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Preliminaries (Continued)

We say

if limy, 00 fE g exists and equals 0.
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Preliminaries (Continued)

We say

if limy, 00 fE g exists and equals 0.

Definition

We say g(n) < f(n) if g(n) = O(f(n)). For two fixed constants a and
b, we say a < b instead of a < b to indicate that a is “sufficiently less
than b.”
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Define w(n) to be the number of distinct prime factors of n.
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Definition of w(n)

Definition
Define w(n) to be the number of distinct prime factors of n.

For example, w(175) = w(5%-7) = 2.

Question

How big is w(n)? That is, roughly speaking, how large do we expect it
to be given, say, n is some fixed order of magnitude? (More rigorously
speaking, what is an “average order” of w(n)?)
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This won’t be very central to the main topic, but just to make this
notion of “largeness” concrete: f and g have the same average order if
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How big is w(n)?

This won’t be very central to the main topic, but just to make this
notion of “largeness” concrete: f and g have the same average order if

Answer to the question

The answer is that w(n) ~ loglogn. Meaning, they have the same
average order.
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. 1 pln
e For each prime p, let x, = .
0 pin

e Then, w(n) = > xp since xp, = 1 iff p | n.

p<n
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e Then, w(n) = > xp since xp, = 1 iff p | n.

p<n

e For p < n, the chance that x, = 1 should be around % since the

density of multiples of p in the positive integers is ;1).
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@ Now, note the following;:
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@ Now, note the following:

Theorem (Mertens, 1874)

Z L loglogn + O(1).

p<n
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Here’s a heuristic argument to why w(n) should be around log log n.

1
e For each prime p, let x, = Pl "
0 pin
e Then, w(n) = > xp since xp, = 1 iff p | n.

p<n
e For p < n, the chance that x, = 1 should be around % since the

density of multiples of p in the positive integers is %.

« : 5 1 ~
So, we can “approximate” x, as > Then, w(n) ~ ;
psn

=

@ Now, note the following:

Theorem (Mertens, 1874)

Z L loglogn + O(1).

p<n

We can use this logic to prove that loglogn and w(n) have the same

average order. (Exercise for the reader.)
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Further Estimates of w(n)

Theorem (Hardy and Ramanujan, 1917)

The normal order of w(n) is loglogn, that is, for all € > 0, that is,
the density of all n € N for which

w(n)
loglogn

1‘<5

is 1.
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Further Estimates of w(n)

Theorem (Hardy and Ramanujan, 1917)

The normal order of w(n) is loglogn, that is, for all € > 0, that is,
the density of all n € N for which

w(n)

loglogn B

1‘<5

is 1.

o This further establishes the idea that w(n) ~ loglogn.

e Okay, but what about the error term? Namely, what about
w(n) —loglogn?

Theorem (Turén, 1934)

Z(w(n) —loglogn)? = (1 + o(1))z loglog z.

n<x
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The Erdsés—Kac Theorem

o What this theorem of Turan tells us is that the error term should
be close to y/loglog x for all n < x.

Vikram Sarkar e Erdés—Kac Theorem



The Erdsés—Kac Theorem

e What this theorem of Turén tells us is that the error term should
be close to y/loglog x for all n < x.
@ In fact, the error term has a strong connection with +/loglog n:
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e What this theorem of Turén tells us is that the error term should
be close to y/loglog x for all n < x.
@ In fact, the error term has a strong connection with +/loglog n:

Theorem (Erdés, Kac, 1959)

If a < b are in RU {—00, 00}, the density of the set

w(n) —loglogn
eN|a< <b
{n “= Vloglogn

is
—22/2 4.

1 b
— e
\/27r/a
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e What this theorem of Turén tells us is that the error term should
be close to y/loglog x for all n < x.
@ In fact, the error term has a strong connection with +/loglog n:

Theorem (Erdés, Kac, 1959)

If a < b are in RU {—00, 00}, the density of the set

w(n) —loglogn
eN|a< <b
{n “= Vloglogn

is
—22/2 4.

1 b
— e
\/27r/a

Okay, what?
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Small Simplification

It is not hard to show that it suffices to show the density of the set

w(n) — loglog N
eN|a< <
{n “= Vioglog N —

is

V2T Ja

instead.
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Small Simplification

It is not hard to show that it suffices to show the density of the set

w(n) — loglog N
eN|a< <
{n “= Vioglog N —

is

L e d

Nors /a e x
instead. Since loglog N =3 v p~ 14+ O(1), it is also not hard to show
that if A(N) =32, «n p~ !, it suffices to show that the density of the set

{nEN’aSWSb}.

is \/% fab e~ /2dz as well.
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Probability Theory

Let

for x € R. Then, ¢ is called the standard normal distribution.
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Let

for x € R. Then, ¢ is called the standard normal distribution.

e A graph of ¢ is shown below.

o Looks like a “squished” bell curve.

Vikram Sarkar The Erdés—Kac Theorem



Probability Theory

Let

for x € R. Then, ¢ is called the standard normal distribution.

e A graph of ¢ is shown below.

o Looks like a “squished” bell curve.
o Note that [*°_ ¢(x) dz =1 due to the infamous [ e dx = /7.
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Probability Theory (Continued)

A discrete random variable X has a finite sample space S and fixed
probabilities of being each element of S. For example, S could be
{1,2,3}, and Prob(X = 1) = £, Prob(X =2) = }, Prob(X = 3)

1
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Probability Theory (Continued)

Definition

A discrete random variable X has a finite sample space S and fixed
probabilities of being each element of S. For example, S could be
{1,2,3}, and Prob(X = 1) = £, Prob(X =2) = }, Prob(X =3) = 1.

Definition

A continuous random variable X which has an infinite sample space
S C R that is equipped with a probability density function f has

b
Prob(a < X <) = / f(z)d.
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Probability Theory (Continued)

Definition

A discrete random variable X has a finite sample space S and fixed
probabilities of being each element of S. For example, S could be
{1,2,3}, and Prob(X = 1) = £, Prob(X =2) = }, Prob(X =3) = 1.

Definition

A continuous random variable X which has an infinite sample space
S C R that is equipped with a probability density function f has

b
Prob(a < X <) = / f(z)d.

In our situation, we have the sequence of discrete random variables

{Xn}, for which Xy has sample space {% |n < N} , and each

n < N has equal probability to be chosen.
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Expected Value

The expected value of a continuous random variable X with
probability density function f is defined to be
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Expected Value

Definition

The expected value of a continuous random variable X with
probability density function f is defined to be

The expected value of a discrete random variable X with sample
space S C R is defined to be

.

.
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Moments

Definition

The k** moment of a continuous random variable X with probability
density function f is defined to be

E[X*] := /oo 2 f(x) da.

—0o0
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Moments

The k** moment of a continuous random variable X with probability
density function f is defined to be

E[X*] := /oo 2 f(x) da.

—0o0

Definition

The k™" moment of a discrete random variable X with sample space
S C R is defined to be

| A\

’S|k28 - Prob(X = s).

SES
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Moments (Continued)

srem (Well-known )

The standard normal distribution is completely determined by all its
moments. That is, if there exists some random variable X with

E[X*] = \/%/ aFe /2 da,

then the probability density function of X must in fact be \/%e_ﬁ/ =
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Moments (Continued)

Theorem (Well-known)

The standard normal distribution is completely determined by all its
moments. That is, if there exists some random variable X with

E[X aFe /2 da,

=7

then the probability density function of X must in fact be \/%e_ﬁ/ =

Theorem (Well-known)

Suppose X1, Xo,- -+, Xy, - is a sequence of random variables. Let X
be a random variable that is completely determined by all its moments.
Then, if E[X*] — E[X*] for all k¥ > 1, then

Prob(a < X,, <b) = Prob(a < X <b) for all a < b € RU{—00, c0}.
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Moments (Continued)

@ Now, let X be the random variable with sample space

{% |n <N } for which each element of this set has an

equal probability of being chosen (if there are somehow repeats,
then the probability of X,, = r would be the # of n for which

w(n)—A(N) __ .
Jam =T divided by N).

Vikram Sarkar The Erdés—Kac Theorem




Moments (Continued)

@ Now, let X be the random variable with sample space

{% |n <N } for which each element of this set has an

equal probability of being chosen (if there are somehow repeats,
then the probability of X,, = r would be the # of n for which

W) AN _ . divided by N).
A(N)
e Let X be a random variable with probability density function .

Then, if we had

E[x%] - E[x*] = aFe 12 dg

)

L

we would then have

Prob(a < Xy <b) — Prob(a < X <b) = \/% ff e=*"/2 dz. where

X is a random variable with probability density function .
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Moments (Continued)

@ Now, let X be the random variable with sample space

{% |n <N } for which each element of this set has an

equal probability of being chosen (if there are somehow repeats,
then the probability of X,, = r would be the # of n for which

W) AN _ . divided by N).
A(N)
Let X be a random variable with probability density function ¢.

Then, if we had

E[x%] - E[x*] = aFe 12 dg

)

L

we would then have

Prob(a < Xy <b) — Prob(a < X <b) = \/% ff e=*"/2 dz. where

X is a random variable with probability density function .
However, note that limy_,~(a < Xy < b) is also the density of

w(n)—A(N)
tneNI=0mm

approach the moments of X suffices.

}. So showing that the moments of Xy
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We have

- (k=D keven,k > 2
/ ghe=/2 = 0 k odd
- 1 k=0
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We have

(k=D keven,k > 2

k —m
PE = =<0 k odd
V2 /
. 1 k=0

This is not very hard to prove; if k is odd then we are integrating a
bounded odd function over a symmetric interval so the integral is 0. If
k is even, use integration by parts to get a recurrence between i and
[tk+2. So, we want to prove E[X%] — pu.
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Simplifications

@ Note that .
A(N)
E[XR] = N Z ( N)1/2 ) '

So if this converges to pyg, then it equals ug + o(1), where the o(1)
is with respect to N, not k.
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Simplifications

@ Note that .
A(N)
E[Xx] = N Z ( N)1/2 ) '

So if this converges to pyg, then it equals ug + o(1), where the o(1)
is with respect to N, not k.

@ So, we want to show that

*Z < AN (N)>kzuk+0(1)~

n<N
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Ly(n)

Upon rearrangement, we want to show that

Y (wln) = A(N))* = N(AWN)2ur(1 + o(1)).

n<N
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Upon rearrangement, we want to show that

Y (wln) = A(N))* = N(AWN)2ur(1 + o(1)).

n<N

Ok, how are we supposed to approximate the left hand side?
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Ly(n)

Upon rearrangement, we want to show that

Y (wln) = A(N))* = N(AWN)2ur(1 + o(1)).

n<N

Ok, how are we supposed to approximate the left hand side?

—-1/p+1 p|n
~1/p pin

Define Ly(n) := {
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Ly(n)

Upon rearrangement, we want to show that

Y (wln) = A(N))* = N(AWN)2ur(1 + o(1)).

n<N

Ok, how are we supposed to approximate the left hand side?

—-1/p+1 p|n
~1/p pin

Define Ly(n) := {

The important thing here is that }°  Ly(n) = w(n) — A(N).
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L,(n)

Upon rearrangement, we want to show that

Y (wln) = A(N))* = N(AWN)2ur(1 + o(1)).

n<N

Ok, how are we supposed to approximate the left hand side?

—-1/p+1 p|n
~1/p pin

Define Ly(n) := {

The important thing here is that }°  Ly(n) = w(n) — A(N).
Therefore, we wish to show that -
k

Do D Lol | = N(AN) (1 + o(1)).

n<N \p<N
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L(p)

Now, for each prime p, let L(p) be a random variable for which
L(p) = —% with probability % and L(p) =1— % with probability 1 — %.
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L(p)

Now, for each prime p, let L(p) be a random variable for which
L(p) = —% with probability % and L(p) =1— % with probability 1 — 1.
The following two theorems are not very hard to prove, for the sake of

time I won’t be going over their proofs.
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L(p)

Now, for each prime p, let L(p) be a random variable for which

L(p) = —% with probability % and L(p) =1— % with probability 1 — %
The following two theorems are not very hard to prove, for the sake of
time I won’t be going over their proofs.

Theorem

Suppose N > 1, and Ng = N1/log(vloglog N+3) Thep,

> Ly(n) = ) Ly(n) + O(log(+/loglog N + 3)),

p<N p<Ng

for allmn < N.
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Relating L, to L(p)

Let w(n) be the number of primes < n. Then, for any positive integer
k, we have

k k

S L) | =NE|| D Lp) | | +0B(Ns)k)

n<N \p<Ng p<Ng
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Relating L, to L(p)

Theorem

Let w(n) be the number of primes < n. Then, for any positive integer
k, we have

k k

S L) | =NE|| D Lp) | | +0B(Ns)k)

n<N \p<Ng p<Ng

So we have expressed something very similar to what we want (the
LHS) as something relating the random variable L(p). Right now, the
right hand side is not very useful since the main expression is stuck in
an expected value. So we need a good way to approximate it.
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Moment Generating Fun

e We will approximating it using moment generating functions.
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Moment Generating Functions

e We will approximating it using moment generating functions.
o Suppose X is a discrete random variable and let Mx (z) = E[e*X].
for z € C.
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Moment Generating Functions

e We will approximating it using moment generating functions.
o Suppose X is a discrete random variable and let Mx (z) = E[e*X].
for z € C.

For all k > 1, L Mx(z)| = E[X"].

7 dzt 2=0
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Moment Generating Functions

e We will approximating it using moment generating functions.
o Suppose X is a discrete random variable and let Mx (z) = E[e*X].
for z € C.

Theorem

For all k > 1, L Mx(z)| = E[X"].

7 dzt 2=0

A\

It is clear that My is analytic on C. Note that from the Taylor Series
expansion of e”,

k!
k>0 k>

2 X))k 2 X))k k
MX(Z):E[er] —F Z( X) _ E |:( X) ] :ZE[X ]Zk
0

Thus M)((k) (0) = E[X*], as desired.

Vikram Sarkar The Erdés—Kac Theorem



Approximating RHS

Vikram Sarkar The Erdés—Kac Theorem



Approximating RHS

o Now, let By = Y _ L(p). Then, let Mp, (t) := E[e!PN] for some
t e C. -
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Approximating RHS

o Now, let By = Y _ L(p). Then, let Mp, (t) := E[e!PN] for some
tecC.
@ Then,

Mg, (t)=E [et Spen L(p)}

_HE[tL(p]

p<N
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Approximating RHS

o Now, let By = Y _ L(p). Then, let Mp, (t) := E[e!PN] for some
tecC.
@ Then,

Mg, (t)=E [et Spen L(p)}

= H E [etL(p)] .

p<N

e Now, for |t| < %, we can say by Taylor Series that
D =1L (p)+ 5 L) +O (P L)),

SO
tL p—1,2 [t]
E][e (p)]_ +5=t —l—O(—)
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Approximating RHS (Continue
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Approximating RHS (Continue
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Approximating RHS (Continued)

@ One can then take the product over all p < N and then bound to

obtain that
t 2
My, (b ) e
B (\/loglogN> ¢

uniformly on some disk centered at 0. Then, by complex analysis
magic, the derivatives converge uniformly as well.
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Approximating RHS (Continued)

@ One can then take the product over all p < N and then bound to

obtain that
t 2
My () e
B (\/log log N>
uniformly on some disk centered at 0. Then, by complex analysis
magic, the derivatives converge uniformly as well.
@ Then we can compute

E[BY] = M) (0) = (1 + o(1))u(log log N)*/2,

N

. . . 2
since the k™ derivative of e* /2

Series expansion of e”.

at 0 is py (1) from the Taylor

Vikram Sarkar The Erdés—Kac Theorem



The Finish




The Finish

Combining this with the previous theorem we obtain the following:
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The Finish

Combining this with the previous theorem we obtain the following:

k

Yo DD L) | = (1+0(1))N(loglog Ne)*/?px+0(3% 7 (Ng)*).
n<N \p<Ng
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The Finish

Combining this with the previous theorem we obtain the following:

k

Yo DD L) | = (1+0(1))N(loglog Ne)*/?px+0(3% 7 (Ng)*).
n<N \p<Ng

Now, let Ng = N1/log(vloglog N+3) ' T¢’g just bounding from here — split
into p < Ng and Ng < p < N.
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The Finish

Combining this with the previous theorem we obtain the following:

k

Yo DD L) | = (1+0(1))N(loglog Ne)*/?px+0(3% 7 (Ng)*).
n<N \p<Ng

Now, let Ng = N1/log(vloglog N+3) ' T¢’g just bounding from here — split
into p < Ng and Ng < p < N.

k k

SUD L) =D | D L) | =o(N(loglog N)¥/?).

n<N \p<N n<N \p<Ns
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The Finish

Combining this with the previous theorem we obtain the following:

k

Yo DD L) | = (1+0(1))N(loglog Ne)*/?px+0(3% 7 (Ng)*).
n<N \p<Ng

Now, let Ng = N1/log(vloglog N+3) ' T¢’g just bounding from here — split
into p < Ng and Ng < p < N.

k k

SUD L) =D | D L) | =o(N(loglog N)¥/?).

n<N \p<N n<N \p<Ns

Now, we can use the result we obtained above to get the sum for p < z.
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The Finish (Continued)

Note that
(log log N)l/z—(log log N5)1/2§(10g log N —log log Ns)l/2

log N 1/2
= <log log N—log ( log(vlogglog N+3) ) )
=(log log(+/Tog log N+3))1/2
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The Finish (Continued)

Note that
(log log N)l/z—(log log N5)1/2§(1og log N —log log Ns)l/2

log N 1/2
= (log log N—log ( log(vlogglog N+3) ) )
=(log log(+/Tog log N+3))1/2

so by the Binomial Theorem,

k—1
(loglog N)*/2—(loglog Ng)*/2=0 (k(log log Ng) (log log(+/Tog log N+3))> ,
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The Finale

Putting it altogether, we have

2on<N (ZpgN Lp(n))k:(l'f‘O(l))N(lOg log 2)*/2 +0(3Fm(Ns)*)

+0(N (log log N)*/2)

—(140(1))N(loglog N)*/2 1y +O(k(loglog 2) 7 )4--
=(1+40(1))N(log log N)*/2 .

=(1+0(1)) N(A(N))*/2 .,

Vikram Sarkar

The Erdés—Kac Theorem



The Finale

Putting it altogether, we have

S nen (Zpen Lo(n)"=(1+0(1))N(log log 2)*/ 2 +O (3% (Ns)*)

so we are done. W

+0(N (log log N)*/2)

—(140(1))N(loglog N)*/2 1y +O(k(loglog 2) 7 )4--
=(1+40(1))N(log log N)*/2 .

=(1+0(1)) N(A(N))*/2 .,
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Thanks!

Any questions?




