TRANSCENDENTAL NUMBER THEORY

HARIDAS CHOWDHURY

ABSTRACT. This paper will start of with showing that transcendental numbers exist through
Cantor’s theorem as well as the origins of proving a number’s transcendence with Linde-
mann’s Theorem. Then, it will cover the transcendence of some well-known constants as
well as show a theorem that will generalize them, specifically Lindemann-Weierstrass Theo-
rem. It will also cover some of the implications of the transcendence of 7 in the solution to
the problem of squaring the circle. It will also discuss Gelfond-Schneider’s Theorem (which
solved Hilbert’s seventh problem) as well as a proof of Baker’s Theorem, which generalizes
this. This paper will then end off with a brief discussion of some of the more recent results
in the area as well as some prominent problems that remain open.

1. INTRODUCTION

The search for numbers has been a quest in mathematics that dates back to ancient
civilizations. We will go over a brief history here (see Cox |Cox04] for a more detailed history).
The most basic level of numbers were natural numbers. However, with the introduction of
addition and subtraction, it became necessary to expand this notion to integers. However,
with multiplication and division, the notion of numbers was once again extended to include
rational numbers. Multiplication and division also created the necessity for radicals, such
as v/2, which is a solution to 2% = 2. This is an example of an irrational number (although
we will not prove this here), which made it necessary to expand the set to the set of all real
numbers.

However, there will still some equations which did not have any numeric solutions under
the set of real numbers, even with this expanded notion, such as 2 +1 = 0, which prompted
the discovery of imaginary numbers, thus expanding our set of numbers to now include all
complex numbers. These types of numbers were found by finding solutions to these types of
polynomial equations, and such numbers are called algebraic numbers.

Definition 1.1. An algebraic number is a number that is a root of some polynomial with
integer coefficients.

However, mathematicians then began to wonder about the numbers that were not alge-
braic. In fact, it was not even known that they exist for a very long time. However, through a
series of theorems and corollaries we will prove why such non-algebraic numbers, also known
as transcendental numbers, exist.

Definition 1.2. A transcendental number is a number that is not a root of any polynomial
with integer coefficients.

Theorem 1.3 (Cantor). The set of real numbers is uncountable.

Proof. For the sake of contradiction, let’s assume that the set of real numbers is countable.

Then, we know there is some sequence of s; such that
1
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s1 = 11100. ..
s9 = 11011. ..

where the subscript of the s; are the natural numbers corresponding to some real number,
which are expressed in binary. However, we can construct some number s whose nth digit
is different than the nth digit of s,, which means s is not part of the sequence s;. How-
ever, we know that s is still a real number, but is not part of the constructed one-to-one
correspondence, which is a contradiction to our assumption that the set of real numbers is
countable.

Thus, the set of real numbers must be uncountable. [ |

From this theorem, we conclude the following relatively direct corollary.
Corollary 1.4 (Cantor). The set of all complex numbers is uncountable.

Proof. We know the set of real numbers is a subset of the set of complex numbers. By
Theorem 1.1, we know that this subset is uncountable, which means that the entire set of
complex numbers must also be uncountable. [ |

Theorem 1.5 (Cantor). The set of algebraic numbers is countable.

Proof. Assume h = n+ |ay| + |az| + |ag| + - - - + |an41| for some integer n and some sequence
of integers a;, where a; # 0. Given some arbitrary value of h, we can choose a finite number
of ordered partitions of positive integers. Then, we assign the first number of the partition
to be n, and for the mth number in the partition, we assign it to be |a,,_1|. We can then
construct a polynomial with degree n and coefficients in the a;. An example of one such
partition would be if we took h =5 =3+ 1+ 0+ 0+ 1, which would correspond to the 8
polynomials 4323 4+ 22 £ 1.

We know that the first number in the partition limits the number of terms, and that that
there are only h + 1 possibilities for the value of n for any given h. Additionally, for any
of these partitions, there are a most of 2" possible corresponding polynomials, with each
polynomial having at most n roots, all of which are algebraic by definition. Thus, for every
value of h, there are a finite number of corresponding algebraic numbers. Note that since we
are considering all possible polynomials with integer coefficients, we are also considering all
possible algebraic numbers.

Let’s define b, as the number of distinct algebraic numbers we can get from some given h
using the process above. Then, we can make each algebraic number that we get from h =1
to correspond to a distinct number from 1 to b; and in general, assign each algebraic number
from each height h to a distinct number from 1+ by + by + - - - by_1 to by + by + - - - by,. Thus,
we have constructed a one-to-one correspondence between the algebraic numbers and the
natural numbers, meaning the set of all algebraic numbers is countable. [ |

Corollary 1.6 (Cantor). The set of transcendental numbers is uncountable.

Proof. From 1.4 and 1.5, we know that the set of algebraic numbers is countable, which
means it is a very small subset of the set of all complex numbers, which is uncountable.
So, the remainder of the set of complex numbers must then be uncountable. However, since
every non-algebraic real number is defined as transcendental, this means that the set of all
transcendental numbers is uncountable. |
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So, now we know that not only do transcendental numbers exist, but they in fact make up
the vast majority of all numbers, which further highlights their importance and makes them
more intriguing. While we now know that transcendental numbers exist, showing that any
given number is transcendental or algebraic is more difficult, and many techniques of doing
so will be explored throughout this paper. However, one of the earliest methods of doing
so was developed by Liouville from the definitions of algebraic and transcendental numbers.
However, before we prove his theorem, let us first introduce the notion of a degree of an
algebraic number.

Definition 1.7. The degree of « is the degree of the lowest degree polynomial with integer
coefficients that has o as a root.

Now that we are equipped with this, let us take a look at Liouville’s theorem.

Theorem 1.8 (Liouville). For every algebraic number o with degree n > 1, there exists some
¢ such that

for all rationals §

Proof. Since « is algebraic, we know it must be the root of some polynomial with degree n
and integer coefficients p(x). Then, by the mean value theorem, we have

pla)=p(2) = (a=2)p(©

for some £ between a and §. However, we know that p(a) = 0. Substituting this value and
taking the abolsute value of both sides gives us

p(E) =t

> 1, showing the result becomes trivial, as any ¢ < ¢" would be

(&)l

Note that if ‘oz — 2

sufficient. Thus, we can now consider the case where ‘oz — —‘ < 1, which would mean that

|€] < 1+ |af. Since this limits the range of £, we know that there exists some constant ¢
such that [p'(§)] < Cll for some positive d. Thus, using our previous equation, we know that

|a"|
P (5)] <
Multiplying both sides by d yields

d-‘p<§>‘<’0z—§ .

Since polynomial p(x) has integer coefficients, we know that p (g) is some rational number

with denominator ¢", which means

m

qn

d-

<‘0z—7—’.
q

Substituting in ¢ = d|m/| for some constant ¢ gives
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which implies

allowing us to obtain our desired result. [

Using this theorem, Liouville was able to construct one of the first known transcendental
numbers, known as Liouville’s constant. This number is

L= i 107,
n=1

Intuitively, we see that Liouville’s Theorem essentially states that any algebraic number can
not be estimated too well by rational numbers. So, if the estimate with a rational number
is too close, the number is transcendental. We see that with Liouville’s constant, the power
of 10 that we add becomes increasingly smaller, and it can not be approximated too well by
the rationals. The proof of this constant’s transcendence will not be concretely proven here,
but it is directly a result of Liouville’s theorem. However, we will now look at how the field
of transcendental number theory applies to more well known constants and other fields of
mathematics. Additionally, we will also look at a proof of Baker’s Theorem and also discuss
some of the more recent research done in the field as well as some unsolved problems in it.

2. TRANSCENDENCE OF e AND 7

While e was proven to be irrational by Euler, its transcendence remained a mystery until
it was proven by Hermite.

Theorem 2.1 (Hermite). e is transcendental.

Proof. To start, let’s take f(x) to be any polynomial with real coefficients and degree m.
Then, we can define some function /(t) as

Using integration by parts, we get
t
1(t) :/ e f(u)du
0 t t
= —et_”f(u)‘ —/ —e" 7 (u)du
0 0
t
= —e"f(t) + " f(0) + / e f'(u)du
0

= —f(t) + ' £(0) +/0 e ! (w)du.
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However, we see that the last term is much like our initial integral, but with the f(u) replaced
by f'(u), which allows us to make a similar computation:

I(t)=—f(t)+ "' f(0)+ /Ot e (u)du
=10+ 50) ~ £ O+ PO+ [
= )+ 0) + G0 + 70D + [
Continuing this process indefinitely, we get
1) = ~(F(0) + P+ F(0) )+ (7 0) + F(0) + [(0) +---).

However, since f(x) has degree m, we know that every derivative after the mth derivative is
equal to 0. Thus, we can further simplify our expression of I(t) as

I(t) = —(f(O) + f/(O) + f" () + -+ [ 1) + e (f(0) + F/(0) + f7(0) + -+ f(0))

LR SECIO)
1=0 k=0

where fU)(z) denotes the jth derivative of f(z). Additionally, if f(z) denotes the polynomial
obtained by replacing all of the coefficients of f with their absolute values, then we have

(1)) < / e~ f (u)du| < [tleM F(lt)),

which can be derived by observing the integral geometrically.
Now, for the sake of contradiction, let’s assume that e is algebraic, in which case

go+qre+---gne” =0
for some integers n > 0, qy # 0, q1, G2, ..., ¢n- Now, let’s define J as
J=qol(0) + I (1) + -+ guI(n),
where () is defined as it previously was with

f@) = a7 = 1w = 2P (o — )
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for some large prime p. Then, we have

J = qu‘f(j)

= (3] ()« (Sae) (L0
S0 03 0)

=0 i=0 k=0
= —quy‘f(z)(]%

where m = (n + 1)p — 1. Now, let’s observe f@ () more carefully. If we defined g(z) =
(x —1)(x—2) - (xr —n) and h(z) = 2P~ we can rewrite f(z) = h(x)g(x)P. If we take the
derivative of this using the product rule, we have f'(z) = h'(x)-g(x)?+h(z)-(pg(z)P~'-¢'(x)).
If we continue this process, we see that all of the terms in f(®(j) will always have g(j)P~
as a factor. Then, for any i < p, all of the integers 1 through n will be a root of f®(j),
which means that for any j > 0 in this case, f)(j) = 0, since j can only go up to n in our
summation above.

We also observe that since the lowest degree term in f(x) has degree p— 1 and every time
we take the derivative, the exponent on this term decreases by 1, which means that for every
i <p—1, fO(5) will have a factor of #, meaning for every i < p — 1 and j = 0, f(5) = 0.

So, we know that f®(j) =0ifi < pand j > 0as well asifi < p—1 and j = 0. Then,
all remaining terms in the expansion of J all have ¢ > p, except for when ¢ = p — 1 and
7 = 0. In order to address the former case, let’s once again consider what happens when we
repeatedly take the derivative of f(z). We notice that every nonzero term has p! as a factor.
However, for the remaining term, we notice that

FD(0) = (p = DU=1)"(n!)?.

Since p! is a multiple of (p — 1)!, J must be an integer multiple of (p — 1)! but not of p!,
which means that we have |J| > (p — 1)!. However, using our previous bound for |I(¢)| and
our definition of .J, we get that

1< Y anlkle F(IKD).
k=0

Now, looking at f(z), we see that the absolute value of each term in the expansion is at
most 7', and there are 2™ terms in the expansion, meaning f(|k|) < (2n)™. Now, let’s take
C to be a constant independent of p such that C is the maximum value of g|k|e/*! when k
goes from 0 to n. Using this as well as the fact that m = (n+ 1)p — 1,

1< D alkle™f (k) < (n+1)-C - (20)™.
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This is clearly an exponential function, which means we can crudely approximate it as
[J] <

for some constant ¢ independent of p. However, we also previously found the bound |J| >
(p — 1)!, which means that we must have ¢* < (p —1)!. However, we can choose a sufficiently
large p so that this is not true. This contradiction allows us to complete our proof that e is
transcendental. [ ]

Definition 2.2. A minimal polynomial of an algebraic number « is the irreducible poly-
nomial relatively prime integer coefficients, with the leading coefficient being positive, with
lowest degree that has « as a root. Its roots are called its conjugates of a.

Now, another natural constant to wonder about is 7, which is what Lindemann decided
to do, as shown below.

Theorem 2.3 (Lindemann). 7 is transcendental.

Proof. For the sake of contradiction, let’s assume that 7 is algebraic. Then, this must mean
that 0 = mi is also algebraic. Let 6 have degree d, let the conjugates be #; (which we can
define as 0), 65,05,...,04, and let | be the leading coefficient of the minimal polynomial.
Then, since 1 + e’ = 1+ e™ = 0, we have that

(1+e")(14e?2)---(1+e%) =0
If we expand the product on the left, we get 2¢ terms of the form where €® where
926191+6292—|—"‘+6d9d

where all of the ¢; are either 0 or 1. Let’s suppose that exactly n of the © are non-zero,
which we can denote as o, s, . .., a,. Then, since there are 2¢ total terms, this means that
2¢ — 7 of them are 0. So, when we expand our previous product, we have

(2% —n)e + e e 4 .- = 0.

Using the fact that €® = 1 and substituting in ¢ = 2% — n, we get

qg+et4+e2+-e =0,
from which we have

e +e® 4 e = —q.,
Now, let’s define

J=1I(a1) + I(ag) + - I(an),
where () is defined as in Theorem 2.1 with
fla) =" Nz — a1)(z — ap)’ -+ (z — a)”,

where p is a large prime. Recall that our simplified version of I(t) was

m

I(t) ==Y [P+ fP(0),

1=0
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So, we have that

S D WLED I EH WY
33 e+ (Lo ()
==Y 1) =) 1P,

where m = (n + 1)p — 1, since that’s the degree of the polynomial.
Let’s take a closer look at the term

Z F (o)

We know this sum is symmetric over the la; and has integer coefficients. Then, using
the Fundamental Theorem on Symmetric Functions, we know that it can be expressed as
a polynomial with integer coefficients in the elementary symmetric functions of the lo;.
However, we know that any function symmetric over the lo; is also symmetric over all
of the 0;, as the «; include all possible permutations of the summations of ;. Then, we
know that the sum above is symmetric over the 6; as well and can thus be represented as
a polynomial over the elementary symmetric functions of the 6;. We know that the 6; are
roots of a polynomial with integer coefficients, by definition. So, by Vieta’s forumulas, all of
the elementary symmetric functions over the 6; are integers. Thus, our summation above is
an integer.

Now, going back to our expression for J, we can use similar logic as we did in our proof
of Theorem 2.1 to determine that the first term is divisible by p! and thus (p — 1)!. We can
also use our logic from the same proof to determine that fU)(0) is divisible by p!, and thus
(p—1)! for all j # p— 1. When j = p — 1, we know that

FER(0) = (p = D=1 (araz - ),

which is clearly divisible by (p — 1)!, just like all of the other terms. Thus, we know that .J
is an integer divisible by (p — 1)! and thus |J| > (p — 1)!. Additionally, we can use similar
reasoning as we did in our proof of Theorem 2.1 to show that |J| < ¢? for some ¢ independent
of p as well. This would imply that (p—1)! < ¢, but this statement is not true for sufficiently
large p. This creates a contradiction and thus proves our proof that 7 is transcendental. W

This proof actually solved the very old problem of squaring the circle, which questioned
if it was possible to construct a square with the exact same area as a given circle. Since 7 is
transcendental and such a construction would require the construction of 7, this was shown
to be impossible.

Later on, Lindemann generalized the proof of the transcendence of both of these numbers,
and this was later rigorously proved by Weirstrass, as shown below.
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Theorem 2.4 (Lindemann and Weierstrass). For any distinct algebraic numbers aq, aa, .. ., oy,
and any non-zero algebraic numbers 31, Ba, . . ., Bn, we have

Bre®t + Bae™ + -+ + Bre® # 0.
Proof. For the sake of contradiction, let’s assume that this is not true and that
Bre® + Boe™ + - -+ Bre® =0

Now, let’s take the conjugates of each 3; to be g, 1 (which we can set equal to 3;), Bj2, .. ., Bjk;
where k; is the degree of the minimal polynomial of ;. Then, we consider terms of the fol-
lowing form:

51,j1€a1 + /82,j2€a2 +o 5n7jnean

where each j; < k;. Now, if we take the product of all possible permutations of this, we will
have a expression that’s symmetric over the fy j, for each constant £ from 1 to n. This means
that we can express our expression as a polynomial of elementary symmetric functions over
the By ;, for each constant k. Using Vieta’s formulas and the fact that they are constants, we
know that the coefficients would be integers, and would be of the form

Bie* + Bye® + - - - B,e™

for all B; being integers. Notice that this is in the same form as the expression 8;e* + F5€*2 +
<o« + Bre®. In fact, we know the expression is equal to 0, as $1e® + (2?2 + - - + [,e*"
is one of the factors. Thus, without loss of generality, we can assume that 5y, (s, ... 3, are
integers. Note that one of these integers has to be non-zero by definition.

Now, we let [ be some positive integer and we let

filz) =" ((z —a1)(z —ag) -+ (z — )" / (2 — i) ,

where p is some large prime. The function f;(z) is defined in such a way that it involves the
algebraic integers corresponding to the numbers aq, as, ..., a,. It is crucial to note that the
behavior of this function as p increases gives rise to significant properties of the coefficients
in the original equation. We now examine how these terms behave as p increases.

We define the quantities J; for each i as follows:

Ji = P1Li(on) + BoLi(ag) + -+ - + BpLi(cy,) foreachi (1 <i<n),

where L;(t) is the function defined in the proof of Theorem 1.2, with f = f;. These quantities
J; play a pivotal role in our analysis.

We now arrive at the contradiction. From the properties of the function fi(z) and the
algebraic integers involved, we find that the quantities Ji, .Js,...,J, are rational integers
that satisfy the following relationship:

n
‘Jl R Jn’ S Z ‘akﬁk‘elak‘ S cp,
k=1

where ¢ is a constant independent of p. The key point here is that the inequalities are
inconsistent if p becomes large enough, as we can use similar techniques as we did above
to show that |J;---J,| > (p — 1)! by showing its divisibility. This inconsistency leads to a
contradiction, thereby proving that our original assumption was false. [ |
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3. BAKER'S THEOREM
We begin with a theorem that solved Hilbert’s seventh problem:

Theorem 3.1 (Gelfond and Schneider). a® is transcendental for any algebraic number a that
s not O or 1 and for any irrational algebraic number b.

We will not prove this here (see Baker [Bak75| for a proof), but we will discuss a general-
ization of it, namely Baker’s Theorem, which is stated below.

Theorem 3.2 (Baker). Let oy, qs,...,q, be non-zero algebraic numbers such that their
natural logarithms are linearly independent over rational numbers. Then, for any non-zero
algebraic numbers By, PBa, . .., Bn,

Bilog oy + Balog g + - - - + B, log
18 transcendental.

The rest of this section presents a detailed proof of Baker’s Theorem. We begin by
assuming, for contradiction, that the theorem is false. Under this assumption, there exist

algebraic numbers (3, 81, ..., O8,, not all zero, such that:
Bo+ Bilogay + ...+ B,loga, =0,
where oy, ..., a, are algebraic.
Since not all 3; vanish, we may assume f3, # 0. Dividing by $,, we define 8} = —f; /Bn
for j =0,...,n — 1, and rewrite the equation as:

Bo+ Bilogas + ...+ Bu1loga, 1 = log ay,
which exponentiates to:
(1) eﬁoafl e aﬁ’;—f = Q.

This identity will be the basis for the argument to follow.

Throughout the discussion, constants ¢, ¢1, ¢, . . . denote positive quantities depending only
on the «;, B;, and the branches of the logarithms. They are independent of any variable
parameters introduced later. We also fix a sufficiently large integer h, chosen to exceed such
constants when needed.

We record the following elementary fact. If « is algebraic and satisfies

Apa? + Aot 4+ 4+ Ay =0,
with A; € Z and |A;| < A, then for any non-negative integer j, we can write:
(Aga) = AP + AVa + ...+ AY 0,
with AY) € Z and |A%)| < (2A)7. This follows by induction using recurrence:
AD = AgAUD — Ayom - AYY 0<m<d, j>d,

initialized with AU=Y = 0 where necessary.
Let d be the maximum degree of the minimal polynomials of aq,...,ay,, B, ..., B,, and
let a;, b; be their leading coefficients. Then, for any integer j, we can write:

d—1 d—1
(2) () = Z agj)a; (br) = Z bgj)ﬂga
s=0 t=0
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with |af’|, b < & for some constant ¢;.
To simplify multivariable differentiation, we use the notation:

a mo a m1 a Mmp—1
fm07...,mn_1 (207 ) Zn—l) - (6_20> (8_21> U <0an) f(207 s 7Zn—1)7

where f is a sufficiently differentiable function of n complex variables. This will streamline
later expressions involving partial derivatives.

Lemma 3.3. Let M and N be integers such that N > M > 0, and let
u; (1<i< M, 1<j<N)

be a collection of integers with absolute values bounded by a fized positive integer U > 1.
Then there exists a nonzero integer vector (1, T, ..., TN), not all zero, such that each x; is
an integer with

2] < (NUYMN=M - for all j,

and this vector satisfies the system of linear homogeneous equations
N

(3) Zuijxj:O forall1 <i< M.
j=1

Proof. The strategy is to show that by choosing bounded integer vectors (x1,...,zy), there
are more such vectors than there are possible outcomes for the left-hand side of the system
(3). Hence, by the pigeonhole principle, two distinct input vectors must yield the same
output vector, and their difference gives a nontrivial solution to the system.

We begin by defining a bound for the z;’s. Let

B = [(NUyn)

where | x| denotes the greatest integer less than or equal to z. We now consider all integer
vectors (z1,...,2y) such that each x; satisfies

0<z; <B forallj=1,2,...,N.

There are exactly (B+1)" such vectors, since each of the N coordinates independently takes
one of B + 1 values.
For each such vector, compute the left-hand side of each equation in (3), that is,

N
yi:Zuijmj foreachi=1,..., M.

=1

We now estimate the possible range of values each y; can take.
Let us define V; to be the sum of the negative parts of the coefficients u;;, and W; to be
the sum of the positive parts. That is,

Vi= > ugl, W= ) wy.

1<G<N 1<G<N
'U,ZJ<0 U¢j>0

Since |u;;| < U and there are N such terms per row, we have the bound:

Vi+W; < NU.
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For each z; in the range 0 < x; < B, the quantity y; = Zj w;;x; satisfies:
—ViB <y; <W;B.
Therefore, for each i, the number of possible values of y; is at most V;B+W;B+1 < NUB+1.

Since there are M such values y, . .., ya, the total number of distinet M-tuples (y1, ...,y )
that can be produced by these equations is at most:

(NUB + 1)M.

However, recall that we started with (B + 1)V possible choices for (z1,...,zy). We now
compare the number of input vectors to the number of output vectors. If

(B+1)Y > (NUB+ 1)M,

then by the pigeonhole principle, there must be at least two distinct vectors x # x’ such
that they both produce the same vector y = (y1,. .., ya) under the linear system (3). That
is, the difference x — x’ lies in the kernel of the matrix (u;;).

Now observe that:

B+ M (NOM = (B+DY>(NUB+1))M > (NUB+1)M,

which shows the inequality above holds when B = [(NU)M®™=M) | Therefore, such a nonzero
integer solution must exist.

Taking the difference between the two distinct vectors that produce the same left-hand
side yields a nontrivial solution to the system (3). Moreover, since each of the original vectors
had entries in the range [0, B], their difference results in a vector with entries bounded in
absolute value by B < (NU)MWN=M),

This completes the proof. [ |

Lemma 3.4. There exist integers p(Ao, ..., \n), not all zero, with absolute values bounded
above by ", such that the auziliary function

L L

— Ao Ao o A1 An—1

D(20,. ., 2n1) = g 5 P(Ao, -y An)zple 0% alt -y
A=0  An=0

satisfies the vanishing condition
(4) (I)mo,...,mn,l,l =0

for all integers | in the range 1 < | < h, and for all combinations of non-negative integers
Mo, - .., Mp_1 such that mg+---+mu_1 < h%. Here, we define v, = A\, + X3, for1 <r <mn,
and we set L = |h* —1/(4dn)].

Proof. In order to verify this lemma, it is sufficient—using relation (1) as a guiding princi-
ple—to construct the coefficients p(Xo, ..., A,) in such a way that the following identity is
satisfied:

L L
(5) Z“'ZP(AU,---,)\n)'Q(Ao,)\n,l)ﬂ?l'-‘042"~lA”-’yTl'-"yZ%_"{1IO

Ao=0 An=0

for the specified ranges of [ and m,.. The function g(Ag, A, 2) appearing in this expression
is defined as

mo
q()\O; )\na Z) = Z (730) )\0()\0 _ ]_) . ()\0 — o + 1)(Anﬁo)mo—uoz)\0—uo'
po=0 0
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This function arises from differentiating monomials and accounts for contributions from
derivatives with respect to zg.

To facilitate bounding the size of the coefficients and to make the equations integer-valued,
we multiply both sides of (5) by a suitable integer factor:

P = (al---an)L-bgno---bnmfl‘l,

which eliminates denominators resulting from powers of algebraic numbers when substitu-

tions are made.
Next, we express each power ~,"", for 1 < r < n, using the binomial expansion:

o (1M:\
W= ( MT)M i (An )

pr=0

Substituting these into (5), and recalling that the powers of «. and 3, can be rewritten using
identity (2), we arrive at a new expression involving only bounded powers of these algebraic

quantities:
d—1 d—1

d—1
S ST E aaraps i =
s1=0

sn=01%to=0 tn—1=0
where each A(s,t) is a linear form in the p(Ag, ..., A,).
The coefficients A(s,t) are explicitly given by:

Mn—1

Z ZZ Z )\0,... ).q’,q//.q///’

2=0  An=0410=0  pin_1=0
where we define:
o ¢ =TI" {aL Al T)}, which is clearly bounded by ci”

r=1
(tr)
° q Hn 1( T)(b A )mT_MTAS_bT )’
° C] = (N()))\O()\O — 1) . ()\0 — o + 1))\77;@0*uobgoh(>)\o—uo‘

The crux of the argument is now to bound the absolute value of the coefficients in each

A(s,t). We observe:

‘q///‘ S 2m0 ()\(]bo)’uo (Cl)\n)moi‘uo S (CgL)mOhL,
using the facts that (7}:) < 2™m and [ < h.

Moreover, the total number of combinations of the m,. is bounded. Since each m, > 0 and
the sum of the m, is at most h?, we have:

(Mo + 1) (my + 1) -+ (Mg 4 1) < 270 Fmnmt < gt
Therefore, the total contribution to each coefficient in the A(s,t) expressions is bounded by:
U= (203L)h202
Next, we count the number of linear equations and unknowns:
e The number of distinct sets (I,myg,...,m,_1) is at most h(h? + 1)".
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e Each such tuple leads to d*" equations indexed by (s,t), so in total:
M < d*h(h* + 1),
e On the other hand, the number of unknown coefficients is:
N = (L+1)" > p?t > 20

Because N > 2M, Lemma 3.3 ensures that the corresponding system of homogeneous
linear equations has a nontrivial integer solution. Furthermore, the bound on the size of
each coefficient of the system, along with the dimension count, allows us to conclude that
there exists such a non-zero solution with:

P(Aos -5 An)| < NU < h*'2(2¢3L)"cl.

Now observe that this upper bound is of the order "’ for sufficiently large h. Indeed,
since L = |h? —1/(4dn) |, we have L = O(h?), and thus
NU < h22(2e5h®) el <
as required.

This completes the proof of the lemma. [

Lemma 3.5. Let mg,mq,...,m,_1 be non-negative integers such that
mo+my 4o+ my_y < B2

and define the function

(7) f(2) = Cong.omn 1 (2, 2,001, 2).

Then, for any complex number z, the absolute value of f(z) is bounded above as follows:
|f(z)| < Cg3+LlogL’

where cg is a positive constant, and L = |h* — 1/(4dn)| as before.
Moreover, for any positive integer |, we have the dichotomy: either f(l) =0, or

F(D)] > cg™ EleEE,

Proof. To begin, recall that the function f(z) arises from evaluating the multivariate auxiliary
function ®—as constructed in Lemma 3.4—at the point (z,...,z), and then differentiating
it appropriately with respect to its variables to the order prescribed by (mg, ..., m, 1).

By the construction from Lemma 3.4, the function f(z) is given explicitly by a finite sum
of the form

L L
f(Z) =P Z Z p(/\07 AR An) Q()‘Ov >‘n7 Z) ai\lz)\o e aénz/\n’ﬁnl o _,777:1_711—17
X0=0 An=0
where:
e p(Ag, ..., \,) are the integer coefficients constructed in Lemma 3.4,
e (Ao, A\, 2) is a certain polynomial expression defined in that as well, capturing the
effect of differentiation,
e .=\ + N0 for 1 <r <mn,
e P is a normalizing factor arising from the differentiation process, given by

P = (logay)™ (log ag)™? - - - (log cv,—1) "1,
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We now estimate the size of each factor appearing in this expression.
First, consider the bound for the function g(Ag, An, 2). By definition,

mo
q(Ao; An, 2) = Z <7ZO> oMo — 1) -+ (Ao — po + 1) (A By) ™0 Ho o~ Ho,
po=0 0

Each term in this sum is bounded in absolute value, and since the binomial coefficient satisfies

(Z())) < 2™ and A, A, < L, we have:

mo
mo
[a(No Ans 2)| < (erL)™)2] Y ( ) < (2e7L)™ 2],
—o \Ho
Ho=0
for some constant c; depending on fy.
Next, consider the product involving the algebraic numbers aq, ..., ,:

A1 An A0+ Llog L
e A I i

for some constant cg, because each exponent A, is at most L, and there are at most n + 1
such terms. Since L < h? we use Llog L = O(h*logh).

Additionally, for the product 7" ---~,"", note that each 7, is a linear combination of
A and A\, (., and both A\, and A, are at most L. Therefore,

IV < (g L)yt

for some constant cg.

The number of terms in the sum is determined by how many multi-indices (Ao, ..., \,)
exist with each A\, < L, so the total number of terms is at most (L + 1)"*! = O(h2"+Y),
which is less than h?"*2 for large h.

Now, using the bound from Lemma 3.4:

|p()\0a e 7)‘n>| S eh37

and putting all of the above estimates together, we conclude that each term in the sum is
bounded in absolute value by

& (26 L™ [2] - KL ey Ly,

Multiplying by the number of terms and the constant P, which only depends on the log c,
and m,., we get:
(2] < B2 (e l)™ 2] - o8

which is ultimately bounded by:
OIS e
for some sufficiently large constant cg.

We now address the second claim. Suppose [ is a positive integer and f(I) # 0. Define a

new quantity

;P
where P’ is the normalizing factor introduced in the auxiliary function construction (see
equation (6)). The quantity f’ is then an algebraic number obtained by scaling f(I) so that
all coefficients become algebraic integers. In fact, f’ is itself an algebraic integer, since both

P’ and P are constructed to clear denominators.



16 HARIDAS CHOWDHURY

By construction, the degree of f’ over Q is at most d?", since all the algebraic numbers
involved (i.e., the o, and f3,) lie in a number field of bounded degree.
Furthermore, each conjugate of f’ (obtained by applying a Galois automorphism to all the
a,, B, and evaluating at the same integer [) has absolute value at most
h3+Llog L
’fI’ S ClO+ & )
by the same bound as above applied to conjugates of f(l).
Now, if f’ # 0, then its algebraic norm (the product of all its Galois conjugates) is a
non-zero integer and hence has absolute value at least 1. It follows that the geometric mean
of the absolute values of its conjugates is also bounded below by 1, and hence the maximum

must be at least

—(h3+Llog L)d2"
Lf'| > 010( s

This lower bound transfers directly to | f(l)|, proving that
FOI > 5" Heet,

for another constant cg.
[ |

Lemma 3.6. Let J be any integer such that 0 < J < (8n)%. Then the conclusion of
equation (4) holds for all integers | satisfying 1 < 1 < h'*7/®") and all non-negative integers
mo, ..., My_1 Such that
h2
mo+my+ -+ My S o7

Proof. We begin by establishing the base case for our induction. When J = 0, the conclusion
follows directly from Lemma 3.4, which provides the vanishing of the auxiliary function under
appropriate bounds.

Now suppose inductively that the lemma is valid for all integers up to some fixed K with
0 < K < (8n)% Our goal is to extend the result to J = K + 1, thereby completing the
inductive step.

Let us introduce notation to clarify the quantities involved in our bounds. Define

h2

Ry = {h”fsinj and Sj:= {2—JJ for J=0,1,2,...
as sequences of bounds on [ and the total order of differentiation, respectively.

We now aim to show that if [ is an integer such that
R <l < Rgy1,
and if my, ..., m,_, are non-negative integers such that
mo +my + -+ mp_1 < Sk,

then the value of the auxiliary function f(I) must be zero.

Recall from earlier that f(z) = ®py. ., (2, ..., 2) is the specialization of the multivariate
function ® at the point (z,...,z), and that this function is analytic. The function f(z) can
be thought of as a linear combination of exponential and algebraic terms, structured so that
its derivatives vanish at many prescribed integer points.
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To proceed, we analyze the derivatives of f at points r < [. Specifically, we consider

= () 16

for all integers r such that 1 < r < Rg, and for all integers m with 0 < m < Sk,;. By the
inductive hypothesis, each such fy(,f) vanishes.

Let us understand why this is the case. Since f(z) is a specialization of a multivariate
function ®(zo, . .., 2,_1), its m-th derivative at z = r corresponds to a total m-th order mixed
partial derivative of ® at the point (r,...,r). That is,

) o \"
fr(:;) — <_ + ..o+ ) (I)mo,.-.,mn—1(207 ey anl)

)

z=r

820 azn,l Z0=""=Zn_1=T
Expanding the differential operator via the multinomial theorem, this becomes
m!
Z ~—~|®m0+j07---7mn71+jn71(r7 s 77")'

Jol -+ gn—1!

Jo+tin—1=m
Each term in the sum involves evaluation of ® with total order
mo+jo+ - FMp1+Jnr=mo+- - +mu_1 +m < Sk +m <25k < Sk,

so by the inductive assumption, every such term vanishes. Hence, we conclude that (™) (r) =
0 for all » < Rk, and for all m < Sgk;.
Now define the function

F(z) = (z=1)( = 2)--- (2 = Rk),

and raise it to the Sk.1-th power to match the vanishing of derivatives up to order S,
at each 7 < Rg. Then, F(z) has a zero of multiplicity Sk at each such r, and hence the
function

f(2)

F(z)
is analytic in a disk of radius slightly larger than Rp.
We now invoke the maximum modulus principle. Consider a closed disk C centered at the
origin of radius

R:= Ry + /",

This disk contains all zeros of F'(z), and hence f(z)/F(z) is analytic on and within C. Then,
for any point z on the boundary of C, we have

1
D] < sup |f(2)] - 777
2= |F'(2)]
In other words, multiplying both sides by |F(z)|, we obtain the inequality

(8) Of(D] < O1f(2)],

where 6 and © denote the upper and lower bounds, respectively, of | f(z)| and |F'(z)| on the
circle |z| = R.
By Lemma 3.5, we know that the upper bound on |f(z)| is at most

3
()] <5 THEE,

where L < h? and R < 2h, and thus log R = O(log h).
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Also, since each root of F(z) lies at distance at least h'/(®" from | > Ry, we estimate
|F(l)| Z (%hl/(Bn))RKSK+1 ‘
On the other hand, the lower bound on |f ()| provided by Lemma 3.5 (under the assump-
tion that f(I) # 0) is: '
O] > g™ HEE
Putting these into inequality (8), we obtain the contradiction

—h3—Llog R h3+LlogR —Ri Sk 11
Ce og S ch +Llog R (%hl/(Sn)) )

Taking logarithms and rearranging gives an inequality that becomes false for sufficiently
large h, because the right-hand side grows faster than the left-hand side.

Therefore, the only consistent possibility is that f(I) = 0 for all [ in the specified range.
This completes the inductive step and hence the proof.

[
Lemma 3.7. Define the function ¢(z) = ®(z,...,2), where ® is as introduced previously.
Then, for all integers j satisfying 0 < j < h®", we have the estimate
(9) |6,(0)] < exp(—h*™").

Proof. We begin by invoking the conclusion of Lemma 3.6, which asserts the vanishing of cer-
tain derivatives of the auxiliary function ® when its arguments are evaluated at appropriate
integer points. In particular, Lemma 3.6 ensures that for all integers [ in a specified range,
and all non-negative integers my, ..., m,_1 with their total sum appropriately bounded, we
have
Do (Lo, 1) = 0.
Let us now define two auxiliary parameters that will help control the size of the derivatives
and the region over which we estimate the function. Set:

2
X = hgn, Y = Lh—J .
28n

These choices are made to ensure that X is large (exponentially in i) and Y is a corresponding
bound on the order of differentiation.

With these definitions, Lemma 3.6 tells us that for all integers r in the interval 1 <r < X,
and for all integers m such that 0 < m <Y, the derivatives

oni) = (400

vanish. This means that the function ¢(z) has a zero of multiplicity at least Y at each point
z=rforl <r<X.
To capture this structure algebraically, we define the function
X
Y
Bz) =[G =) = 1= -2) (- X)),

r=1
which is a polynomial of degree XY, vanishing to order Y at each of the integers 1,2,..., X.
Then the quotient ¢(z)/FE(z) is an entire function (i.e., analytic everywhere in the complex
plane), because all zeros of ¢(z) at z = r are at least of multiplicity Y, and hence cancel
exactly with those of F(z).

z=r
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Now, consider the circle I' centered at the origin with radius
R = Xh!E,

Since R > X, the function ¢(z)/FE(z) is analytic inside and on the boundary of this circle.
Therefore, by the maximum modulus principle, we obtain a bound on |¢(w)| in terms of the
values of |F(w)| and the maximum and minimum of |¢(z)| and |E(z)| on T.

Specifically, we let £ and = denote an upper bound for |¢(z)| and a lower bound for |E(z)|,
respectively, for z on I'. Then, for any point w inside the disk |w| < X, we have:

6(w)] < S1Bw).

We now estimate these quantities. First, on the circle of radius R, the modulus of F(z)

satisfies:
|E(z)] < (2X)"  for || < R,
since |z —r| < |z| 4+ |r| < 2X for each root r =1,..., X.

Next, for the lower bound, note that on I', the distance |z —r| > %R forallr € {1,..., X},
since the circle has radius R = Xh"®" which is sufficiently large compared to the location
of the roots. Thus,

I\ XY
|E(2)| > (§R) =: =
As for the upper bound £ on |¢(z)|, we appeal to Lemma 3.5, which gives
6(2)] < cf T,

where L is a bound on the degree in the exponential components, and R = XhY®" as above.
Putting these together, we find:

-XY
o(w)] < ¢+ GR) |

Now observe that LR < h?"*2 and since
2

280

XY = h*". V J > hA2,

we see that the exponent h3+ LR — XY log R is negative and of large magnitude. Therefore,
the right-hand side is smaller than exp(—XY"), and hence

[p(w)| < e

Finally, we use Cauchy’s integral formula to estimate the coefficient ¢;(0). Since ¢(z) is
analytic in the disk of radius R > 1, we have

6,(0) = 2= AWy,

C 2 Jy witt
where A is the circle |w| = 1, traversed positively. On this circle, we have |w| = 1, and since
|p(w)| < XY, we deduce:
[6;(0)] < jt-e™ ™.
This final estimate implies that

|6;(0)] < exp(—1™")
for all j < h®*, completing the proof.
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Lemma 3.8. Consider any integers tq,ts, ..., t,, not all simultaneously zero, with the prop-
erty that their absolute values are bounded above by some positive integer I'. Then the linear
form in logarithms

[ty log aq + talogag + - -+ + t, log au, |
is bounded below by an explicit positive quantity of the form

-7
C11 s

where c1q 18 a positive constant depending only on the algebraic numbers involved.

Proof. To begin, for each j with 1 < 57 < n, let us denote by a; the leading coefficient of
the minimal polynomial of o if ¢; > 0, or the leading coefficient of the minimal polynomial
of ozj_l if ¢; < 0. This choice ensures that the algebraic integers constructed will properly
reflect the exponents ¢; appearing in the linear form.

We now define the algebraic integer

W= a‘fl‘ .- alt] (aftal? - alr — 1) .
By construction, w lies in the ring of algebraic integers, and its degree over Q is at most d",
where d is the degree of the number field generated by the «;.

Next, consider any conjugate of w, which is obtained by applying an embedding of the
number field into C that replaces each a; by one of its conjugates. The absolute value of
any such conjugate is bounded above by a constant of the form cl,, where c;» depends on
the heights and absolute values of the conjugates of the a;. This follows from the fact that
raising «; to the power ¢; and multiplying by powers of the leading coefficients can only grow
the magnitude exponentially in 7.

There are two cases to consider:

o If w =0, then by definition we have

t t
ooy --afl" =1,

which implies that the linear form in logarithms
Q =t logay +talogas + - -+ +t,logay,

is an integral multiple of 27i. Since the logarithms log a; are assumed to be linearly
independent over the rationals, {2 must actually be zero only if all ¢; vanish, which
contradicts the hypothesis that not all ¢; are zero. Hence, in this scenario, the lemma
holds trivially.

e Otherwise, if w # 0, then its norm (the product of all conjugates) is a nonzero integer
and hence has absolute value at least 1. Consequently, the absolute value of w itself
must satisfy the inequality

‘W‘ Z Cl_2Tn>

for some suitable constant cqs.
On the other hand, using the well-known inequality for the exponential function,

" — 1] < |2]el,
valid for all complex z, we apply this to the expression inside w:

ot caln — 1| = |eQ -1 < |Q|e|m.
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Assuming, without loss of generality, that |2] < 1 (otherwise the lower bound is
trivial), we then find a constant ¢;3 such that
jw| < [Qegs.
Combining this upper bound with the lower bound on |w|, we deduce that
|Q’ 2 CI_1T7

for some positive constant c¢;; depending only on the algebraic numbers and the
degree d.

This completes the proof of the lemma, establishing a nontrivial explicit lower
bound on the absolute value of any nonzero linear form in logarithms of algebraic
numbers with bounded integer coefficients.

Lemma 3.9. Consider positive integers R and S, and let 0g,01,...,0r_1 be R distinct
complex numbers. We define two important parameters:

o = max{l,|ool,|o1], ..., |or-1|},
which represents the mazimum among 1 and the magnitudes of the o;, and
p=min{l,|o; — 0| : 0 <1 < j < R},

which is the minimum distance between any two distinct o; and o;, or 1, whichever is smaller.
This minimum separation p measures how close together the points o; are in the complex
plane, and ensures they are sufficiently apart for our construction.

Under these conditions, for any pair of integers r and s satisfying 0 <r < R and 0 < 5 <
S, there exist complex coefficients wj, for j =0,1,..., RS — 1, with absolute values bounded
above by (8p/a)1S, such that the polynomial

W(z) = Z_ w;z)

exhibits the following interpolation properties:
W9 (g;) =0 forall0<i<R,0<j<S exceptfor(i,j) = (r,s),
and at the exceptional point,
W (o,) = 1.

In other words, W(z) is a polynomial of degree at most RS — 1 thal vanishes with mul-
tiplicity S at each o; except at o,., where the s-th deriwative of W equals 1, and all lower
order deriwatives vanish. This polynomial thus acts as a specialized interpolating polynomial
focused on the s-th derivative at o,.

Proof. To explicitly construct such a polynomial, we use an integral representation based on
Cauchy’s integral formula for derivatives. Define

U)=(z—00)(z—01) (2 —op_1)’,

which is a polynomial vanishing at each o; with multiplicity S. This polynomial U(z) encodes
the zeros and their multiplicities, serving as a foundational building block for W(z).
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The polynomial W (z) can then be written as

W(z) = (_1)8L/C wdg

sl 2mi (C—2)U(Q)

where C, is a positively oriented (counterclockwise) circle centered at o, with sufficiently
small radius 0 < p so that C). encloses only o, and excludes the other ¢;. The choice of the
contour ensures the integrand is analytic on and inside C,. except at ( = z and ( = o,.

By Cauchy’s differentiation formula, this integral representation guarantees that W(z) is
a polynomial of degree at most RS — 1 with the desired vanishing conditions on derivatives.
To verify the interpolation properties, we use the residue theorem and properties of U(z).

Next, the proof leverages an alternative representation for W (z), obtained by considering
the behavior of the integral as |(| — oo. Since U(¢) grows like ¢#9 for large ¢, the integrand
multiplied by [¢|* tends to zero for sufficiently large ¢. Applying Cauchy’s residue theorem at
infinity, we obtain an expression for W(z) as a sum of integrals over small circles C; around
the other points o; (for j # r):

(2 ar —0,.)°U(2)
Wiz) = sl omi Z/ —z U(() dt.
J#r

This representation makes it clear that W (z) is a rational function, regular at each o; for
j # r, since U(2) has zeros of order S at these points. Hence, W () = 0 for all 4 # r and
7 < S, establishing the required vanishing of derivatives at those points.

Furthermore, by examining the integrand near o, and using the integral representation,
it follows that W()(c,) = 1, and all lower order derivatives vanish there. This confirms the
interpolation condition at the point o,.

Finally, the lemma asserts that the coefficients w; of the polynomial W (z) are uniformly
bounded in magnitude by (8p/c)®%. This bound is established by analyzing the size of the
terms in the integral and the sum over indices, noting the finite number of terms involved
and the size constraints on o; and their separations. In particular, the number of terms
in the sums is at most S¥, and the magnitudes of the rational function components are
controlled by powers of ¢ and p. Combining these observations yields the stated bound on
the coefficients.

Thus, the lemma constructs a carefully controlled polynomial W (z) which serves as an
interpolating polynomial for derivatives at prescribed points, with explicit bounds on its
coefficients. This tool is fundamental in applications requiring precise polynomial approxi-
mations with derivative constraints at multiple points. [ |

We now proceed to demonstrate that the inequalities labeled as (9) in Lemma 3.7 cannot
all hold simultaneously. Establishing this impossibility will lead directly to the proof of
Theorem 2.1 by contradiction.

To start, we introduce the notation S = L + 1 and R = S™. Any integer ¢ in the range
0 <i < RS can be uniquely expressed in the base S expansion form:

where each ); is an integer satisfying 0 < A\; < L.
For each such integer ¢, we define the quantities

Ui:)\Oa pi:p(AOW"a)\n)a
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and also set
Y = Mlogag + -+ A\, log .
With these definitions, the function ¢(z) can be written explicitly as

RS—-1
(10) $(z) = > pizel”.
i=0
Using Lemma 3.8, we know that any two distinct values of 1;, corresponding to different
multi-indices Ay, ..., \,, differ by at least a positive constant ¢;. There are exactly R such
distinct values, which we denote by oo, 01,...,0r_1.

If we let p and o be as defined in Lemma 3.9, then it follows that
o<, P

Next, choose any suffix ¢ such that the coefficient p, # 0. Define s = vy, and let r be the
index for which ¢, = 0,. Denote by W (z) the polynomial constructed in Lemma 3.9. By
the properties given in that lemma, the following equality holds:

RS—-1

Pt = Z inVi(%')-
i=0

Applying Leibniz’s rule for differentiation, we have

RS—-1 ‘ RS—1 e |
Wow) =Y G =1 (= v+ Dw™ = Lzzr (Zzew)} ,
j=0 =0 2z=0

and substituting this into equation (10), we get
RS—1

pe=>_ w;e;(0).
=0

Since RS < h**2 Lemma 3.7 guarantees that inequality (9) is valid for all indices 7 with
0 <37 < RS. Moreover, by Lemma 3.9, the coefficients w; satisfy

jw;| < (80/p)™ < (8craLefs)™ < g™
Because |p;| > 1, it follows that
0 < log RS + ¢;7h*" ™ — b8,

However, this inequality cannot hold if the parameter A is chosen sufficiently large, leading
to a contradiction. Therefore, the assumption that all inequalities (9) hold is false, which
completes the proof of the theorem.

4. RECENT RESEARCH AND OPEN PROBLEMS

While there are any newer results in this field, we will mention one of the most important,
namely Nesterenko’s.

Definition 4.1. A set of elements is algebraically independent over a field if there is no
nontrivial polynomial relation among them with coefficients in that field.

Theorem 4.2 (Nesterenko). 7w and €™ are algebraically independent over the rationals.
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We will not go too in depth into this theorem, but this is here merely to point out that even
some relatively simple-looking results are still being shown in recent times. In fact, some
other open problems in the field include the algebraic independence of e and 7 as well as the
transcendence of Euler’s constant +. Both of these, along with many other open problems,
would greatly contribute to the field. To see more open problems, see Waldschmidt [Wal22|.
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