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Abstract

The Erdés-Kac Theorem states that

w(n) —loglogn
/loglogn

In this paper we provide an accessible proof for this renowned theorem involving random
variables, moment generating functions, and complex analysis. We provide an introduction to
random variables and moment generating functions as well. Our argument is very similar to
that of Steve Fan’s. [2]
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1 Introduction

Let w(n) be the number of distinct prime factors of n. For example, w(12) = 2 and w(210) = 4.
So, a natural question one might ask: what are the asymptotics of w(n)? Well, roughly speaking,

CO(H)=ZI= Z){p,

pln p<n
where
0 ptn
Xp =), pln’

Loosely speaking, the “expected value” of y, where p < n is i, SO
1
DD '3
p<n p<n

A famous theorem of Mertens ([4]) says that this quantity is about loglog n + O(1), and therefore
w(n) should be close to loglogn. A famous theorem of Turan states the following:

Theorem 1.1 (Ttran, 1934).

Z (w(n) —loglogn)?> = (1 + o(1))x loglog x.

n<x

This suggests that w(n) — loglogn ~ 1/loglog x. /loglog x ~ 4/loglogn for "most” n < x.
So, the error is ~ 4/log log n as well. In fact, we can say more. Much more, in fact.



Theorem 1.2 (Erdés-Kac Theorem). Let a < b be reals. Then,

b
—logl
Hmi.#nstsws,,}: 1 Je_xz,zdx_
a

N—eo /loglogn 27

w(n)—loglogn

Vloglogn
rest of the paper proving this statement using the machinery we have developed before the
introduction.

In layman’s terms, behaves like a normal distribution. We will now spend the

2 Preliminaries

Definition 2.1. Define the density of a set A C N as

. An{1,2,-,N}|
d(4) := lim N '

Simply put, this is the proportion of naturals that A takes up. For example,

 The density of the evens is %

« The density of any finite set is 0.
+ The density of the perfect squares is 0.

 The density of the composites is 1.
. . .6
+ The density of the squarefree integers is et m

Now, let f, g be two functions from C to C.

Definition 2.2. We say f(z) = O(g(z)) if there exists some constant ¢ such that | f(z)| < c|g(2)]
for all z for which g(z) # 0.

Definition 2.3. We say f(z) = o(g(z)) if lim,_, jg% exists and equals zero.

Now, assume f, g are from N to R.

Definition 2.4. We say f(n) <« g(n) if f(n) = O(g(n)). For constants a, b, we choose a < b to
mean "if a is sufficiently smaller than b."

Definition 2.5. We say f(n) = O(g(n)) if there exists some constant ¢ for which | f(n)| < c|g(n)|
for all naturals n.

Definition 2.6. We say f(n) = o(g(n)) if lim,,_, o, ;% exists and equals zero.

Now, later, we will talk about functions f(N, k) of two positive integer variables.

Definition 2.7. We say
J(N, k) = O8N, k))

if there exists a constant ¢, independent of N or k, such that f(N, k) < cg(N, k) for sufficiently
large N.



Definition 2.8. We define
J(N, k) = o(g(N, k))
if for all naturals k,
LSO
N-co g(N,k)

3 Probability Theory

Usually, probability theory and definitions of probability and whatnot are very complicated and
hyper-general (see: the measure theoretic-definition involving sigma-algebras). In this paper,
however, the objects of study do not need this general definition, and are more of a special case.
Thus, we will try to keep it very simple and understandable.

3.1 Discrete Random Variables
This is the easy part of probability theory.

Definition 3.1. A discrete random variable X has a finite sample space S and fixed probabilities
of being each element of S. For example, S could be {1, 2, 3}, and Prob(X = 1) = % Prob(X =

2) = 1, Prob(X =3) = 1. We must have the following:
6 2
. Zses Prob(X =s) =1
« Vs €S, Prob(X =s) € [0,1].

We will assume that S C R, since we will only be working with discrete random variables whose
sample space is a subset of R.

Definition 3.2. The expected value of a discrete random variable X is defined to be

E[X] : Z s - Prob(X = s).
Isl sSES

Definition 3.3. The k'™ moment of a discrete random variable X is defined to be
E[X*] := Z 5% . Prob(X = s).

lSl SES
Definition 3.4. Let X be a discrete random variable with sample space S. Let g be a function
from S to R. Then,

E[g(X)] : Zg(s) Prob(X = s)

seS

S

and
Prob(g(X) =a)= ), Prob(X = ).
seS
g(s)=a



Definition 3.5. Let X and Y be discrete random variables with sample spaces S and T, respec-
tively, and let f : (S,T) — R be a function. Then, define Z = f(X,Y) to have sample space
f(S,T)={f(s,t) | s€S,t € T}, and for all x € f(S,T),
Prob(Z = x) = Z Prob(X = s) - Prob(Y =t).
seS,teT

f(s,t)=x

Definition 3.6. Two discrete random variables X and Y with sample spaces S and T, respectively,
are said to be independent if

Prob(X =sandY =t) = Prob(X = s) - Prob(Y =1¢)
forallse S,teT.
We have the following infamous lemma.

Lemma 3.7. Let X and Y be discrete random variables with sample spaces S and T, respectively,
bothin R, and let c € R. Then,

o E[X +Y]=E[X]+E[Y].
o E[cX] = cE[X].
Furthermore, if X and Y are independent, then
E[XY] = E[X]E[Y].

We state these without proof because they are classical.

3.2 Continuous Random Variables

We will only be talking about continuous random variables that have a probability density
function and a sample space that is a subset of R. It is true that there exists continuous random
variables without probability density functions, but we need not worry about them,

Definition 3.8. A continuous random variable X with an infinite sample space S C R and a
probability density function f has

b
Prob(a <X <b) = J f(x)dx

a

forall a,b € R U {—0c0, o0}. We must have the following:
+ f must be piecewise continuous.
« f>00nR.
s [ fdx = 1.

Definition 3.9. The expected value of a continuous random variable X with probability density
function f is defined to be

E[X] = jw xf(x) dx.

4



Definition 3.10. The k™ moment of a continuous random variable X with probability density
function f is defined to be

E[X*] :=J xK f(x) dx.

Definition 3.11. Let X be a continuous random variable with sample space S and probability
density function f. Let g be a function from S to R. Then,

E[g(x)] := J ¢(x)f (x) dx.

3.3 Moment Generating Functions

Definition 3.12. Suppose X is a discrete random variable with sample space S C R. Define the
moment generating function My(z) : = E[e?X]. First of all, note that

Mx(t) = Z e - Prob(X =),
SES

so My is analytic on C.
k
Lemma 3.13. Forallk > 1, d—MX(Z)| = E[Xx*].
de z=0

Proof. Note that from the Taylor Series expansion of e*,

3 X | « EXY]
‘Z[E[ Kl ]‘g{) P

z (zX )k

k!

k>0

Mx(z) = E[e?X] =E [
k>0

Thus M)((k)(o) = E[X¥], as desired. O

4 Simplifications

I claim that it suffices to show that

—loglog N
lim L sl <N o< 2 Z18108N _l

b
<b!= L J e~/ dx.
N—co N y/loglog N \2rda

Now I will prove this claim. Suppose we knew the above. Let Ny = N1/10g(VloglogN+3) Note that
forNg <n <N,

loglog N —loglogn < loglog N — loglog N,
logN
log N,

= log
logN

= log :
IOgN ’ log(+/1loglog N+3)
= log(y/loglog N + 3)

= o(y/loglog N).



and for N sufficiently large,
loglog N — loglogn

4/loglog N ++/loglogn
< loglog N —loglogn

= o(y/loglog N).

Now, fix some ¢ > 0, and some a, b for which the assumed statement is true. Then, note that for
sufficiently large N, we have that by the above computations, for all Ny <n < N,

loglog N + (a — e)\/loglog N < loglogn + ay/loglogn < loglog N + (a + &)y loglog N

and
loglog N + (b — ¢)y/loglog N < loglogn + by/loglogn < loglogN + (b + ¢)y/loglog N.

Therefore, for N sufficiently large, since % = 0(1), if we let

VloglogN —+/loglogn =

1 w(n) —loglogn
dy=< -#m<N|la<——— <b,
N \/loglogn
then
— logl
dN=l-#iNSSnSNIaSMSbE+O(1)
N loglogn
= % . #{Ns <n <N |loglogn+ ayloglogn < w(n) < loglogn + b\/loglogn} +0(1)
< ]l\l . #{NS <n <N |loglogN + (a —¢)\/loglogN < w(n) <loglogN + (b +£)\/10glogN} +0(1)
= le . #{n < N |loglogN + (a —e)yloglog N < w(n) <loglogN + (b + s)\/loglogN} +o(1).

Similarly, we can get that

dy > le-#{n < N |loglogN + (a + €)\/loglog N < w(n) < loglogN + (b — ¢)y/log 10gN}+o(1).

Letting the RHS be dy-, we may note that

1 b+e
lim dy- = —J e=*/2 dx,
N—oo V271 Ja—c
. . . b+e _x2/2 _ 1 b X2
but ¢ was arbitrary, so we can make it tend to 0, and lim._o [,__e dx = Ners [ e .
T

Therefore, if we fix some g5 > 0, we can find some € > 0 and some large N for which

1 b
dy- > —J' e /2 dx — g,
2w Ja



Letting €, — 0. Thus, for N sufficiently large,

s
dy > —J /2 dx — g,
21 Ja

We can do a very similar thing with the upper bound to get that for N sufficiently large,

L
dy < —J e /2 dx + g
2w Ja

Since the choice of ¢, > 0 was arbitrary, it thus follows that

1 b
lim dy = —j /2 dx,
2w Jda

as desired. So our claim is proven. Now, let A(N) = Zp <N %. I claim that it suffices to show that

b
lim i.# nSNlaSMSb =LJ’ e_xz/zdx'
Nooo N A(N)I/Z o da

By Mertens’ theorem ([4]), A(N) is loglog N 4+ O(1), and so A(N)'/? isy/loglog N + O(1) as well.
Since O(1) is o(y/1og log N), we can just use the same logic as above to show this. Therefore, we
will show this statement instead.

5 Converting To Moments

Let Py denote the discrete random variable with sample space {1, 2, --- , N}, with each number
being chosen with probability % Let X5 = A(Py) be another discrete random variable. Now,

let p(x) = \/%e_xz/ 2, We have the following two lemmas:

Lemma 5.1. The standard normal distribution is completely determined by all its moments. That
is, if there exists some random variable X with

E[X*] = LJ ko2 dx,

Vor

then the probability density function of X must in fact be %e‘xz/ 2,
T
Lemma 5.2. Suppose X1,X,,--,X,, - is a sequence of random variables. Let X be a random
variable that is completely determined by all its moments. Then, if E[X ,’j] — E[X*] forallk > 1,
then
Prob(a < X, <b) » Prob(a <X <b)

foralla < b € RU{—00, }.



The first one is well known, for the second one, see [1]. Now, how does this apply here? Well,
let X be a random variable with probability density function ¢. By Lemma 5.1, X is completely
determined by all its moments. Therefore, if we show that

o0
lim E[X}]=E[X¥]= L J xke*/2 dx,
N-oo 1/271, o
then by Lemma 5.2, we have that foralla < b € R U {—o0, o0},
b
Prob(a < Xy < b) —» Prob(a <X <b) = J p(x)dx.

a

However, note that

. s 1 w(n) — AN) 0(1)
I&EI;OProb(asXNsb)—I\}l_r)rgo —-#gm ,bl| <N§+T]
= lim [%-#{Me[a,b]|n<wi
e VA®)

so it would imply

b
— AN
d( aSMSbIHENE)=J p(x)dx,
VA(N) a
which is what we want. Note that the O(1) was because of n = 1, 2. Thus, it suffices to show that
E[XX] — E[X].

6 Further Simplifications

So, we wish to show that
E[XE] — E[X*].
(k=" keven,k>0
From Lemma 8.2, we can get that E[X¥] = . = {0 k odd . Therefore, we
1 k=0

wish to show that [E[Xllf]] — U, i.e. [E[Xllf]] = Ui + o(1). (Here the o(1) is with respect to N,
not k, meaning think of 1 as a function of N and k and apply the definition of little o

in that case.) Note that
k
1 w(n) — AN)
NN g’v AN/

= A @~ A
n<N

Thus, it suffices to show that
D (@(n) = AN)Y* = NCAWN)*2(wy + o(1)).

n<N



7 Preliminary Lemmas

We start with a basic lemma from elementary number theory.

Lemma 7.1. Let N, m be positive integers. Then,

¢(M)

#{n < N | gcd(n,m) = 1} = —=N + O(z(m)).

Proof. Let N = ma + b, where a, b are nonnegative integers with b < m. Let S = {py, p2, -+, Py}
be the set of prime divisors of m. Then,

#{n <N | gcd(n,m) = 1} = #{n < ma | gcd(n,m) = 1} + #{ma < n < ma + b | gcd(n, m) = 1}

a-#{n<m|ged(n,m)=1}+ #{n <b | ged(n,m) = 1}

| b

TCS
= ap(m) + Z (-7 + O(l)]
TCS rer!
1 1 1
=agom b (1= 5) (1= 5;) 1= ) voem
= ap(m) + bM + O(z(m))
= MN + O(t(m)),
as desired. O

(k=" keven, k>0
Lemma 7.2. u; =40 k odd
1 k=0

Proof. Let X be a continuous random variable with probability density function \/%e_xz/ 2. Then,
T

1 o0
Ui = E[X¥] = —J xke=*"/2dx.

vz -

For k odd, xke=**/2 is an odd function, so the integral is zero. For k even, we will use induction
k-1 k>0

to show that u; = i ) k=0 Our base case is k = 0, which works because E[X°] = 1.

Now, assume the result is true for some even k > 0. We will prove it true for k + 2. Note that by

integration by parts,

1 Jm —x2/2d

Vor

o0 0 k
_XZ/Z] J Ll (—xe™"/2)dx

@k +1 Vamk+1

—00
( k+2e—x2/2dx>



SO

[c9) (6]
1 f xH+2e=%*2dx = (k + 1) - LJ xke=*/2dx.
V271 J -0 27 J -0
If k = 0, then this implies y, = 1 = (2 — 1)!!. Else, this implies yy,» = (kK + Dy = (k+1) - (k—
DN = (k + 1!, as desired. O

Definition 7.3. For each prime p, define

. \-1/p+1 p|n
Lp(n)'_i—l/p ptn’

1,62,

For any natural m = pi P, p;", define

k
L) = [J@, ).
i=1

The key here is that 3} . Ly(n) = w(n) — A(N).

p<N

Lemma 7.4. We have

Z Lp(n) = O(log(vloglog N + 3)),

Ng<p<N
foralln < N.
Proof. Note
Y Lm= ¥ 1= 3 o
Ny<p<N NS;f:lSN Ny<p<N

from the same logic as above. By Mertens ([4]),

0] Z 1 = O(loglog N — loglog Ny)
Ny<p<N

B O(l logN>
DR log N

= O(loglog(y/loglog N + 3)).

Now, suppose there were k primes in (N, N] dividing n. Then, N > N k, and since n < N,
N> Né‘. Sok <logy N = log(+/loglog N + 3). Thus,

Z 1 =0(yloglogN + 3),
Ng<p<N
pln

so the result now follows.

10



Definition 7.5. Define the sequence of independent discrete random variables {L(P)}, prime
such that L(p) = —1/p with probability 1 — 113 and L(p) = —1/p + 1 with probability 113. Note
that L(p) "mimics” L,, since L,(n) = —1/p + 1 when p | n, which has "probability” 1%, and
Lp(n) = —1/p when p { n, which has "probability” 1 — i. So the following result should not be
SO surprising.

Lemma 7.6. Suppose m = pil pzz pi" is fixed. Then,

k
ZIWM)=NEhIaumf]+OGB

n<N i=1
forallN > 1.

Proof. Note that
k

Li(n) = [ [

i=1

Let Fp(n) = 1_1’ PI™ fent, (n) = ~~Fp(n). Then,
n, i
_Ze Kk
Lu(n) = S22 T, 0
i=1
Therefore,
—1Xe k
3 Ln(my = EOZ0 5 T,
n<N n<N i=1

Let P = {p;, p2, -, Px}- Then, suppose S C P. The amount of n < N such that the set of prime

divisors of n in P is exactly S is the number of integers less than or equal to relatively
SES
prime to all primesin T := P\ S. By Lemma 8.1, this is
¢ t (t-1)
ULer) | N +o(c(J]¢])= Iier N oem
Iliert [ Iess teT IMiert  Iless
N t—1
= —H‘ET( ) + 02k 1S,
HPEP p

11



Now, if s = p;, let e, = ¢;. Then,

D Li(n) =

n<N n<N i=1 8
_ = 1)261 NIlgC=-D
02 IS — )¢
SZC; rad(m) +0( )g(l s)

_ N(-1)Ze Z (Hpep(P H(l B S)es> N Z 02+ |S|)Hs€S(1 — )%

mrad(m) 35\ [5G —1) 555 scp m(—1)Z¢

DD s = Do + D) o@k18h

SCP sES N

k
[1a - =1+ o (2()

_ NG 1)E ¢ip(m)
_ NG 1>Eel¢(m)

e
- D 2om) H(1 (i~ 1)+ 0(30)

On the other hand, note that

k
=N 1'[ E[(L(p)*]

1[0 5 03]

(pi —D(=1D)% + (p; — 1)
=N H e+l

k
H (-1¢(p; — 1)) (1 = (p; — D& 1))

i=1

k
NE [H(L(pi))ef
i=1

i=1

m rad(m

_ NCDZa T (pi— D ﬁ(l _

_1)e-1
- rad(m) (pi — 1))

i=1

_ NG 1)29<:b<m)1—[(1 (ps — 1)

so the result follows.

Lemma 7.7. Let w(n) be the number of primes < n. Then, for any positive integers k, we have
k k
> [ D Lp(n)] = NE l[ D L(p)) } + 03k T(Ng)¥)
n<N \ p<Ng p<Ng

12

O



Proof. Note that

Z LP(n) = Z LP1P2"’Pk(n)’

P<Ng P1>P2> Pk <Ng

since L,,(n) is completely multiplicative in m. Note that the p; are not necessarily distinct or
ordered or anything like that. Therefore,

k

Z Z Lym| = Z Z Lpypyepe () = Z Z Lp, py---pi (10)-

n<N \ p<Ng n<N p1,p2,---,Pk<Ns D1,P2, Pk <Ng n<N

Now, by Lemma 8.6,
k
Z Ly py---p(n) = NE [HL(Pi)} +0(3%).
n<N i=1

So the LHS is equivalent to

k k
D [N[E [HL(pi)} + 0(3k)] = NE > 11 L(p»] + 03k z(Ng)¥)
P1,P2," Pk <Ng i=1 | P1,P2,+++,Pk<Ng i=1

i k

=NE|[| > Lp)| | +0G*rnNg)b),
DP<Ns

as desired. O

The next lemma will involve complex analysis (Sorry, it’s too vast a topic for me to make a
section about the fundamentals. Try Rudin or something.)

Lemma 7.8. Let f,, : C - Cforn =1,2,--- be a sequence of functions which are analytic on an
open disk D. Furthermore, suppose that f, — f uniformly. Then, f is analytic on D as well and
fh = f" uniformly on any open subdisk E C D that has the same center as D and smaller radius
than D.

Proof. LetT be a closed contour in D. Note that since each f, is analytic in D,

gﬁrfﬁo

for all n > 1. Note that since all f,, are continuous, so is f due to a well known theorem: [3]. So
f isintegrable. Now fix an ¢ > 0. Then, there exists some N such thatforalln > N, |f — f,| <¢€

on D. Now, note that
BI85
-1

<t@)-¢,

13



where ¢ denotes arc length. Thus, it follows that [}, f = 0, for all closed contours I in D, so by
Morera’s theorem ([5]), f is analytic as well. Now, fix some z, € E, and let r be the difference
in radii of E and D. Then, C, :={z | |z — zy| < r} lies completely within D. Then by Cauchy’s
Generalized Integral Formula,

1 f(2)
4 = —_— —_— d
f'(zo) qgcr z

2mi (z — 20)?
_ 1 fn(2) 1 f(2) = fn(2)
=50 . —(z s dz + prs . —(z ~ )2 dz
L @@
= fn(ZO) + % . W dz.

Thus,

fe) = fia) = o= p L2=LnD
c, (z—- ZO)

27i
Now, fix some € > 0, then for sufficiently large n, | f(z) — f,(2)| < €. Then, for sufficiently large
n,
|f'(z0) = f;l(zo)| =

1 (JS f(2) — fn(2)

2mi (z — zp)?
1
E r—2 2r
=
T
Since r is fixed over all z, it follows that f/, — f’ uniformly on E, as desired. O

Corollary 7.9. Let f,, : C — C forn = 1,2, --- be a sequence of functions which are analytic on
an open disk D, and let k > 1. Furthermore, suppose that f,, — f uniformly. Then, f is analytic

on D aswell and f ;k) — f® uniformly on any open subdisk E C D that has the same center as D
and smaller radius than D.

8 Moment Generating Functions

Our aim in this section will be to compute the moments of Eyy = ), p<N L(p). We will do this

by computing the moment generating function Mg, (z) = E[e?Fr], and then computing the k™
derivatives of this and then using Lemma 3.14. Note that

Mg, (2) = E[e*"]
= [E [ez ZPSN L(P)]

= [ E[e?®].

p<N
Note that from Taylor Series, we have for |z| < é,

2
eL0) =1+ zL(p) + ZL(p)* + O (2P IL(P)P).

14



since

Note that

Eu@n=@_%ﬂ_9+%<

cvon-1-3)-2)

Y, 7 LK

k>3

< 3 L)k

k>3

< 3 lzFL(p) ¥

k>3

_ 2P
1= ZFIL()F
2L

1

8

= 0(IzPIL(p)I*).

et = (1~ 1)(2) +

Therefore,
Note that

since by Taylor Series

P—jzz+0<
e?r

|23

p

Jois 2

15




We now write e* as exp(x) for easier readability. Note that the sum of Lz for p prime converges
p

. 0 1
since Zn—l — does.
-t n

Mpy(2) = ] E[e)]

p<N

_Hexp(

Tew (55 +o(5)
(z (1 )+o[| ) ]]

=exp —zzz _1 22 +O[| |3Z %])

p<N p p<N p<N

exp(é 2loglog N + O(|z|* + |z|3loglogN)>

exp ;zz loglogN> -exp (0(|z| + |z|? loglog N)) .

Let My, (2) = Mg, (\/W) Then, for |z| < %VloglogN,

Mg, (2) = ex <lzz>-ex (0] l21° + 2l
1Bn1E) = OPA2 P\"\loglogN ™ \/Togioan /)

Now, suppose |z| < 1. Then, since |e?| < el?!, we have that

e, @ =0 (32°) - o o s + == )
woft) ol i)
~ep(32) rew(32) (o0 (o(m))l)
~on(37) + o (sxn 0 == )) 1)

Fix some ¢ > 0. Then, for N sufficiently large,

o i)

Thus, for all |z| < 1 and all N sufficiently large,

12
'MIEN(Z) —e’ | <e.

16



12
Thus, Mg, (z) converges uniformly to e2” on |z| < 1. Thus, by Corollary 8.9, it follows that

;® iformly to 3= e37 ! Therefore, M® (0) = [Le37| . Not
115, (2) converges uniformly 0-—e2” on |z| < 5. Therefore, 15y () = 1€ 1m0 ote

that from the Taylor Series of e?, we have

12 (22/2)71 z2"
¢ _Z n! _Zzn-n!‘

n>0 n>0

12
Therefore, for k odd, the k' derivative of e2” is zero, for k = 0, the k'® derivative of it is 1, and
if k is even, then the k! derivative of it is

k! L
(k/2)2k72 ~ Kl = (k — 1)L

1
So in fact, the k! derivative of e2” is Ui Thus, we have that

E[ES] = M)(0)

k
= (\/ loglogN> M;’;)N(O)
= (vloglog N)¥ (. + o(1)).

9 The Finish

Note here: when we use small o notation here, it will always be with respect to N, not k.
Plugging the above into Lemma 8.7, we have

k k
1> Lm| =NE|| D Lp)| |+06anNg
n<N \ p<Ng P<Ng
k
=N (\/log logNS> (i + 0(1)) + O3k (Ng)¥).

Note that
3kA(NgK = o(N(W/ loglog NO.

So in fact,

k
S| > Ly | =NGloglogNg)(uy + o(1)).

n<N \ p<Ng

Now, note that

\/loglog N — /loglog Ng < y/loglog N —loglog N

logN
Y log log N

= \/log log(+/loglog N + 3),

17



SO

k
(v/loglog N) — (y/loglog Ng)* < (y/loglog N)k — (\/log logN — \/log log(+/loglog N + 3))

=0 (zk(\llog logN)k‘l\/log log(v/loglog N + 3)) ,
since loglog(y/loglog N + 3) = o(y/loglog N). Therefore,

2 ( )y Lp(”)] =N

n<N \ p<Ng

(g +0(1))

(\loglog N)X + 0 (2"(\/ loglog N)k_l\/log log(+/loglog N + 3)

= N(y/loglog N)¥ (i + 0(1)) + NO (2"(\/ log logN)k‘l\/log log(+/loglog N + 3)) .

Note that

2k(+/1og logN)k‘l\/log log(+/loglog N + 3) = o((y/loglog N)¥).

Therefore, we obtain that

k
> [ > Lp(n)J = N(loglog N)* (. + 0(1)).

n<N \ p<Ng

Now, note that by Lemma 8.4 and the k = 1 case from above,

n<N \ p<N n<N \ p<Ng Ng<p<N

2 (Z Lp(")] =2 2 L+ X Lp(n)]

k
Z z Lp(n) +log(vloglog N + 3)]

n<N \ p<Ng
« k—1 J
=2 2 Lm| + 2> <k)[ > Lp(n)] (log(+/loglog N + 3))k—J
n<N |\ p<Ns n<N j=0 J | p<Ns

o /
= Z L,(n)| + Z (?)(log(\/ loglog N + 3))k—J Z [ Z Lp(n)]

n<N \ p<Ng Jj=0 n<N \ p<Ng
k j
- k k
= D, Ly | +0(k2*(log(v/loglog N + 3)) ) max D120 Ly .
n<N \ p<Ng n<N |p<Ng

Note that by QM-AM,

\] Zcn <ZPSNS b (n))zj > Zinsn 'ZPSNS LP(”)V

N - N

18



By our above work,

2j
ol 2 L, | =NHloglogN)¥ (uy; + 0(1)).
n<N \ p<Ng
Thus,
Jj
Z Z Ly(n) < N(WloglogNYy/ i + o(1) = N(v/loglog N)*~1/puzy.
n<N |p<Ng
Thus,
k k
SIS Lm|l =31 Lm +O<k2k(log(\/loglogN+3)kN(\/loglogN)k_1>
n<N \ p<N n<N | p<Ng

= N(y/loglog N)¥(u; + 0(1)) + O (kzk(log(\/ loglog N + 3)*N(y/log logN)k‘l\/E> )

Now, note that

k2¥(log(+/loglog N + 3)*N(1/loglog N)*~1\/15 = o(N(y/loglog N)¥),

SO
k

S| S L) | = N(/loglog N (s + 0(1)) = NCAWN DM (g + (1)),

n<N | p<N

as A(N)Y/? = y/loglog N 4+ O(1) (so the difference, which is O(N(+/loglog N)¥~12k), gets sucked
into the 0(1)), so we have proved the Erdos-Kac theorem. |l
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