.

Corollary 4.6. For |z| <1,

o0

Z (—1)" oL ﬁ 23 (1 — 252 (1 — 25,



10 YOANN IATIROS*

Proof. Let ¢ = €™ and z = (1 + u)7/2, where $(u) > 0, in Theorem This gives

Z 657riun2em'n(l—l—u) _ H(l . elOﬂ'iun)(l + 65(2n—1)7riu+7ri(1+u))(1 + 65(271—1)7riun—7ri(1—|-u))7
n=—o00 n=1

or, letting x = ¥,

N s
Z eﬂznx5"2+" _ H 1 _ x5n72)(1 _ x5n73)’

as desired.
[ |
Corollary 4.7. For |z| < 1,
Z (—1)" o H 24 (1 — 5 (1 — 25,
Proof. The proof proceeds similarly as in the last corollary, except that now we put ¢ = 5™
and z = (1 + 3u)7/2. |
Remark 4.8. By absolute convergence, we find that
Z (_1>nxn(5721+1) _ Z (_]‘)n‘r'n.(5';—1)7

by changing n into —n, when |z| < 1. Similarly

[e.e] o)

DD C Nl S ) L

n—=—oo n=—oo

We will use these representations interchangeably in the rest of the paper without further
comment.

5. THE ROGERS-RAMANUJAN IDENTITIES.

The goal of this section is to express R(q) as an infinite product. We will do this in
Theorem but first we must prove the Rogers-Ramanujan Identities. These give product
representations for the Rogers-Ramanujan functions G(q) and H(q) from Definition .

Theorem 5.1 (Rogers-Ramanujan Identities).

Glg)=[[a =D 0= H(g) =[]0 -1 =g

Remark 5.2. The perceptive reader who may have noticed some similarity between the
Rogers-Ramanujan Identities and Lemma is encouraged to learn about more this by
researching on Ramanujan pairs, references to which can be found in [Ber85, p. 130].

We give a sequence of lemmas, in the first of which we define a function G(x) which
generalises the infinite sum of Corollary which equals G(1). We will subsequently find a
recurrence, of a similar type as that found in the proof of 1.3} for a closely related function
which will then be expressible as a series which generalises both the Rogers-Ramanujan
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functions G(q) and H(g). This will enable us to prove Theorem Corollary [3.4] will then
be used to express R(q) as an infinite series.

Lemma 5.3. If, for every x € C, we define

yrging o () _ pomy (L= 20 =) . (1 =g
—1+Z (1~ aq™) Q-1 —g)...(1—q)

then
) = = nx2n 3n(n+l) (] _ 42,4n+2 (1 —xq) e (1 - qun)
o) nzzo( i (-2 )(1—61)(1—612)"-(1—(1”)'

Remark 5.4. Although we have used a similar notation, the functions G and G are obviously
different.

Proof.

z) = yrgenginnen (L= 2@ (L —2¢®) ... (1 —zg" )
g( ) 1+Z( 1) q (1—q)(1—q2)--.(1—qn—1)

S . nl,Qn 2n(Sn—&—l) (1 — xQ)(l — qu) c (1 B an>
PILES (=)~ (1)

By taking away the first summand of the first infinite series on the right and re-indexing, we
deduce that

e n(5n+1) minenta\ (1 —2zq) ... (1 —zq")
Glz) = 1— 224 + 1) <x2nq72 B )
(@) 21 A—q). (-

1—xzq)...(1—2zq")
x2q2 + nxanz n(5n+1) 1— C(/,2q4n—i-2 ( .
E: ( T—ai-) . (-¢)

[ |
Lemma 5.5. For G defined as in the previous lemma,
I~ Glag) = a1~ ag?)Glae?),

Proof. 1f we denote the right side by H(x), then, using the previous lemma
H(z) = xq

I et

I < (1—2q)...(1—2q") 5, 1
— 1) n . 5n(5n+1)
xQ+1—wq;( ) I—q.. 1-—¢n" 1
1 i(_l)n (1—-mzq)...(1- anJrl)x2n+1q7n(5n+1)+3n+1
1 —zq (I—q)...(1—¢q") ’

where the last step has been achieved by rewriting
(1 $2q4n+2) qn(l _ $q2n+1) — (1 o qn) + :Uq3"+1(1 o $qn+1)‘
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Now we separate the first sum in the first infinite series on the right, re-index, and deduce
that

H(z) = 2q(1 — z¢?)

+ 1 f: (=)™l —=zq)...(1—2¢"") [$2n+1q%+3n+1 _ $2n+2qw]
1 —2q (1—q)---(1—q”)
"(1—z 1 —axq"™! n(5n+1)
= aq(1 — xq” (1 +Z (=N = <1(_qn> 07 g5 1 g

= zq(1 — g )Q(ﬂfq?)-

Lemma 5.6. For G(x) as in Lemmal[5.5, if |x| <1, we have

s ~(l-q)...(1—q")
Proof. Let us denote the left side by F(z). Then Lemma takes the form
F(x) = Flaq) + 2¢F (zq?).
Then we find that

2
_Hzl—q (1=qm)

We omit the last justification because the reader will have no difficulty in supplying it
inasmuch as it is completely analogous to the proof of Lemma detailed above. |

We can now prove Theorem [5.1]

Proof. By putting = 1 and x = ¢ successively in Lemma [5.6, we find, using the Rogers-
Ramanujan functions defined in Definition [2.5]

o0 o0

s J[a-¢)" =G, G@][a-q¢* " =H(y.

n=1 n=1
But now, using the definition of G, given in Lemma [5.3] and Corollaries [4.6] and [4.7] we find
that

o0

_ 1—}—2 'n(5n 1) 1+q ) Z (_ n ’ﬂ(5n 1) - H 5n 3 q5n—2)(1_q5n)’

n=—oo

> n(5n+3) n on+3) n
(1-9)Glg) =1+ (-1)"q —q+z gt gt

o0

=1+ i(—l) R Z ¢ = Y (gt

n=—oo

H 5n 4 q5n—1)(1 o q5n)'
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This means that

Glo)=1[0-¢""A-¢""),  H@=0-¢"?)1-¢"7?).

Using the Rogers-Ramanujan identities, we are now able to express R(gq) as an infinite
product.

Theorem 5.7.
i 0 (1 _ q5n—4)(1 _ q5n—1)
R(q) = % H 5n—2 5n—3) "
S (1= 2) (1 — ¢ 3)
Proof. This is an immediate consequence of Corollary and Theorem [5.1] [ |

6. THETA FUNCTION TRANSFORMATIONS.

The importance of the theta function transformations cannot be overstated. To give but
one example of their depth, we note that Riemann made use of the first result in Theorem
6.1] in order to give a second elegant proof of the functional equation of the Riemann zeta
function in his epoch-making memoir published in 1859, where the Riemann hypothesis was
first stated, a transcription of which can be found in [Rie05]. As we will see later on, it is the
theta function transformations which will make the actual closed form evaluation of R(e™>™)
possible in this paper.

Theorem 6.1 (Theta Function Transformations). For the theta functions defined in

2.2,

1 /
193(0aQ> = _Z.T193(07q )

1 /
Q94<07q> - \/_—”_192(07q )

1 /
192<07q> = _2.7_794(07(] )

To prove these results, our chief instrument will be the Poisson summation formula which
we will prove shortly. This result relates the sum of a function at integer points to the sum
of its Fourier transform at integer points. When dealing with Fourier series we often want to
do things such as differentiating infinite series termwise and interchanging summation and
integration signs. Accordingly, we want our functions to be as ‘nice’ as possible in order
for these operations to be justified. The technical term for ‘nice’ function in this case is
‘Schwartz function’.

Lemma 6.2. Let f : R — C be an infinitely differentiable function such that f™(z) =
o(|z|™N) for all nonnegative integers n and N as v — +oo (i.e. f rapidly decays to 0 as
x — £o0). We call f a Schwarz function. Define the Fourier transform of f as

fa) = / " f)erdy,
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Then

fo_'_n Zf 27rinx

n=—o00 n=-—o00

for all z € R.
Proof. For all z € R, define F(z) =Y " _ f(x+n). Since f is Schwartz, the infinite series

S o f (m)(z 4+ n) are absolutely convergent for all non-negative integers m for all z € R,

and F'(z + 1) = F(z). Thus F(z) can be expanded into a Fourier series

[e.9]

F(z) = Z c(n)e?" ™

where
1/2 A 1 A
o= [ ey = [ Fg)e vy,
~1/2 0
Now since f is Schwartz, therefore Y 2 f(x+n) converges uniformly in the finite interval
(0,1) and it may therefore be integrated term-wise there. Hence,

Z / Fly +m)e > mivdy = / Fly)e > vdy = f(n).

Therefore

_ Z fA(n)e2n7rix.

n=—oo

The Poisson summation formula, stated in the next theorem, follows easily from the
previous lemma.

Theorem 6.3 (Poisson Summation Formula). If f : R — C is a Schwartz function,

then
Y f)y=Y" fn)
Proof. This follows by putting = 0 in the previous lemma. |

Before coming to the proof of the theta function transformations, we will fist need a lemma.

Lemma 6.4. Define the gaussian function f(x) = e for all z € R.Then f(z) = f(x)

Proof. We have
f(x):/ e_”yge_%iyxdy.

Let n € Ry and let M > 0 arbitrarily. Let R denote the positive oriented rectangle with
vertices at the points (—M,0), (M,0), (M, ni) and (—M, ni) (see Figure. Then, since e’
is an entire function of z,
/ e dz =0
R
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Figure 1. The positively oriented rectangular contour R.
A

(=M, ni) (M, ni)
€

I,

>
(=M, 0) (M, 0)

by the Cauchy-Goursat theorem. A straightforward application of the M L-inequality reveals
that the integral vanishes over the vertical sides of R as M — oo. Therefore
M -M

. 22 . 22 . _ N2 _ 2
lim e F " dz = lim e " dz+ lim e~ (i) =n g,
M—o0 R M—oo J_af M—oo Jor

o 2 o 2_ 2
/ e ? —2nzzdz — / e 2 T ]y
—00 —00

If we changed z to —z we also find that

o 2 ; o 2_ 2
/ e ? +2nzzdz — / e 2 sy
—0o0 —00

By combining these two results we deduce that, for all n € R,

/ e cos(2nz)dz = / e Ay = e /T,

(e 9] —00

so that

where we have made use of the famous Gaussian integral

/ e dz = V.

o0

But now
/OO ¢ sin (2nz)dz = 0
since the integrand is odd. This m(;;ls that
/OO eV (cos(2ny) + i sin(2ny))dy = /OO e Ve MWidy = Jre .
Lo —c0
By changing y into /7y and n into /7, we deduce that
[ ety oy

—00

for all z € R. [ |

!
D
I

\

=

Corollary 6.5. For allz € R and allt > 0, we define f,(x) = e ™. Then f,(z) =t~z "¢ .
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Proof. From the previous lemma we have
& 2 2
/ e~ ™Y eszxydy = %7
—0o0

The required result follows upon substituting yt% for y and xt~2 for z. [ |
We can now finally prove the theta function transformations in Theorem

Proof. First of all, we note that the second and third equations, respectively, follow from
the first by changing z into z 4 %71’ and z + %71'7’, using Corollary It therefore suffices to
prove only the first transformation.

Applying the Poisson summation formula of Theorem to the Schwartz function fi(x) =
e ™" for all z € R and ¢ > 0 from the previous Corollary, and using its Fourier Transform

found there, we find that
o o0 2

This is precisely the result which we wish prove but only for all 7 on the positive imaginary
axis, which is a set of points in the open half upper 7-plane with limit point. But both sides
extend to a holomorphic function on the entire upper half 7-plane, namely the right side to
93(0, ¢) and the left side to (—iT)%ﬁg(O, q'). Since they agree on a set with limit point they
have the same analytic continuation to the upper half-plane and we thence conclude that

93(0,9) = (~i)#9(0,¢)
for all &(7) > 0. |

We will now utilise the theta function transformations to achieve our next goal for this
section, which is to prove the relation (1.6 as our next theorem.

Theorem 6.6.

[e's) i 6
ﬂ('r-i-l) 1 - 62n7rz7' 1
€2 T | | _ 2nmi == 3°

n=1 l—e T i

Proof. By putting z = 0 in Corollary [£.5, and multiplying the results together, we find that

o0

92(0,0)95(0, 9)04(0, q) = 2¢5 [ (1 — ¢,
n=1
so that
00 1 o
110 = a*)° = Ja7293(0,9)95(0, )30, 0).
n=1

Therefore, using the theta function transformations of Theorem [6.1], we have

ﬁ - \" _ a2 930.0) ¥3(0.9) 93(0.9)
ao \L =g =3 930,¢) 93(0,¢) 93(0,¢)
. q*% 1
N q’_% 27'_3
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The relevant particular case of the previous theorem for this paper is ((1.5)), which is proved
in the next corollary.

Corollary 6.7.
5 H(l_e 10n7r> :\/5

Proof. This is an immediate consequence of putting 7 = i/5 in Theorem and taking
the sixth root of both sides, remembering that the result for each side should be a positive
number. [ |

7. RAMANUJAN’S FIRST NON-ELEMENTARY EVALUATION OF R(q).
We have now reached the last stages of our little adventure. We start we a simple lemma.

Lemma 7.1.

M (-t =0

n=—oo

Proof. By absolute convergence, the sum is unchanged when we replace n by —n — 1. But
n(n+1)

in so doing, the sum becomes —» > (—=1)"¢g 2 , which is the negative of the original
series. We conclude that the latter equals zero. [ |

In our next theorem, we prove (|1.3), one of the most famous and useful results about R(q).

Theorem 7.2.

1 iy [(1—¢5
—— —1—-R(q)=q5 ( )
R(q) ) }_[1 1— g

Proof.
[0
{1 (1-0") (1=07) (1= ™) {0 (1) (1=0™) (1= 0™) )

= (-07)
{E e {2 (e )
[ — ¢ ) ’
where we have made use of Corollaries [.6] and We rewrite the last formula as
(o2 cye T HEE e 0
[[Zo(1 =gt 7

where we have put a = qé. We can put the last formula equal to

o0

Z a"cn(q),

n=—oo
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where
> _ r4s r277‘+s275
ealg) = [T =" Y7 (~1)g
k=0 r+2s=n

We will now evaluate ¢s,,(q), ¢5n+1(q), Csn+2(q), ¢snt3(q) and cs,—1(q) successively.
Putting r = n — 2t and s = 2n + t, so that r + 2s = 5n, and summing over all ¢, we find

> s [(n—2t)2 — (n—2t)+(2n+t)2 — (2n+1)]
csn(q) = [J(1 =)' D ()" g 2
k=0 t=—o00
71/27 n > s 2
G [ [CE s N S o i
k=0 t=—o00
5n273n
(=1)"q

- T2, (1 — ) (1 — gohte)

where we have used Corollary [4.6]
If we put r=n+1—2t and s = 2n +t, so that r + 2s = 5n + 1, and we sum over all ¢, we
find

[e.9] o0

[(n+1—2t)2 — (n4+1—2t)+(2n+1)2 — (2n+1)]

C5n+1(Q) — (1 o qk—i-l)—l . (_1)n+t+1q 5

Il >
1 snion - k+1y—1 - ¢ 5t2-at
= ()" JJa =Y Y (<)Y e
k=0 t=—o00
5n27n
(=1)"q =

- _Hzozo(l — FH2)(1 — gok+3)’

where now we have used Corollary [4.7]

Similarly, we evaluate ¢s,12(q) and ¢s5,13(q), respectively, by putting (r, s) = (n—2t, 2n+1+t)
and (r,s) = (n+1—2t,2n+ 1+1), summing over all ¢ and using Corollaries 1.7 and [4.6| In
so doing we obtain

n24n 5n2+3n
(—1)"g™2 (~1)rq =

Csnt2(q) = _Hzio(l — R +2)(1 — ¢Pk+3)’ Con+3(q) = [T, (1 — P +1)(1 — goh+a)’

Lastly, we put r =n —1 — 2t and s = 2n +t, so that r + 2s = 5n — 1, and by summing over
all ¢ we obtain

o [e.e]

-~ [(n=1—2t)2 — (n—1—2t)+(2n+t)2 — (2n+1)]
C5n71<Q) _ H(l . qurl) 1. Z (_1)n+t+1q 5

k=0 t=—00

o0 o

n 5n2—5n+2 -~ 5t245¢
= ()" JJa =T Y (-t e =0,

k=0 t=—00
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by Lemma [7.1] From these evaluations it now follows that

- n n 5n273n n n 5n27n
[Ta-4¢5) = PO o D D e Gl ) U
[Tt — (1 — ) T (1— (1 — )
I e L D I o L

n—=—oo n—=—0o0
_|_

IR = )1 = 7)1 = ¢ ) (1 = ¢

Recalling that a = qé, we see that the fourth summand on the right side is zero because the
5n2

numerator has the factor Y~ (—1)"g >~ which equals zero by Lemma When now
we apply Corollaries [1.6] and [£.7) on the right side, it becomes

T[t- o {ﬁ Sl kit PR RPEY il [ Gk i
—4q — sk _ oiray 47— 4 — ht2\(1 — ok (
vt oo (L= (A — ) o (L= 2)(1 — ¢?++3)

By using Theorem [5.7] we deduce that

[Ta-d%) =g {% —1- R(Q)} (1—¢™).

n=1

n=1 n=1

At last, we arrive at Ramanujan’s evaluation of R(q).

R(e?) — /5 +2\/3 B \/3; 1

Proof. Putting ¢ = e~2™ in Theorem and using Corollary , we obtain

1 on 2100 1—6_%?7r
m—l—ﬁ’(@ )=e> H(l_e—_l(Wr):\/g

n=1

Theorem 7.3.

The evaluation follows by solving the quadratic equation and noting that R(e™*") > 0. W

8. FURTHER RESULTS.

There is a vast amount of beautiful mathematics surrounding the Rogers-Ramanujan
continued fraction. The particular evaluation proved in this paper is fascinating, although
it is only the tip of the iceberg. With only a little additional work, the results in this paper
can be used to established the evaluation

Rl—emy =[P L

as well as the modular equation of degree 5 in the next theorem:
Theorem 8.1. If v = R(q) and u = R(¢°), then

5 1 —2u+ 4u? — 3u® + u?
v’ =u )
1+ 3u + 4u? 4+ 2u3 + ut
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Both of the previous results were in Ramanujan’s first letter to Hardy. For proofs the
reader may consult [Wat29b|. The proof of another evaluation of Ramanujan, namely

V5 VB+1

5 2
1+ (53 (&) - 1)
can be found in |[Wat29a|, where the author also proves another remarkable theorem of
Ramanujan, namely:
Theorem 8.2. If a3 = 72, then

5+1
fT+

R(G—Zﬂ'\/g) —

il

5+1
\/_—++R

5445
2 - T 5

R(e %) 5

()

with which one can obtain two closed-form evaluations of R(g) from only one. One single
method is not sufficient in order to obtain other beautiful closed-form evaluations of R(q). For
many such evaluations, as well as other wonderful results about R(q), the reader is strongly
encouraged to study [BAO5|, in which an extensive list of references to the literature is also
to be found. For a particularly amazing theorem about closed-form evaluations of R(e™™)
whenever n is a positive rational number, the reader is referred to [BCZ96, Theorem 6.2].
The Rogers-Ramanujan identities in Theorem [5.1]also have a vast amount of literature about
them.The reader interested in studying more about them is encouraged to consult Berndt’s
commentary on the paper [RR19] of Rogers and Ramanujan, found in [Ram00, pp. 375-378].
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