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Fermat's Last Theorem
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fourth power into two fourth powers, or in general, any
power higher than the second, into two like powers. |
have discovered a truly marvelous proof of this, which
this margin is too narrow to contain.”
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Fermat's Last Theorem

Corollary

For any integer n > 2, there are no nonzero integer solutions to
the equation
a’+b" ="

Corollary

For any integer n > 2, there are no rational solutions to the
equation
Xn +yﬂ — 1

If both x and y are nonzero.

- Only rational points on x3 +y3 = 1: (0,1), (1,0)
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Characteristic

Definition (Characteristic)
The characteristic of a field K is the smallest positive integer n
such that1+14---+1=0. If no such n exists, the
~—_—
n times

characteristic is defined to be 0.

Example
- Set of integers modulo prime p: F, = {0,1,...,p — 1}
- Finite field with characteristic p

- Finite number of elements
- Smallest positive integer such that T+ 1+4---+1=0
~—_———

p times

(mod p) isp
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Endomorphism

Definition (Endomorphism)

An endomorphism is a homomorphism between an algebraic
object and itself.

Example

- LetIF, be field of characteristic p for some prime p
+ p: Fp, = Fp defined by p(x) = xP is endomorphism
- Fermat’s little theorem: a®~'=1 (mod p) = a’ =a
(mod p)
©p(x) =x
- Frobenius endomorphism
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Curves Over Fields

Definition
An algebraic object is said to be defined over a field K if its
coefficients lie in K.
Definition (K-rational points)
The set of points on a curve C with coordinates in a field K,
denoted C(K), is known as the K-rational points.
Example
- Let L betheliney —x=0
- Defined over @, since coefficients 1, -1 € Q
- Set of Q-rational points: L(Q) = {(x,y) € Q% : y —x = 0}



General Weierstrass Equations

Definition (General Weierstrass Equation)

A general Weierstrass equation over a field K is
Y2+ aixy + asy = x° + ax’ + auX + e,

where aq, ay, as, a,, ag € K.
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General Weierstrass Equations

Example

c Y2 axy + azy = X3 + ax? + awx + ag

:
3
2
47372&:1234
2
3
4

y2:X3+1



General Weierstrass Equations

Example

c Y2 axy + azy = X3 + ax? + awx + ag

- - r‘ X A 3 2 /Kj 1 3 3 ] £
K., s
2 _ 3 nyxy:x3+1x2+ix+§
y =x+1 2" 716" T 64
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Definition (Elliptic Curve)

If E is the set of solutions to a general Weierstrass equation
and the discriminant A # 0, we call E an elliptic curve.

y

yZ:x3+1
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Elliptic Curves

Definition (Elliptic Curve)

If E is the set of solutions to a general Weierstrass equation
and the discriminant A # 0, we call E an elliptic curve.

y Y

Y2 =3 41 v =3 — x
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Singular Weierstrass Curves

Definition (Singular Weistrass Curve)

If E is the set of solutions to a general Weierstrass equation
and the discriminant A = 0, we call E a singular Weierstrass
curve.

V=3 — X Y =3 V=3 4 X

n



Short Weierstrass Equation

Proposition

If E is a general Weierstrass equation defined over a field K of
characteristic not 2 or 3, then it can be written in the form

W = = @ A B,

This is known as a short Weierstrass equation.
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Short Weierstrass Equation

Proposition

If E is a general Weierstrass equation defined over a field K of
characteristic not 2 or 3, then it can be written in the form

W = = @ A B,
This is known as a short Weierstrass equation.
Proof.

V2 axy 4+ azy = X3 + axx% + asX + ag

a1X + as (

- lety =y — valid for characteristic not 2)
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Short Weierstrass Equation

Proposition
If E is a general Weierstrass equation defined over a field K of
characteristic not 2 or 3, then it can be written in the form

W = = @ A B,

This is known as a short Weierstrass equation.

Proof.

V2 axy 4+ azy = X3 + axx% + asX + ag

a1X + as (

- lety =y — valid for characteristic not 2)

2 3 2
Sy =X 4 ahxt + alx + ag
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Short Weierstrass Equation

Proposition

If E is a general Weierstrass equation defined over a field K of
characteristic not 2 or 3, then it can be written in the form

W = = @ A B,

This is known as a short Weierstrass equation.

Proof.

V2 axy 4+ azy = X3 + axx% + asX + ag

a1x +a . .
s lety =y — X+ a3 (valid for characteristic not 2)

- Y2 =x3 4+ dyx? + alx + aj
/

a . .
- letx=x — ?2 (valid for characteristic not 3)
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Short Weierstrass Equation

Proposition

If E is a general Weierstrass equation defined over a field K of
characteristic not 2 or 3, then it can be written in the form

W = = @ A B,

This is known as a short Weierstrass equation.

Proof.

V2 axy 4+ azy = X3 + axx% + asX + ag
aX +a . .
s lety =y — X+ a3 (valid for characteristic not 2)
- Y2 =x3 4+ dyx? + alx + aj
a’ . .
- letx =x — ?2 (valid for characteristic not 3)

cy?=xB+ax' +b O

12
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Example

N
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3
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yz—xy:x3+1xz+ix+§
2 16 64
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Example

yz—xy:x3+1xz+ix+§
2 16 64

Y=y 4 ax
2
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Short Weierstrass Equation

Example

<

2y g2y Sxg 2
V=X T8 e
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Short Weierstrass Equation

Example
3 3 65
2 __ 3 2
i =00+ X X o
1
X:X/—f
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Short Weierstrass Equation

Example

Aol
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Rational Points on Curves




Rational Points on Lines

Proposition
The rational points on the rational line ax + by + c = 0 are

given by (t, —%t - g) ifb + 0 and (—g t) ifb=0.
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Rational Points on Lines

Proposition

The rational pgints gn the rational linecax +by+c=0are
given by (t, —t— B) ifb + 0 and (_E’ t) ifb=0.

Yy
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Rational Points on Conics

Proposition

There is a one-to-one correspondence between the points on a
rational line and a rational conic.
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Rational Points on Conics

Proposition

There is a one-to-one correspondence between the points on a
rational line and a rational conic.

<
<

=
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Rational Points on Singular Weierstrass Curves

Proposition

There is a one-to-one correspondence between the points on a
rational line and a singular Weierstrass curve except at the
singular point.



Rational Points on Singular Weierstrass Curves

Proposition

There is a one-to-one correspondence between the points on a
rational line and a singular Weierstrass curve except at the
singular point.

y y
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Proposition

Adding points forms an Abelian group with identity O.
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Proposition

Adding points forms an Abelian group with identity O.

Commutative Property
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Theorem (Hasse’s theorem)

Let E be an elliptic curve and Fq a finite field of order q = p" for
some prime p and positive integer n. Then
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- Bounds number of points on elliptic curve
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Hasse’'s Theorem

Theorem (Hasse’s theorem)

Let E be an elliptic curve and Fq a finite field of order q = p" for
some prime p and positive integer n. Then

[#E(Fq) — (9 + 1) <24

- Bounds number of points on elliptic curve
- Expected number of Fq-rational points is close to g + 1
- The +1is because of point at infinity

19
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© [#E(Fq) —(a+ 1) <27
Example

-y =x3+x+1overFs
x| x}*4+x+1 (mod 5) y | #ofy
0 0°+0+1=1 1,4 2
1 PB+1+1=3 none
2| 242+1=1=1]| 1,4
3

4
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B4441=69=4| 2,3
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0 0°+0+1=1 1,4 2
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Hasse’'s Theorem

© [#E(Fq) —(a+ 1) <27
Example

-y =x3+x+1overFs

x| x}*4+x+1 (mod 5) y | #ofy
0 0°+0+1=1 1,4 2
1 P+14+1=3 none 0
2| 2424+1=11=1| 1,4 2
3134+34+1=31=1| 1,4 2
4| B +4+1=69=4]| 2,3 2

« #E(F5) =2+0+2+2+ 2+ 1= 9 distinct points,
including point at infinity

19—+ =3<2V5
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Hasse’'s Theorem

Proof.

- Consider Frobenius endomorphism: ¢q: £ — E, where
wq(x,y) = (x9,y%) and ¢(O) = O, where O is point at
infinity
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Proof.

- Consider Frobenius endomorphism: ¢q: £ — E, where
wq(x,y) = (x9,y%) and ¢(O) = O, where O is point at
infinity

+ E(Fq) = ker(¢q — 1)

* #E(Fq) = #ker(pg — 1) = deg(pg — 1)

- Leta=#E(Fq)—(g+1)

* deg(rog —S)=r’q+s>+rsa>0

- deg(xpg — 1) =qgx* +ax+1>0

- a?-49<0

- lal £2\/9 O
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Theorem
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characteristic polynomial T — aT 4+ q = 0. Then |a| = |8| = /4.
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Hasse’'s Theorem

Proposition
The Riemann hypothesis for elliptic curves implies Hasse’s
theorem.
Proof.
ca=a+p
lal = la+B| <ol + 18] =24
©lal = |#EF) - (@+ 1) <2vq O
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