On Mahler-Lech-Skolem Theorem

Aleksei Lopatin
June 2025

Abstract
This paper discusses the proof of the Mahler-Lech Skoll Theorem using
Strassmann’s theorem and its ties with p-adic analysis.

1 Introduction

The Mahler-Lech-Skolem theorem answers the question of how many roots a
linear recurrence sequence can have. Skolem made the first step in the theorem
and proved the theorem for a recurrence a,, € Z for each n. Mahler and Lech
later extended the proof to more general cases. Funnily so, Mahler later gave
an independent proof apart from Lech’s result and was embarrassed that Lech
had already proven it.

The importance of the theorem is that it gives no mention to the p-adics
while every known proof uses p-adic techniques in some way. It provides an
example of how analytic methods can solve algebraic problems.

To tackle the theorem, we will introduce the technique of p-adic analysis. p-
adic analysis is the study of functions and analysis in the context of the p-adics
Q, rather than the real or complex numbers.

The p-adics comes from another way of defining the distance between two
rational numbers. The Euclidean absolute value d(z,y) = |z — y| gives rise to
the real numbers. The p-adics rely on the p-adic absolute value.

Contrary to the real numbers, p-adic numbers are ”close together” if their
difference is divisible by a high power of p. The p-adics have their notion of
absolute value. In the realm of p-adic functions, we will largely be focused on
p-adic analytic functions.

There are some interesting ways in which the p-adic numbers are distinct
from the reals or complex numbers. While Q,, is a complete field, it is also totally
disconnected (as the only connected subsets are one-point subsets). Addition-
ally, while the algebraic closure of the real numbers (the complex numbers) is
a complete field and finite-dimensional vector space over the real numbers, the
algebraic closure of Q, is an infinite dimensional vector space over Q,, and is not
complete.

We will begin the preliminaries by introducing the p-adics and the connection
between linear recurrence sequences and linear algebra. We will prove Strass-
mann’s theorem, which is a key step in the proof. We will then give the first



proof of the Mahler-Lech-Skolem theorem. Furthermore, we will explore p-adic
logarithms and exponentials, alongside p-adic interpolation, to provide a second
proof of the Mahler-Lech-Skolem theorem. We finish the paper with some open
questions.
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3 Preliminaries

Recall that we constructed the real numbers as equivalence classes of Cauchy
sequences of rationals, using the usual absolute value d(z,y) = |z — y|. We
construct the p-adics using the p-adic absolute value, which we will define in
the following section. The following definitions are standard in p-adic textbooks,
one can refer to [Gou97, Chapter 2].

3.1 Absolute Values and Valuations

We begin with the general notion of what an absolute value is.
Definition 3.1. An absolute value on a field K is a function || : kK — Ry that
satisfies the following three conditions:

|z| =0 if and only if z =0

|zy| = |z||ly| for all z,y € k
|z +y| < |z|+ |y| for all z,y € k

We will say that an absolute value on K is non-archimedean if it satisfies the
following condition.

|z + y| < max(|z],|y|) for all z,y € k

Notationally, we will consider |z| to be the standard absolute value of x in
R as in | — 3o = 3. Notice that the fourth condition directly implies the third
condition. We then define what a valuation is. Intuitively, a valuation tells us
how "large” elements in a field are. We introduce the p-adic valuation.

Definition 3.2. Fix a prime number p € Z. The p-adic valuation on Q is the
function v, : R — {0} — Z defined as follows: for each integer n € Z, let v,(n)
be the unique positive integer satisfying

n = p”p (n) n'



with p not dividing n’. Moreover, we extend v, to the field of rational numbers

as follows: if z = ¢ in Q, then

vp(x) = vp(a) — vp(b)
We can play around with this definition.

Ezxample. One can check the following.

05(3060) = 1
1)2(3) =0
’UQ(S) =3

Naturally, we are curious as to what properties this valuation satisfies.

Theorem 3.3. For all x and y € Q, we have
vp(zy) = vp(z) + vp(y)
vp(x +y) > min(vy(z), vp(y))

Proof. For the first part, let us denote z = p**z’ and y = p¥1y/.

ay = p"apty’ = p" Tty
vp(ry) = 21 + Y1 = vp(x) + vp(y)

For the second part, we just factor out the common power of p. Without
loss of generalization we let x > y, so p™ > p¥'.

r+y= pamx/ +py1 y/ _ py1 (pxl_yla?/ + y/)

vp(® +y) > y1 = min(vy(2), vp(y))

We now define the p-adic absolute value.

Definition 3.4. For any nonzero z € Q, we define the p-adic absolute value of z
by

oy = p )
We extend this to all of Q by defining |0, = 0.

Using the p-adic absolute value, we can construct Q, as equivalence classes
of Cauchy sequences of rationals using the p-adic absolute value. We can also
define Z,, and p™Z,

Definition 3.5. Z,, (called the ring of p-adic integer) is the subring of Q, com-
prised of p-adic numbers with p-adic absolute value less than or equal to 1.

Definition 3.6. For a non-negative integer m, the notation p™Z refers to {p™x|z €

Z,}.
This is the set of all p-adic integers divisible by p™.



Ezxample. One can check that the following infinite series converge in Zs:
1=140-540-5°+0-5°+--- € Z;

r=14+2-543-52+.--€Z;
~1=4+4-5+4-5%+...€Z;

The previous one is true by the fact that
“1=(p-+@-p+{p-1p°+---.
125=0+0-5+0-25+1-125+ - € p°Z,

r=0+0-54+0-25+3-125+4-625+--- € p’Z,

We define what a unit in Q,, is.

Definition 3.7. An element x € Q, is a unit if there exists an element y € Q,
such that
zy = 1.

Moreover, we define the prime ideal. Intuitively, in the ring of integers Z,
the prime ideals are precisely 0 (the zero ideal) and p (the ideal generated by a
prime number p). The condition ab € R = a € R or b € R generalizes the
fact that if p divides ab, then p divides one of a or b.

Definition 3.8. For a commutative ring R. An ideal P C R is called a prime
ideal if it satisfies the following properties

e [t is a proper ideal P ¢ R.
e For any two elements a,b € R, if ab € R, then either a € R or b € R.

Notice that ||, is a non-archimedean absolute value. Generally, absolute
values capture information related to primes instead of what sign a number has,
as in | — 5| = 5. This brings us to the product formula as an example of how
the absolute values work together.

Before we get into the proposition, note that we have written absolute values
in the form ||, where p is either a prime or infinity. It is convenient to think of
the symbol co as a prime number in Z and refer to it as the infinite prime. This
will let us say ”||, for all primes p < co.” This is mainly for convenience.

Proposition 3.9. For any v € Q*, we have

H 2|, =1

p<oo

where p < 0o means that we take the product over all the primes of Q, including
the "prime at infinity.”



Proof. We let & = p{*p5? - - - pi*¥. Then, we have three cases:

|zl = 1if ¢ # ps
|z|p, =p; “ for i =1,2,3,...k
|2]oc = pi'p5> - PR
The result follows. -

To conclude this section, the completion of Q with respect to the p-adic
metric is denoted Q,. We think of the p-adics as equivalence classes of Cauchy
sequences of rationals using the p-adic metric.

3.2 DMetrics

Metrics are a notion of distance and lead to some unusual properties in the
p-adic sense.

Definition 3.10. Let K be a field and || an absolute value on k. We define the
distance d(z,y) between two elements x,y € kK by

The function d(z,y) is called the metric induced by the absolute value.

A set on which a metric is defined is a metric space. We explore two simple
properties of this metric.

Lemma 3.11. For any z,y € K, d(z,y) > 0, and d(z,y) = 0 if and only if
T =uy.

Proof. Notice that the absolute value function |x — y| is greater than or equal
to 0 because by definition it outputs a nonnegative value. Note that |z —y| = 0
if and only if x — y = 0, which implies the conclusion. |

‘We notice that this metric is commutative.
Lemma 3.12. For any =,y € K, d(z,y) = d(y, z).

Proof. Notice that |z — y| = |y — x| by properties of the absolute value. This
directly implies the conclusion. |

We can also use the triangle inequality. Recall the following definition.

Lemma 3.13. For a triangle with sides a,b, and ¢, we have a+b > c, a+c>b
andb+c>a

Lemma 3.14. For an x,y,z € K, d(x,z) < d(z,y) + d(y, z).



Proof. We plot x,y, z on a plane. Notice that they form a triangle. The absolute
value distances are |x — z|, |z — y|, and |y — z|. By the triangle inequality, we
have |z — z| < |z —y| + |y — z|.

To handle the edge cases, i.e. they are all on a line, we consider a line with
x,y, z in that order. Permutations give the same result. Since they lie on a line
|z —y| + |y — 2| = | — 2z|. This implies the conclusion. [ |

There is an inequality which is stronger than the triangle inequality in a
similar respect, and this is referred to as the ultrametric inequality. A set with
a metric induced by a non-archimedean absolute value is called an ultrametric
space. [Gou97][Chapter 2]

Lemma 3.15. Let || be an absolute value on a field K, and defined a metric by
d(xz,y) = |z —y|. Then || is non-archimedean if and only if for any x,y,z € K,
we have

d(z,y) < max(d(z, 2),d(z,y))

Curiously, the ultrametric inequality directly implies the triangle inequality.
Alain Robert refers to the following as the ”strongest wins principle” in page
429 of [vdP89].

Proposition 3.16. Let k be a field and let || be a non-archimedean absolute
value on K. If z,y € K and |z| # |y|, then:

|+ y| = max(|z], [y])

Proof. Wlog |x| > |y|. Noting that we can apply the ultrametric inequality, we
have:
|z +y| < |z = max(|z], |y[).

Noting that z = (x + y) — y:
|z < max(|z +yl, y[)
The only way for both of these inequalities to hold is if:
max(|z +y, [y]) = [z + y|
This implies |z| < |z + y|, which in turn lets us conclude |z| = |z + y|. [ |
The following corollary proposes that triangles are isosceles.
Corollary 3.17. In an ultrametric space, all “triangles” are isosceles.

Proof. Let x,y, z be three elements of a vector space. Thus, we have d(z,y) =
| —yl, d(y,z) = |y — 2|, and d(z, z) = |z — z|. Now, we make use of:

(z—y)+@y—2)=(x—2)

We then invoke the proposition to show that if |x — y| # |y — 2|, then |z — 2| is
equal to the bigger of the two. Either way, two "sides” are equal.” |



3.3 Recurrences relation with Matrices

Linear recurrence sequences can be analyzed using matrices. Our motivation

for turning to matrices to study a general linear recurrence sequence is that it

provides a concise expression for the recurrence sequence, as we will soon see.
We begin this subsection by proving the Binet formula with matrices.

Theorem 3.18. Binet Formula
If F,, is the nth Fibonacci number, then

1 (145, 1-v5,
Fn:\/g<( 5 ) (5 ))

We recall xg 2 = z11 + x (this is the Fibonacci series), and we define vy,

as:
o=
Tk41
| Tesr| Tht1 N L i I 7 _4
= o] = lalia] =[] ] =
We let A = {(1) 1 . Notice that A is diagonalizable, and particularly the

2

characteristic polynomial is P4(z) = z(z — 1) — 1 = 2* — z — 1. The roots are

(1 +V/5). The eigenvalues are

M = 5 (14 VB) and dy = (1 - V5)

. . 1 1
The eigenvectors are respectively e; = [/\ } and ey = L\ ] Moreover, the
1 2

diagonalizing matrix for Ais P = [61 ez] = [ L1 ] Given the simple matrix,

Al Ag
it is implied that the solutions are of the form v, = bl)\]fel + bg)\geg. We find
the coefficients by and by as they are

el -l

The last line follows from the formula for an inverse 2x2 matrix. We now

substitute this: \ \
1 \k 1 2 \k 1
=—\ ——A
w5 o) - 754 L

By comparing top entries, we receive

Lok k+1
T =—=A"" —A
\/g ( 1 2 )
It appears that any linear recurrence can be translated to a matrix, and we
show that this is true. We first recall what a characteristic polynomial is.



Definition 3.19. The characteristic polynomial of A is defined as
Py(x) =det(Iz — A)

where A is a n x n matrix with integer entries and x is a chosen matrix. I refers
to the identity matrix.

Theorem 3.20. Cayley-Hamilton Theorem
Pa(A)=0

In words, this means that every square matriz has a distinct equation called a
characteristic polynomial.

This seems a bit confusing, so let’s do an example to make it clearer. Let
A 1 2

13 4]
Upon substituting x = A:

121> 1 2 10 _foo
Pal4) = {3 4} _5[3 4} _2[0 1} B [0 0}

We give an idea of how one can prove this. Readers who want to pursue
this particular part further should consult [HK71, Chapter 6]. We first specify
that all matrices in this proof have coefficients over the complex numbers, and
that the space of such matrices of a fixed size has a natural topology coming
from identifying n x n matrices with vectors with n? entries. We are essentially
proving the Cayley-Hamilton theorem for matrices with integer entries in Z (and
in an algebraically-closed field). Let us assume that A is diagonalizable to get
a glimpse of the general idea.

We assume A is diagonalizable. Therefore, we can write A = SDS~! for an
invertible matrix S, and a matrix D of the form:

Pa(z)=(z—1)(z —4) —2-3=2% -5 -2

A0 ... 0
D= 0
S
0 0 A
We consider P4(D):
p(A1) 0 0
0
Pa(D) =
0
0 0 p(An)



Notice that X; for i € [0,n] are the eigenvalues of A, so P4();) = 0. Thus,
P4 (D) is the zero matrix.
Let’s apply Pa(x) to A= SDS™1:

P4(A) = SPa(D)S™!

Because P4(D) =0, P4(A) = 0. This covers the simpler case, which brings us
to the general proof.

Proof. We use the fact that any matrix A can be approximated by diagonalizable
matrices. Specifically, we can find a sequence of matrices (Ay : k € N) that
converge to A such that A, — A as k — oo, and each matrix Ay has n distinct
eigenvalues. Therefore, the matrix Ay is diagonalizable for each k € N. We
apply the results of the previous discussion, so Pa,(Ar) = 0 where Py, =
det(AI — Ay) is the characteristic polynomial of Ay.

Note that each entry of the matrix P4(A) can be written as a polynomial in
the entries of A. Because limg_,oo Ar, = A, we have limg_,o0 Pa, (Ax) = Pa(A).
As Py, =0, P4(A) = 0. We are done. |

The first step in the proof of the Mahler-Lech-Skolem theorem involves writ-
ing a linear recurrence as a,, = [A™v,w| for an n x n integer matrix and v and
w are integer vectors. We give one example to show how this is possible.

Recall the Fibonacci recurrence F,, = F,_1 + F,_o with initial conditions

Fy =0 and F; = 1. Let us write vectors in the form [Fl} Notice that this is

Fo
1t L
equal to ol
Fn+1 _ 11 Fn _ Fn+Fn—1
Fn B 1 O Fn—l o Fn

Let A = E (1)}, and the initial vector is v = [(ﬂ To generate Fs, we just

calculate A%v and take the integer part at the top.

S RS IR

Furthermore, for higher values, we can use F,, = A™v.

However, we do not use w here. We have another way. [Blo17] Given a linear
recurrence (a,) of dimension k (this means we recursively call &k functions of a;
for 0 < i < n), we can form a k x k matrix A such that A; 1 = ¢; for all i (where
¢; are the coefficients of the a;), 4; ;-1 =1 for 2 <i < k and everything else is
0.

ci C2 -+ Ckp—1 Ck
1 0 .- 0 0
A—|0 1 -+ 0 0
0 O 1 0



Let
a—1
ak—2

ao

0
For n >k, a, = vA" " ~*w, which gives the general form a, = [a™v, w]. Note

that we do not make mention of the dimension in the proof of the Mahler-Lech-
Skolem theorem as we cover all possible dimensions.

4 Strassmann’s Theorem

Now that we have the appropriate preliminaries, we turn to the theorem that
will do most of the heavy lifting in our proof: Strassmann’s Theorem.

4.1 Interlude

In the proof of Strassmann’s theorem, we will make use of the fact that we can
re-order a double sum. Thus, we show the following lemma.

Lemma 4.1. Let K be a field which is complete with respect to the non-archimedean
valuation | - |. Let a;; € K for 4,5 = 0,1,2,.... Suppose that for every e > 0
there is a f(€) such that |a;;| < € whenever max(i,j) > f(€). Then the series

E ( E aij) and E ( E (Lij)
i i
both converge, and are equal.

Proof. Recall that in the non-archimedean case a series converges if and only if
the terms that are summed tend to zero as in [Gou97, Chapter 5]. We know
that a;; — 0 as j — oo for every 4 and vice versa, so

Z (%71 and Z Qi
j i
both converge. Using the ultrametric inequality, we have

1> aij| < max ag;| — 0
X J
J

so that the first double sum converges, and similarly for the second one. Note
that the notation max; |a;;| refers to the max of the set of a;; as i — oo.

10



For the second part, we note that for finite sums, the rearrangement of ¢ and
j do not matter, specifically we have

f(e) fle f(e) f(e)
2 Q) =2 (3 ay)
1=0 5=0 J=0 =0

We apply the ultrametric inequality again:
) f(e)

|Z > aij)- Zau =1> > aijl < max lai; <€
0 j=0

2,7 s.t. max(z,7)>f(€
i=0 j=0 i= i j with max(4,5)> f(€) J (.)> ()

And similarly with the 7 and j exchanged. Hence

fle) f(e) ) f(e)
220 ai) =3 el =133 ai)-D>_(3_ais) +Z > ai) Z(Zam
i g i g i g i=0 j=0 j=0 i=0 i
f(e) f(e) S f(e) f(e) oo
<max{| > (Y ai)) = > O a1 O ai) - (Z%‘)H <e.
=0 j=0 =0 j=0 7=0 i=0 7=0 i=0
Thus, the two series are equal. |

We are ready to prove Strassmann’s theorem.

Theorem 4.2. Strassmann’s Theorem
Let

= E anx™ = ag + a1z + asz® + ...
n=0

be a non-zero power series with coefficients in Q,, and suppose that we have
lim, o0 an, = 0 so that f(x) converges for all x € Z,. Let N be the integer
defined by the two conditions

lan| = max(|ay|) and |ay| < |an| forn > N
Then the function f : Z, = Q, defined by x — f(x) has at most N zeros.

Proof. The core of this proof is induction on N. If N = 0, we must have that
lag| > |an| for all n > 1. In this case, we show there are no zeros for f(z). To
show this, we proceed by contradiction. Assume that we have f(z) = 0, then:

f(@)=ao+az+axax®+---=0
We bound |ag.
lag| = |a1z 4+ asz® + .. .| < max|a,z"| < max |a,|
Thus |ag| < |a,|, but this in direct contradiction with the assumption. There-

fore, f(x) has no zeros.

11



As for the inductive step, we suppose that
lan| = max(|ay|) and |a,| < |an| for n > N

We look to factor f(z), so we assume that it has a root a € Z,. For any = € Z,,
we have

f(x) = f(2) = f@) =Y an(a" —a") =

n>1

n—1
=(z—a) Z Z anad Q"1

n>1j=0

We re-order the series as a power series in z (applying the previous lemma),
which gives

fl@)=(x—a) ) bja! = (z — a)g(x)
3=0

with defining the coeflicients b; as

o0

§ : k
bj = Ajr14+ECQ .

k=0

Because lim,_,o ap = 0, lim; o b; = 0. However, we cannot have all the
coefficients be 0 as then f(x) would be the 0 power series, contradicting our
assumptions. Thus, g(z) satisfies the assumptions of the theorem.

We proceed with the induction hypothesis. We describe the last |b;| with
maximum absolute value. Notice that

[b] < max|aji1k] < fan|

for every j, so the |b;| are bounded by |an|. However, since |a| < 1, for any
i > 1, we have |ay4ia| < lani| < |an|. Now, we make use of the ultrametric
inequality:

|bN,1| = |aN +ant1a+ aN+2a2 + ... | = |CLN|

For j > N:
|b;] < %1§8<|aj+k+1| < max) |a;| < lan

Therefore g(z) has N — 1 roots. By the induction argument, g(x) has at most
N — 1 roots, so f(z) has at most N roots. We are done.
|

This is an important theorem about the zeros of functions on Q,, defined by
power series. We give several consequences using the notation of Strassmann’s
Theorem.

12



Corollary 4.3. Let f(x) = anz™ be a non-zero power series which converges
on Z,, and let oq,. .., be the roots of f(x) in Z, (multiplicity allowed).
Then, we can find a power series g(x) which converges on Z,, but has no zeros
in Zy,, specifically:

f@) = (@ —a) (2 — am)g()

Proof. This corollary comes from the factoring idea in the inductive step in the
proof of Strassman’s Theorem. Note that since « is a root of f, standard facts
about topological fields tells us that f must be off the form

f(z) = (z —a1)g1(x)

where g;(x) is a function with at most m — 1 zeros. We repeat this process
indefinitely

fl@) = (@ —a1)- (z — am)gm(z)
until g, (z) has no zeros. Then, we let g(z) = gm(z). |

Corollary 4.4. Let f(x) = apz™ be a non-zero power series which converges
on p™Z,, for some m € Z,. Then f(x) has a finite number of zeros in p™ Z,.

Proof. Let g(x) = f(p™x) = Y ap,p™™az™. Because f(x) is known to converge
on p™Z,, g(x) converges for z € Z,. We now apply Strassmann’s theorem to
g(z) which gives the desired conclusion. |

Finally, we end off this section with a bound for the number of roots in
" Zp.

Corollary 4.5. The bound for the number of roots of a function in p™Z, is N.

Proof. Note that N is defined in the same way as in the statement of Strass-
mann’s theorem. We use a similar form to the previous corollary. We want
to put f(xz) = Y a,z™. In order to do that, we have to look at the series
> app™a™. We find N such that the conditions for Strassmann’s theorem are
met.

Ip"Nay| = max|p"™a,| and [p™"a,| < [p™Nay| for n > N

Therefore f(z) has at most N zeros on p™Z,. |

For more information on the theorem and applications, one can consult
[COND| and [Chel§].

4.2 Alternative proof

Alternatively, we can prove this theorem using the definition of a p-adic analytic
function, which we will use in the proof of the Mahler-Lech-Skolem Theorem.
To define what a p-adic analytic function is, we introduce the idea of an open
ball.

13



Definition 4.6. Let K be a field with absolute value ||. Let a € K be an element
and r € Ry be a real number. The open ball of radius r and center a is the set

B(a,r)={zek:d(z,a) <r}={zek:|z—a| <r}

The closed ball of radius r and center a is the set

B(a,r) ={z ek:d(z,a) <r}={zek:|x—a|<r}.

This allows us to define what a p-adic analytic function is.

Definition 4.7. Let B be an open ball in Z,. A function f : B — Z, is p-adic
analytic if it is defined by a power series

F2) = 3 anlz — bo)

k>0

for some by € B, with the power series convergent for all z € B.

This definition implies that an analytic function on a ball is defined by a
single power series. At every point b in the domain, there is some smaller ball
around B such that the function is computed using a power series in that smaller
ball. We emphasize that p-adic analytic functions which are locally power series
on a ball are actually globally so. The reader can consult [Kob77, Chapter 4]
for more information on this specifically.

We then rewrite Strassmann’s theorem to incorporate the concept of p-adic
analytic function.

Theorem 4.8. Let f : B — Z, be a p-adic analytic function. Then either f is
identically zero, or it has only finitely many zeros in B.

We make use of following theorem, which is further discussed in [Gou97,
Chapter 5].

Theorem 4.9. Z, is compact.
We are now ready to prove Strassmann’s theorem.

Proof. We start by contradiction, assuming f has infinitely many zeros, say
f(bg) = 0. By applying the lemma in the previous slide, the by have a limit
point b.

We expand f about b using f(z) = > ax(z —b)*. If f is not identically zero,
some ay # 0; let ay be the first coefficient.

f(z) = (z = b)"(an + (2 = b)g(2))
Moreover, for |z — b|, being very small, we see that

(2 = 0)g(2)lp < lanly

Specifically, f is non-zero in some small punctured disk about b. This is a direct
contradiction. [ |

14



5 First Proof

We might ask, how exactly does this p-adic approach help with arithmetic pro-
gressions? Let us imagine that given a linear recurrence ay we could find some
p-adic analytic functions f; with ¢ € [0,m — 1] such that f;(n) = mn+1 for large
n. Then, each f; would be 0 or it would have finitely many zeros. Moreover,
this would complete the proof, and the main point of the proof is to find such
a function f;.

Theorem 5.1. Let a; determine a linear recurrence. The set of zeros of this
linear recurrence form a finitely set or an arithmetic sequence.

Let us work through some examples. We consider the traditional Fibonacci
sequence a, = Qn,_1 + a,_o with initial conditions ag = 0 and a; = 1. Let S,
denote the zero set.

In this case S, = {0} because the only zero is at ag, and the recurrence
keeps increasing.

Suppose we have a linear recurrence a,, = a,—1 + 26,2 + 3a,_3 with initial
conditions ag = a1 = a9 = 1.

S, = 0 because we start out at a positive integer, and keep increasing.

Finally, what if we have a,, = a,,_2 with ap =0 and a; = 17

Se = {n € N|n = 0 (mod 2)}. This is because the sequence alternates
between 0 and 1, and only indices that are zero are n =0 (mod 2) are 0.

Proof. This proof is due to Hansel [Han86]. Notice that a linear recurrence can
be expressed as a matrix aj, = [A¥v, w] for A an n x n integer matrix and v, w
being integer vectors (here v is the initial conditions; A is the transition matrix;
and w picks out the top entry of a vector). We choose a prime p such that A is
invertible modulo p, meaning that p does not divide the determinant of A.

The group of invertible matrices (mod p) is finite, so we define m as such
for A™ =1 (mod p), which will be the period of the arithmetic progression. To
understand why we there is such a m, notice that A™ (mod p) over F,, (this is a
finite field with p elements) takes on finitely many values. Thus, by pigeonhole
principle, there exists such an m.

Let us write A™ = I + pB for some matrix B. We now construct our f;. For
i€[0,m—1]:

fi(n) = @mngs = [A™ A, w] = [(I + pB)" A'v, w].
We now expand the (I 4+ pB)™ part with the binomial expansion theorem.

filn) = /Py ()

for some polynomials P; with coefficients in the p-adic integers, which follow
from the binomial coefficients. Indeed, the binomial expansion of (I + pB)™
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contains terms involving a polynomial in n times % for natural number k (in
the binomial expansion). The number of times that p divides k is
k k ko k k
I_*J‘FI_*J‘F"'S*‘F*‘F"':*
pm P p p—1
which grows slower than k since p > 2. Thus, each of the P; can be built using
only finitely many of the terms in the binomial expansion. Note that we use the
index j because we have p™ in the binomial expansion, so we cannot use 1.
This power series makes sense as a p-adic analytic function convergent on all
of Z,. We are done, since each f; has only finitely many zeros or is identically
zero by Strassmann’s theorem.
|

6 Exponentials and Logarithmns

We have investigated the use of p-adics in Strassmann’s theorem and linear
algebra. We combined both methods to give the first proof. We now look at
exponential and logarithmnic functions in the p-adic sense to construct another
proof of the Mahler-Lech-Skolem theorem.

Our goal is to use power series to define p-adic functions that are analogous
to the trivial exponential and logarithm functions we regularly use. Take log to
mean the formal power series, not the function.

The power series for a logarithm is:

e n 2 3
= 1 1 = —]_ n+17x = — —x —x — X
o) =togte 1) = S T me = 4

Since the coefficients of the power series are rational, it is not a far leap to think
of the series as a power series in Q,, (for any prime p). We begin by finding the
radius of convergence.

Let f(z) = Y00 [ (-1)""2" s0 a, = D" Then,

n

1 VplN
n

From this we have:

Up (n)

Vian|=p~n —1
This last part follows as v,(n) is the largest m such that p™ divides n, so

vp(n) < llzi((zg Moreover, U”T(n) < ﬁfé?;), which tends to 0 as n — oc.
Hence, the radius is 1. But, we have to check whether convergence happens
on the open or closed ball of radius 1. We investigate || = 1. In this case

lanz™| = |a,| = || does not tend to 0 (in fact it is 1 when p does not divide n).

Lemma 6.1. The series

o n 2 3 4
N~ qgen e e et
f@) =3 T ma - T -
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converges for |x| <1 (and diverges otherwise).

We conclude that f(z) defines a function on the open ball B(0,1) of radius
1 and center 0. This suggests that we define the logarithm as f(z) = log(z +1).
Definition 6.2. Let Uy = B(1,1) = (x € Z,, : |z — 1| < 1) =1+ pZ,. We define
the p-adic logarithm of x € U; as

o

log, () = log(1 + (= ~ 1)) = S_(-1y+ E =1
n=1

We note that this function satisfies the simplest proposition of the logarithm.

Proposition 6.3. Suppose a,b € 1+ pZ,. Then,
log,(ab) = log,,(a) + log, (b)

Proof. This proof dives into some deeper results, which we leave the reader a
reference [Gou97, Chapter 5]. |

Curiously so, notice that if p = 2, then —1 € B, so log,(—1) makes sense. To
evaluate it, all we have to notice is that 2logy(—1) = logy(—1)? = log,(1) = 0,
so log,(—1) = 0.

Now that we have understood logarithmns, let us examine exponentials.
Classically, the series

o0
X x x
exp(x):27:1+x+?+7+”.
n=0

n 2 3
n! 6

converges for all x € R as the coefficients % tend to 0. However, in the p-adic
context, this is not true, because as # tends to 0, % becomes very large as n
gets larger. Our first business is to determine the radius, i.e. how divisible n! is

by p.
Lemma 6.4. Let p be a prime. Then
. n n
vp(n!) = — < —
o =312 <
Proof. A proof can be found in [Gou97, Chapter 5]. [ |

With these estimates, we work out the radius of convergence for the expo-
nential. This will become a key part in the latter proof.

Lemma 6.5. Let

x X
=l4a+ o+ ot
n.

n ZCQ 3
n! 21 3l

Then g(x) converges if and only if |x| < p%.
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Proof. Since

1 n_
jan| = || = p*™) < p7=T
n!
by our work in the previous part, we have
-1
p=prt

=1
Therefore, the series converges for |z| < pr=1.

On the other hand, suppose that we have |z| = pp%ll and let n = p™ be a
power of p. Thus:

m—1
m m— p
vp(nl) = vp(P™) =14 p+---+p 1=pf1
Because v,(z) = ﬁ'
™ N p—-1 1
Up(TL')_vp(pm')_p—l p—l _p—l

This does not depend on m, hence %r cannot tend to 0, and the series does not
converge. The region of convergence is a disk, which proves our lemma. |

The astute reader can see something strange about the inequality. If p # 2

and = € Z,, then the absolute value of z is either 1 (bigger than pp;—ll) or less
than or equal to ]% (which is smaller): there are no values in the middle. Thus,

if p#£2:

2| < prT = [a] <p!

= xepZ, = |z| <1,
so that the disk in the lemma is just the open disk of radius 1.

As long as we stay in Q,, things are not too troublesome. If p # 2, g(z) =
exp(z) converges for x € pZ,. If p = 2, 2;_11 = —1, so the lemma tells us that
g(z) = exp(z) converges when |z| < %, which occurs when z € 4Z,. We can

now define the p-adic exponential function.

Definition 6.6. Let D = B(O,pp%ll) =(x € Z,: |z < p%) The p-adic
exponential is the function exp, : D — Q,, defined by

exp,(r) = Z %

n=0

Notice that expp(l) is not defined, so there is no natural p-adic analogue of
e in Q,. Let us make sure that this satisfies most of the formal properties of the
classical exponential.

Proposition 6.7. If z,y € D, we have x +y € D and

exp, (x + ) = exp () exp, ().
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Proof. We essentially just manipulate power series.

o0 o0 k
€ Y
= (D> =) 55) = exp, (@) exp, ()
m=0 """ k=0
as we want. |
We dive into an interesting lemma that gives a formula for v,(n!).
Lemma 6.8. Let n be a positive integer, and let n = ag+a1p+asp® +- - -+ arp®

be its expansion in base p. Let s = ag+ a1 + - -+ ap be the sum of the digits in
the expansion. Show that

vp(nl) = o2

p—1
Proof. Notice that vp(n!) = [%]+[;z]+- - +[JF]. We consider each component.
n, G +aip+ap® +- + ap”
=L

hS]

J=a1+amp+ad®p? +-- +app™!

Notice that since ap < p, [%*] = 0. Similarly, we have

|

p | =as+agp+-- +appt?

n

%] = ax
P
If we sum everything up, we have:

vp(nl) = a1 +az(p+1) +as(P* +p+ 1)+ +a(p" ' +p" 7+
We now consider 2=2

...Jrl)
p—1°

n—s (ag+aip+---+app®) — (ao+ a1 + - + ax)

pfl_ pfl -

_ap-D+a@®-1)+a@ -+ +ap—1) _

p—1

= 2 k=1 | k-2
=ar+axp+1)+az(p* +p+1)+-+ap(® " +p" 7+

4 1)
This matches our expression for v,(n!), so we are done.
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We end this section with a proposition that shows that wrapping log,, over
exp,(z) and vice versa leaves x.

Proposition 6.9. Let x € Z,,, |z| < pp;—ll. Then we have
lexp,(z) — 1| < 1
so that exp,,(x) is in the domain of log,, and
log, (exp,(z)) = .
Conversely, if |x| < pﬁ we have
|10g, (1 + )| < p& D
so that log,(x + 1) is in the domain of exp,,, and
exp,(log,(z +1)) =z + 1.

Proof. Consult [Gou97, Chapter 5] for a proof. |

7 P-adic Interpolation

[CONa] Interpolation is the idea of finding a function given a data set. We give
the standard example of p-adic interpolation. Suppose n € Z, is any p-adic
integer, and « is an integer. Then it make sense to compute n®. Thus, we
consider the function f(a) = n®, which is well defined for « € Z.

Essentially we want to extend this function to the widest possible range of
p-adic values of . Since Z is dense in Z, (we showed this in the alternative
proof for Strassmann’s theorem).

The problem of finding such an extension is called the problem of finding
a p-adic interpolation of the function f(a) = n®. We leave the well-known
theorem in preparation for the next proposition.

Theorem 7.1. Any continuous function defined on a compact set is automati-
cally uniformly continuous and bounded

Proof. [Gou97][Chapter 5] has more information |

Suppose that f(a) can be extended to Z,, then since Z, is compact, the
extension has to be founded and uniformly continuous. Hence, so would f(«).
Curiously, these two conditions are sufficient.

Proposition 7.2. Let S be a dense subset of Z,, and let f : S — Qp be a
function. Then there exists a continuous extension f':Z, — Q, of f to Z, if
and only if f is bounded and uniformly continuous. If it exists, this extension
18 unique.
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Proof. By our discussion above, we know that the condition is necessary, and
that the extension is unique if it exists. Notice that if x € Z,, there exists a
sequence

A1,092,...0FL, ...

of elements of S which tend to x (because S is dense). If f exists, then we will
have

f(x)= lim f'(ax) = lim f(ag).
k—o0 k—o0
Note that (ay) is a Cauchy sequence, so
lim |ag+1 — ax| = 0.
k—o0
Hence, it follows that since f is uniformly continuous and bounded,

Jim [f(@n1) = flaw)] =0

so that f(ag) is indeed a Cauchy sequence. Moreover, it has a limit in Q,. We
define f’ by the condition it has to satisfy:

f'(z) = lm fe)

for any sequence (ay) converging to x. This gives the extension.
|

We know that [ exists, but we do not know anything else about it. Can it
be written as a power series? Can we extend it to a set larger than Z,?

Recall the definition of uniform continuity. We take f(a) to be a function
defined on a dense subset S of Z,,, with values in Q,. Being "close” in S implies
being congruent modulo a high power of p, and being ”close” in Q,. Hence f is
uniformly continuous if it satisfies the following condition:

a=pB (modp") = f(a)=f(B) (modp™)

for m € Z there exists an NinZ such that the above is true. Therefore, uniform
continuity has a translation in terms of congruity. We return to the exponential
a = n® for o« € Z and n € Z,, and we want to extend it to all of o € Z,.
However this depends on the n.

Let us work with the assumption that n is a 1—unit (this just means that
n € 1+ pZ,. We make use of the binomial series to get the interpolation.

Corollary 7.3. For any n € 1+ Z,, there exists a continuous function f, :
Z, — Q, such that for any o € Z we have fp(a) = n®

We outline some possible approaches. We introduce a simple piece of nota-
tion.

Definition 7.4. For any o € Z,, and any x € pZ,, we define

(14+2)*:= B(a, z)
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Proof. We can merely give f,(a) = B(a,n — 1), which converges because we
assumed n € 1+ pZ,. However checking continuity is not so easy. Note that
we want continuity in «, not m, so it is not valid to merely say that power
series are continuous functions. This is outside the scope of the paper, so we
omit the proof. Interested readers can consult [Gou97, Chapter 5] for more
discussion. |

We can also show this corollary in a more direct approach by showing that
if n € 1+pZ, then @ — n® is bounded and uniformly continuous. Boundedness
is trivial as any integer power of n will be in Z, because n is a 1-unit. Uniform
continuity is not too bad either. We notice that

(1+pk)?" =1 (mod p™+t)

so if 8 = a + ip™ we have

‘=n* (modp

’flﬁ —n®. (npm m+1)

~—

which is what we want. Thus, we know that f,, exists. Proving that f,(a) =
B(a,n — 1) requires showing continuity, as mentioned before.

We can also do this an entirely different way, making use of exponentials
and logarithmns that we just went over. We define n® = exp,(alog,(n)). This
works because there are no convergence issues to check (and gives the same
result by continuity).

The mishap is that we require |alog,(n)| < pp%ll to be able to compute the
exponential, and |n — 1| < 1 to compute the logarithm. The second condition is
already assumed as n € 1 + pZ,. We have shown that it implies |log,(n)| < 1,
soif @ € Z, and p # 2, that in Z, having more absolute value less than 1 implies
having absolute value < %. Generally, this idea does not work as well, but here
it is fine.

8 Second Proof

[vdP89l Chapter 3] We are now ready to present the second proof of the Mahler-
Lech-Skolem theorem. The general case requires a technique that we have not
talked about, which is quite complex, so we present the case of sequences defined
over the rationals. For a detailed proof in the general case, consult [vdP89]
Chapter 3]. The main idea of p-adic interpolation is altogether the same as
below.

Definition 8.1. The characteristic of a field is the smallest positive integer p
such that adding 1 p times yields 0. If no such p exists, then the field is said to
have characteristic 0.

Theorem 8.2. The set of zeros of a linear recurrence sequence over a field
of characteristic zero comprises a finite set together with a finite number of
arithmetic progressions.
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Proof. [EvdPSWO03, Chapter 2] Let L denote the splitting field of the charac-
teristic polynomial of the given linear recurrence a.

A splitting field is the smallest field extension in which the polynomial factors
completely into linear factors.

We choose a prime p with the property that all characteristic roots are units
in Q, and the prime ideal generated by p splits completely in L.

Then, for each i, af_l =1 (mod p), so the p-adic logarithms

log, (af ") =log, (1 = (1 =} ™))

are defined, and satisfy v, (log, (a _1)) > 1. We recall that the p-adic exponen-
tial exp, () converges for ¢ € C,, with v, (t) > zﬁ'

This allows us to p-adically interpolate the (p — 1) sequences (a(r + (p —
1)z)),0 < r < p— 2, yielding p-adic analytic functions

m

apr(t) = ZAi(T + (p— D)ol exp(tlogaf_l),r =0,1,2,...,p—2
i=1

converging for v, (t) > —1+ p%l, and in particular on Z,,.

Since Z is a dense subset of the compact set Z,, if any of these functions
has infinitely many integer zeros it must vanish identically. It follows by the pi-
geonhole principle that, if the original linear recurrence sequence a has infinitely
many zeros, then at least one of those p — 1 functions vanishes. In particular, it
follows that for some r, a(r+ (p — 1)x) = 0,2 =1,2,....

|

9 Open Questions

Lech proved in 1953 that the set of zeros of a linear recurrence sequence in a
field of characteristic 0 is the union of a finite set and finitely many infinite
arithmetic progressions.

In 2005, Harm Derksen proved an analog of the Mahler-Lech-Skolem theorem
in positive characteristic. Interested readers are recommended to read [Der(7].
We now present some open questions.

e Can the size of the common difference of the arithmetic progressions in
the degenerate case be estimated?

e Can the theorem be used to decided whether a given linear recurrence
sequence has infinitely many zeros?

e Can the number of zeros of a non-degenerate linear recurrence sequence
be estimated?

e Can the set of zeros be found effectively?

23



e Can the general bounds for special interesting families of linear recurrence
sequences be improved?

e For what other interesting classes of sequences does a similar result hold?

There is much to say about these questions, and most have a satisfactory partial
solution. The lone exception is the fourth question: no effective method is known
to find the set of all zeros for an arbitrary non-degenerate linear recurrence
sequence.

The simplest question is the first. For a linear recurrence sequence of order n
over an algebraic number field K with degree d over Q, the least common multiple
of the differences of the corresponding zero progressions does not exceed M (d,n)
where M (d, n) is given as following:

Theorem 9.1. Let a denote a linear recurrence sequence of order n over an
algebraic number field K of degree d over Q. Then there is a constant

M(d,n) < exp(2n(3logn)z) ifd=1
R e if d > 2

such that for some M < M (d,n) each subsequence (a(Mz + £)) is either iden-
tically zero, or is non-degenerate.

Interested readers can consult [BM76] and [Rob78] for more information.
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