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Extending the Factorials

Suppose there exists a function (z) which extends the factorials onto R.
For any positive integer n, we have

[(n) = (n—1)! J
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Extending the Factorials

Suppose there exists a function (z) which extends the factorials onto R.
For any positive integer n, we have

M(n) = (n—1)! ]

This is typically expressed using recursion

Properties of I'(z)
1. r(1) =1.
2. T(z+1) =zl (2).
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Extending the Factorials

Suppose there exists a function (z) which extends the factorials onto R.
For any positive integer n, we have

M(n) = (n—1)! ]

This is typically expressed using recursion

Properties of I'(z)
1. r(1) =1.
2. T(z+1) =zl (2).
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Extending the Factorials

Suppose there exists a function (z) which extends the factorials onto R.
For any positive integer n, we have

M(n) = (n—1)! ]

This is typically expressed using recursion

Properties of I'(z)
1. r(1) =1.
2. T(z+1) =zl (2).
3. L in(M(2)) > 0
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The Bohr-Mollerup Theorem

Theorem (Bohr—Mollerup Theorem)

There exists a unique function T'(z) which satisfies the following
properties:

1. M(z+1)=2zl(z2)
2. T(1) =1
3. £ In(M(z)) >0
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The Bohr-Mollerup Theorem
Proof.

Let S(x1,x2) be the slope of the secant line of InT(x) between x; and xy.
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The Bohr-Mollerup Theorem
Proof.

Let S(x1,x2) be the slope of the secant line of InT(x) between x; and xy.
InT —InlC In (T r
S(x1, ) = MT0) = InT(xa) _ In (Moe)/T(x)) (0.1)

X2 — X1 X2 — X1
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The Bohr-Mollerup Theorem
Proof.

Let S(x1,x2) be the slope of the secant line of InT(x) between x; and xy.
InT —InlC In (T r
S(x1, ) = MT0) = InT(xa) _ In (Moe)/T(x)) (0.1)

X2 — X1 X2 — X1

S(x1,x2) is monotonically increasing by the Log Convexity of '(x), so for
x € (0,1] and n € ZT we have

S(n—1,n) < S(n,n+x) < S(n,n+1). (0.2)
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The Bohr-Mollerup Theorem

S(n—1,n) < S(n,n+x) < S(n,n+1).

N

Figure: Plot of InT(x)
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The Bohr-Mollerup Theorem
Proof.

Let S(x1,x2) be the slope of the secant line of InT(x) between x; and xy.
InT —InlC In (T r
S(x1, ) = MT0) = InT(xa) _ In (Moe)/T(x)) (0.1)

X2 — X1 X2 — X1

S(x1,x2) is monotonically increasing by the Log Convexity of '(x), so for
x € (0,1] and n € Z* we have

S(n—1,n) < S(n,n+x) < S(n,n+1). (0.2)
Substituting (0.1) into (0.2) and exponentiating, we get

(n—=1)(n—=1)! <T(n+x) < (n)*(n—1)L (0.3)
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The Bohr-Mollerup Theorem
Proof.

Let S(x1,x2) be the slope of the secant line of InT(x) between x; and xy.
InT —InlC In (T r
S(x1, ) = MT0) = InT(xa) _ In (Fbe)/TCa)) (0.1)

X2 — X1 X2 — X1

S(x1,x2) is monotonically increasing by the Log Convexity of '(x), so for
x € (0,1] and n € Z* we have

S(n—1,n) < S(n,n+x) < S(n,n+1). (0.2)
Substituting (0.1) into (0.2) and exponentiating, we get
(n—=1)(n—=1)! <T(n+x) < (n)*(n—1)L (0.3)

To complete the proof, rearrange (0.3) for an inequality of ['(x) and take
the limit as n — oo to sandwich '(x). The computation is omitted. [ |

v
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The Gamma Function

Definition

Mz+1)= lim n? ; (1+5)_

n— 00 k
k=1

4

3
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Figure: Plot of I'(2)
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The Gamma Function

Definition (Euler's Definition)

1oy (L+1)
rz)==-J[ =2
(2) znl;[l 4z
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The Gamma Function

Definition (Euler's Definition)

0 (1 4 1)z

IOEE) | et
z _ 1+ I

Definition (Integral Definition)

I'(z)z/ t*"te~tdt
0

=] & = E DA
Ryan Panzer Continuous Binomial Coefficients




The Gamma Function

Definition (Euler’s Definition)
_ 1Aty
"= 1155

n=

Definition (Integral Definition)
[(2) z/ t*"te~tdt
0

Definition (Weierstrass' Definition)
ez/n

142

n=1

Mz) = .

Where v is the Euler-Mascheroni constant.
July 8, 2025
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Continuous Binomial Coefficients

Discrete Binomial Coefficients
Recall that Binomial Coefficients are traditionally defined as

n n!
k) = K(n— k) 0.
( ) Ki(n = k) ©4)
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Continuous Binomial Coefficients

Discrete Binomial Coefficients
Recall that Binomial Coefficients are traditionally defined as

(Z) B kw—lk)' (0.4)

We can extend (0.4) using the Gamma function:

Definition (Continuous Binomial Coefficients)

()/) _ My +1)
x)  T(x+1M(y—x+1)
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A Fun Plot

Figure: Plot of ()y() on [—4,4] x [—4,4]
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A Fun Plot

Pascal’s Triangle

Figure: Plot of (¥) on [—4,4] x [—4, 4]
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Continuous Binomial Coefficients

Theorem (Discrete Binomial Theorem)

For non-negative integers n and k,

(1+x)" = ; (Z)xk.

k=0
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Continuous Binomial Coefficients

Theorem (Discrete Binomial Theorem)

For non-negative integers n and k,

(1+x)" = zn: (Z)xk.

k=0

The continuous Binomial Coefficients satisfy a similar theorem.

Theorem (Generalized Binomial Theorem)
Fory € R and x € (—1,1),

(1+x) = i (i)x

n=0
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Continuous Binomial Coefficients

Proof.
Start by writing the Maclaurin series of (1 + x)¥. For |x| < 1,

(14 x) Zy y—1) (y_”+1)x". (0.5)

From I'(z+ 1) =zl (z), we have y(y — 1) ---(y —n+1) = 13;;1)@
Therefore (0.5) can be written as
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Continuous Binomial Coefficients

Theorem (Generalized Binomial Theorem)
Fory € R and x € (—1,1),
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Continuous Binomial Coefficients

Theorem (Generalized Binomial Theorem)
Fory € R and x € (—1,1),

n=0
Remark
For |x| > 1,
o0
y — 1y _ Y\, y-n
(1+x)) =x(1+x) = T
n=0 n
v
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Continuous Binomial Coefficients

Theorem (Generalized Binomial Theorem)
Fory € R and x € (—1,1),

n=0 )
Remark
For |x| > 1,
(1+x) =x(1+x71Y =3 (y>xy_"
n=0 n )
Remark

The Generalized Binomial Theorem also holds for x =1 if y > —1 and for
x=-1ify>0.
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Binomial Identities

The following fundamental properties of discrete binomial coefficients also
hold in the continuous case:

0-()

Symmetry
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Binomial Identities

The following fundamental properties of discrete binomial coefficients also
hold in the continuous case:

0-()

_ )%(i - D (0.7)

Symmetry

Absorption
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Binomial Identities

The following fundamental properties of discrete binomial coefficients also
hold in the continuous case:

0-(2)
_ %(i - D (0.7)
Recursion(Pascal’s Rule)

@ B (ﬁ - D " (y . 1)' (0.8)
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Absorption
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More Binomial ldentities

n

()=

x—i—l)
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More Binomial ldentities

Generalized Hockey-Stick Identity

n .
i n+1 0

= — 0.9

Z(x) <x—|—1> (x—l—l) (0.9)
i=0 )

Generalized Row Summation ldentity
o0

3 (i) =2,  y>-L (0.10)
k=0 |
July 8, 2025 17,27



Product Representation

Theorem (Product Representation)

(47.)= () Il (1

k=1

x2

‘m)'

o = = £ DA
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Product Representation

Theorem (Product Representation)

() - (L (-wg)

Proof.
By the limit definition of '(x), we have

n
F(l—l—%—i—x) = lim n3t> (1+

And
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Product Representation

Proof.
Multiplying the expressions and simplifying, we get
r(1+%)>
r(1+)—/—x)r(1+}—/+x): (1+%)
2 2 e, (1- 2
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Product Representation

Proof.
Multiplying the expressions and simplifying, we get

ML+ - N(L+3 +x) = [ +3)

After rearranging, we arrive at

() - (DI (-we)

k=1
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Integral Representation

Theorem (Integral Representation

)
y \_2 [?
5+x)

/ cos”(t) cos(2xt)dt
o
2
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Integral Representation

Theorem (Integral Representation)
3

y .2 / cos” (t) cos(2xt)dt
}—2/ + x o T —z

Proof.
Applying integration by parts twice to the RHS and rearranging, we get

™

™

2 2 2
/2 cos” (t) cos(2xt)dt = y+ (1 - 2) /2 cos” T2(t) cos(2xt)
0 y+1 (1+%)°/ Jo

dt.

v
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Integral Representation

Proof.

us

/2 cos” (t) cos(2xt)dt = y+ (1 - 2) /
0 y+1 (L+%)°/ Jo

Applying the recursion n times,

jus

E]

i cos” 2(t) cos(2xt)dt.

2
/ cos” (t) cos(2xt)dt
0
y + 2k ﬁ ( X ) /72r +2
H 1- cos” "<"(t) cos(2xt)dt.
_ 2
oy Ze=1 s (1+%) 0 )
July 8, 2025
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Integral Representation

Proof.
Computing the limit as n — oo,
/2 cos” (t) cos(2xt)dt
0
o0\ 2n y 1 -1 n 2
e SPIRG
(21T (B +1) 717 i 1+3%)
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Integral Representation

Proof.
Computing the limit as n — oo,

s

/ i cos” (t) cos(2xt)dt
0

-t e 1 (- )

Remembering the limit definition of ['(z) , we find

™

/Oz cos” (t) cos(2xt)dt = 2;11 (g) f[ (1 - (11—2%)2>

k=1

Using the product representation of binomial coefficients and rearranging

yields the desired result. |

v
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Continuous Binomial Formulas

We now have three different formulas to represent the continuous binomial
coefficients.

Gamma Representation

< y )_ My +1)
Y4x) T(E+x+1M(5—x+1)

Product Representation

(4:) - (I (-we)

k=1 2

Integral Representation

(%ix>:§/_

Ryan Panzer Continuous Binomial Coefficients
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s
2
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The Continuous Binomial Theorem

s

Theorem (Continuous Binomial Theorem)

(ﬁ)z’(dx:(l—kz)y, yeRT zeC, |z| =1
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The Continuous Binomial Theorem

Theorem (Continuous Binomial Theorem)

/ (i)zxdx:(l—kz)y, yeRT zeC, |z| =1

—0o0

Proof.

Let z = e'? for some 6 € R. Using the product representation we get

€e y i0 0y
/ (y )e’ Xdx = —e 2 / / cos” (t) cos(2xt)dt dx.
—xo \5 T X z

Swapping the integrals and computing leads to

0 . Y 3 y
/ <Zy >e'9de: 2 % im /2 cos”(t) sin(2k (& — 0/2))dt.
—o0 \ + X s k—o0

= t—2
-z t—3
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The Continuous Binomial Theorem

Proof.

e . o 5 y
/ (Xy )e"’de: Z e lim /2 O () Gin(2k(t — 0/2))dt.
—0o \5 T X ™ k—00 —x =g

Evaluating the above integral yields

R
— (2 - (g) + 2isin (g) cos (g))y (0.12)
= (1 + cos(6) + isin(@))y =(1+€?). (0.13)
As desired. )
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Summary

Definition

n -1
r(z+1)zn|i_>ngonZH(1+£) .
k=1

Definition (Continuous Binomial Coefficients)
¥\ _ My +1)
X Mx+ 1My —x+1)

Theorem (Generalized Binomial Theorem)
Fory € R and x € (—1,1),

(1+x) = i (i)x

n=0
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Summary
Theorem (Product Representation)
) -OIC-wp)
(% +x)\3 kH:l (k+57)

Theorem (Integral Representation)
2 (2
(% jl_x) = /_Z cos” (t) cos(2xt)dt

Theorem (Continuous Binomial Theorem)

<y
/ ()zxdx:(1+z)y, yeRt zeC, |z|=1.

oo \X
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