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An Introduction

History

@ In 1751, Euler wrote the generating function of Catalan numbers to
Goldbach.
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An Introduction

History

@ In 1751, Euler wrote the generating function of Catalan numbers to
Goldbach.

@ In 1917, Ramanujan and Hardy found the asymptotics of partitions.

@ Many of the modern problems in Analytic Combinatorics have been
proposed by Knuth.

o Flajolet did much of the pioneering work in the field.
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Combinatorial Classes

Definition

A combinatorial class is a set A such that
@ There is a function | ® | A — Z>¢. This function is called the size.
o The sets A, = {ala € A, |a| = n} are finite. We denote A, = | A,|.
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Combinatorial Classes

Definition

A combinatorial class is a set A such that
@ There is a function | ® | A — Z>¢. This function is called the size.
o The sets A, = {ala € A, |a| = n} are finite. We denote A, = | A,|.

Example

e Binary words. A = {e,0,1,00,01,10,11,...}. Here the size function
gives us the size of the word. A, = 2".

@ Number of Partitions. What is A, here?
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Generating Functions

Definition
For a combinatorial class A, we define its corresponding generating
function as

A(z) = Z Anz".

n>0
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Generating Functions

Definition
For a combinatorial class A, we define its corresponding generating
function as

A(z) = Z Anz".

n>0

Example

For the case of binary words, our generating function is

1427442+ =

1-2z
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Constructing Generating Functions |

Definition
@ SEQ(.A) consists of sequences constructed from elements of A.

e MSET(A) consists of elements of SEQ(.A) which are distinct up to
permutations.
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Constructing Generating Functions Il

History

The Theory of Polya (1937) gives us a systematic way to construct the
generating functions by considering symmetries.
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Constructing Generating Functions Il

History

The Theory of Polya (1937) gives us a systematic way to construct the
generating functions by considering symmetries.

Theorem
We can arrive at the corresponding generating functions via the following
operations

o B=SEQA) = B(z)= ﬁ%z)
o B=MSET(A) = B(2) = 1,21 oy
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Constructing Generating Functions Il

Proof.
o We have B=SEQ(A) =+ A+ AX A+ AXx AXx A+ ---. Hence

1

B(z)=1+Az)+ Az +AEz)>+ = - AR

o Similarly for B = MSET(A) = [[,c4(E+{a} +{a}?*+--) =
B(z) = [[(1+2%+ 229 ...) = H(]_—lz)A

acA n>1
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Constructing Generating Functions IV

Example

The generating function for partitions can be calculated as follows

P = MSET(Z0)

1
1—zn

= P(z2)=]]

n>1
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Analysis on one variable generating functions |

Theorem (Cauchy 1826)
Let p be the radius of convergence of A(z). Then

1 dz
An = (2) oet

n— ~_-
27 |z|=r

where r < p.
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Analysis on one variable generating functions |

Theorem (Cauchy 1826)
Let p be the radius of convergence of A(z). Then

1 dz

n— ~_-
27 |z|=r

where r < p.

Theorem

We also can establish the following trivial bound

A f(z) dz
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Analysis on One Variable Generating Functions |l

Convergence
Hence it makes sense to work with generating functions that converge over
some domain.

Definition
The exponential generating function is given by

n

ZA,,%.

n>0

Kanad Bhattacharya An Overview of Analytic Combinatorics July 2025 10/23



Analysis on One Variable Generating Functions |l

Convergence

Hence it makes sense to work with generating functions that converge over
some domain.

Definition
The exponential generating function is given by

n

ZA,,%.

n>0

Definition
A Mellin transform M on a function f(s) is defined as

Mf(s) = /OOO st1f(s) ds = g(t).

— —r - — YO
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N
Some Advanced Methods

Methods
The following methods are commonly used

@ Singularity Analysis and Tauberian Theorems
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Methods

The following methods are commonly used
@ Singularity Analysis and Tauberian Theorems
@ Saddle Point Method.

We try to approximate integrals of the form

/ M) gy,
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N
Some Advanced Methods

Methods
The following methods are commonly used

@ Singularity Analysis and Tauberian Theorems
@ Saddle Point Method.

We try to approximate integrals of the form

/ M) gy,

We try to do so using Gaussian integrals.
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Some Results in Analytic Combinatorics

Interesting Results
We can derive the following results

o Factorials

n
n

nl ~ 27Tn—"
e
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Some Results in Analytic Combinatorics

Interesting Results
We can derive the following results

o Factorials

n
n

nl ~ 27Tn—"
e

@ Involutions

—1/4
I, = nl—= n~"/2egn/2+Vn <1 + O (

2+/Tn

))
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Some Results in Analytic Combinatorics

Interesting Results
We can derive the following results

o Factorials

n
n

nl ~ 27Tn—"
e

@ Involutions

—1/4
I, = nl—= nn/2en/2+Vn <1 +0 (

2y/Tn
e Set Partitions (Bell numbers)

e"—1

))

Sp=nl- ¢ (1+0(e))

rn/2mr(r+1)e’

where r satisfies re" = n+1 (i.e. r = Wp(n+ 1)).
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-
Asymptotics of Partitions |

Generating Function

We cover the asymptotics for the number of integer partitions. The
generating function for partitions is given by

P =]

n>1
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-
Asymptotics of Partitions |

Generating Function

We cover the asymptotics for the number of integer partitions. The
generating function for partitions is given by

P =]

n>1

Theorem
Taking the Mellin transform, we arrive at the following result

log P(e —>/ w " IP(e ™) dw = ((v)¢(v + 1)I(v).
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-
Asymptotics of Partitions |l

Theorem
When |z| <1 and |1 — z| <2(1 — |z|), we have that

2 2

Iog( z)— = Iog(27r) — % +0(1 - 2).

™

og(P(2)) = gy +
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-
Asymptotics of Partitions |l

Theorem
When |z| <1 and |1 — z| <2(1 — |z|), we have that

2

2

oo s
log(P I — ,| 27) — — 4+ O(1 —
Definition
Let Q(z) denote the asymptotic of P(z) as z — 1
1-2z\? _2 2
— Z ™ s
= T 12 e6(1-2)
Q(2) ( o= ) e 2e
Also let @, := [2"]Q(z2).
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-
Asymptotics of Partitions Il

Lemma

When |z| < 1, we have

1 1
< .
[log P(2)] < (1—|z\ * rl—z|>
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-
Asymptotics of Partitions Il

Lemma

When |z| < 1, we have

1 1
< .
[log P(2)] < (1—|z\ * rl—z|>

Theorem

™

6v/n’

P,=Qn+ O <n75/4 exp (W\/m» )

Using the saddle point radius |z| =1 — we arrive at
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-
Asymptotics of Partitions IV

Lemma
When |z| < 1

> 7rt\/g—(1—z)t2 . ™2 2
/Ooe dt—(l_z)euQ(z).
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-
Asymptotics of Partitions IV

Lemma
When |z| < 1

T oanfi--e AV2 2
/ooe dt—(l_z)euQ(z).

Theorem (Ramanujan-Hardy 1917)

Using a Power Series expansion of the integral, we arrive at

2n
e"V3

PnNQnN .
4n\@
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Multivariable Generating Functions |

Definition
@ For a dimension n, we define
z=(z1,22,...,2p)
dz = dz1dz - - - dz,.
Fori= (i1,f2,...,in) € Z", we define
i i

i in
' =2z'zy ... zZ).
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Multivariable Generating Functions |

Definition
@ For a dimension n, we define
z=(z1,22,...,2p)
dz = dz1dz - - - dz,.

Fori= (i1,f2,...,in) € Z", we define

i i1k in
' =z'z7 ... 7.
Definition
We define a multivariable power series as
f(z) = E fiz'.
i
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Multivariable Generating Functions Il

Definition
We define an open polydisk D as a set of the form

DZ{ZEC”:I’,'> |z,-—a,-|,r,'€R+,a,-€C}.
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Multivariable Generating Functions Il

Definition

We define an open polydisk D as a set of the form

DZ{ZEC”:I’,'> |z,-—a,-|,r,'€R+,a,-€C}.

Theorem

We have the following generalization of Cauchy’s Theorem

1 dz
fi= (2ri)n f{ f2) o1
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Enumerating Paths on Lattices |

Definition

A lattice path model consists of
e a finite set of steps S  Z¢

a region R C RY

a starting point p € R

a terminal set T C R

the combinatorial class of all finite tuples called paths
(s1,...,8,) € S"such thatp+s;+---+s, €7 and
ptsi+---+sgeRforalll< k<r.
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Enumerating Paths on Lattices Il

Figure: Path on R =R

Figure: Path on R = R>g
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Enumerating Paths on Lattices Il

Definition
o A weighted path model assigns a weight w; for each i € S.
o The weight of a path (si,...,s,) € 8" is the product of the weights

Wsl...Ws

-
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Enumerating Paths on Lattices Il

Definition
o A weighted path model assigns a weight w; for each i € S.
o The weight of a path (si,...,s,) € 8" is the product of the weights

Wsl...Ws

-

Definition

We look at the following generating functions

S(z) = Z wz'
ieS
Wip(z) = Z ﬁmzi
iczd

where f; , is the number of paths of length n from p to i.

— = = — SaNe
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N
The Kernel Method

Definition
We define
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N
The Kernel Method

Definition
We define
W(zt) =Y Wa(2)t"
n>0
Lemma

When R = RY, we have

Whi1(z) = S(z2) Wa(2).
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N
The Kernel Method

Definition
We define
W(zt) =Y Wa(2)t"
n>0
Lemma

When R = RY, we have

Whi1(z) = S(z2) Wa(2).

Theorem
When R = RY, we have

A

zP
W(z,t) = — = .
1—1t5(2)
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