GENERATING CARMICHAEL NUMBERS
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1. INTRODUCTION

I'm really excited to share with my peers an introduction to Carmichael numbers.
We will assume a basic competitive math background, so basic number theory re-
sults such as Chinese Remainder Theorem and Fermat’s Little Theorem are all that
are necessary for this paper. Many results that come from Carmichael numbers re-
quire knowledge of pretty complicated abstract algebra, and I will try and provide
information that is not derived from those things.

Recall Fermat’s little theorem, which states that for a prime p, a?~! =1 mod p
for all (a,p) =1 (ged of a and d is 1). Up until the early 20th century, many people
believed that the converse was true, although this was never proven. However, in 1885,
Viéclav Simerka [Si85] discovered the first seven composite numbers that disproved
this converse, although this discovery went unnoticed. It was Alwin Korselt [Kor99)
who first "discovered” these numbers in 1899 and later Robert Carmichael in 1910
who studied them in depth, for which these numbers are now named after him.

Definition 1.1. An integer n is Carmichael if n is composite and for all integers a
coprime to n: a® ! = 1 mod n. Alternatively, an integer n is Carmichael if n is
composite and for all integers a € Z, a™ = a mod n.

While this is the original definition of a Carmichael number, as you read this paper,
you will notice that Korselt’s criterion proves as a far more productive definition. For
the purposes of this paper, we will mostly be referencing Korselt’s criterion, which
will be the first thing proved in section 2.

Definition 1.2. Korselt’s criterion: n > 2 is Carmichael if and only if n is squarefree
and p — 1 divides n — 1 for all primes p dividing n.

We have the condition that n > 2 since n = 2 satisfies Korselt’s criterion, but is a
prime number.

Carmichael numbers have many interesting applications in cryptography. Because
of their uniqueness, they are indistinguishable from prime numbers when tested with
Fermat’s little theorem. This makes them useful in public key cryptography, most
popularly RSA algorithms. Another usage is in helping develop primality testing
algorithms, which make sure a number is prime.
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Because of their uniqueness, it was actually very hard to prove that Carmichael
numbers were infinitely extended. Up until the late 20th century, many mathemati-
cians believed it was true, but didn’t have the techniques to prove it. However, in
1994, Alford, Granville, and Pomerance |[AGP94| proved this result, by putting a
lower bound on a function C'(z), which gives the number of Carmichael numbers up
to z. They found that C(z) > 2*7. Since as x approaches infinity, so will C(z); thus,
there are infinitely many Carmichael numbers.

In this paper, I will dive into some questions and interesting topics of interest about
Carmichael numbers. One such question was on the relatedness between the number
of unknown primes and number of Carmichael numbers. Are there infinitely many
unknown primes that divide a Carmichael number given a fixed number of primes
that already do so? If we created an algorithm searching for all Carmichael numbers,
how much time would it take? These questions will be answered in this paper. To
begin, I will first begin with elementary properties of Carmichael numbers in section
2, such as Korselt’s criterion. In section 3, I will then go on to explain properties of
Carmichael numbers given fixed primes. These theorems will help us develop section
4 which is about finding and tabulating Carmichael numbers. Finally, section 5 is
dedicated to Chernick’s construction [Che39], where we can bring up generalizations
on how Chernick’s construction works and extending its properties to more prime
factors (Don’t worry we will explain what Chernick’s construction in section 2).

There is no one main result of this paper. However, there is a main section,
which is on tabulating and algorithmic generation for Carmichael numbers. This
is since section 4 builds off of all previous sections and introduces algorithms that
search for Carmichael numbers. Section 5 contains many generalizations to Chernick’s
constructions and those properties, so that is also something you may find interesting.

2. ELEMENTARY PROPERTIES OF CARMICHAEL NUMBERS

I will begin this section by proving Korselt’s criterion, and then a construction that
follows from it. I encourage the reader to work through Corollary since it will
help you understand how Korselt’s criterion is used.

Theorem 2.1. Korselt’s criterion: A composite integer n is Carmichael if and only
if n1s squarefree and for every prime factor p of n, p — 1 must also divide n — 1.

We first prove that n is squarefree, then prove that for every prime factor p that
divides n, (p —1)|(n — 1). Finally, we prove that only Carmichael numbers have such
a property. If n is squarefree and for every prime factor p|n = (p — 1)|(n — 1).

Proof. Assume that integer n is Carmichael but not squarefree. Then, n = p* * n/,
where k > 2, and (p,n’) = 1. By Chinese Remainder Theorem, there exists an a = 1
mod p, but @ # 1 mod p?. This is always true, because we can make a = p + 1. If
we use the definition of a Carmichael number, all we do now is use some modular
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arithmetic to find the contradiction:

a"'=1 modn

—1
= (1) =1 (n 1 >1n_2p+p2(- ) =1 mod p”

(n—1)p=0 mod p?
As you can see, either n = 1 mod p, but since p is a factor of n, n =0 mod p, which
is a contradiction. Therefore, if n is Carmichael, it must be squarefree.

Arbitrarily pick a prime factor p such that Carmichael n = p'+n/, since we know n is
squarefree. Choose a number a such that a =1 mod n’ and (a,n) = 1. By Fermat’s
little theorem, a?~! = 1 mod p. Since (a,n) = 1, ¢ ' =1 modn = a" ! =1
mod p. Since order p — 1 is the smallest possible number such that a?~! =1 mod p,
this implies that n — 1 is divisible by p — 1.

Let n be a composite integer that is squarefree, and for every prime p that divides
n, (p —1)|(n — 1). By Fermat’s little theorem, if we choose a such that (a,n) = 1,
then a is also coprime to every prime p, meaning this equation holds for all primes p
that divide n: a?~! =1 mod p. Since all p — 1 are factors of n — 1, a® ' =1 mod p

for all p. As a result, a"~! =1 mod n, proving that n must be Carmichael.
[ |

Corollary 2.2. (Chernick) If k is a positive integer such that (6k+1), (12k+1), (18k+
1) are all prime, then (6k + 1)(12k + 1)(18k + 1) is a Carmichael number.

Proof. The verification of this construction becomes trivial once we use Korselt’s
criterion. Let n = (6k + 1)(12k + 1)(18k + 1). By definition, n is squarefree. By the
second criteria, n — 1 must be divisible by 6k, 12k, 18k.

n — 1 = 1296k> + 396k* + 36k = 36k(36k* + 11k + 1)

Since 36k is divisible by 6k, 12k, 18k, and n — 1 is divisible by 36k, then n — 1 is
divisible by all p — 1; by Korselt’s criterion, n must be Carmichael. [

Remark 2.3. The reader may be curious as to how the numbers 6, 12, and 18 come
about, as well as if there are other numbers that work. This question also made me
curious and is the motivation behind section 5.

Remark 2.4. Chernick’s construction makes it very easy to conjecture on the infinitude
of Carmichael numbers. However, this cannot be proven right now; as the bridge
involved is the First Hardy-Littlewood conjecture. This is still unproven to this day.
Of course, this conjecture is also intimately related to the twin primes conjecture.
For more information, you can look online at the wiki.

Now we explore some basic properties of Carmichael numbers, for which as you
will see, mostly all derive from Korselt’s criterion.

Lemma 2.5. If n is Carmichael, then n is odd.
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Proof. Since n — 1 and n are coprime:
n—1"1=(-1)"1'=1 modn
Since n — 1 must be even, n is odd. [ |
Lemma 2.6. If n is Carmichael, then n has at least three prime factors.

Proof. Assume that n has two prime factors p and ¢(it cannot have one because n
is composite). By Korselt’s criterion, p # ¢ and (p — 1)|(n — 1). Without loss of
generality assume p > ¢, for which some algebra will show the rest:

n-1_pg—-1_(p-Dg+(=-1 _ a-1

p—1 p-1 p—1 1
This means (¢ —1)|(p — 1), which is impossible since ¢ < p. Thus n has at least three
prime factors. |

Lemma 2.7. If n is Carmichael, then every prime factor of n is less than \/n.

Proof. Let’s write n = Hle p; and choose and arbitrary p;. Since n =1 mod p; —
1, then p;...pp = 1 mod p; — 1. Since p; = 1 mod p; — 1, then the product

P1---PiciPiv1---Px =1 mod p; — 1. [ |

Lemma 2.8. If n is Carmichael, then n and ¢(n) are coprime, where p(n) denotes
the Fuler totient function.

Proof. n is squarefree, so we can write n = p;---pg, where k > 2. ¢(n) = (p; —
1)...(p" —1). By Korselt’s criterion, all p; — 1 divide n — 1, and since no p divide
n — 1, then ¢(n) and n must be coprime. |

Corollary 2.9. If n = pqr is Carmichael, then ¢ 21 mod p.

Proof. If n = pqr, then pgr and (p — 1)(¢ — 1)(r — 1) cannot share any prime factors
by lemmaf2.8 However, ¢—1 =0 mod p, meaning that (pgr, (p—1)(¢—1)(r—1)) <
p. [ |

Remark 2.10. This last corollary may seem trivial, but it is in fact quite useful in
generating Carmichael numbers as you will later see in Section 4.
3. PROPERTIES OF CARMICHAEL NUMBERS GIVEN FIXED PRIMES

In section 3, I will begin by stating a few lemmas that involve one unknown primes.
The theorems involve two unknown primes. The applications of these can be found
in Section 4.

Lemma 3.1. For a fized set of primes {py...pr} such that ¢ = py---px * q s
carmichael, then there are only finite primes q that make ¢ carmichael.
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Proof. By Korselt’s criterion, (¢ — 1)|(c — 1), meaning;:

cC=p1...pkq=p1...px =1 modg—1
This means that (¢ — 1)|(pip2---px — 1), giving us the inequality ¢ — 1 < P5PE,
Since p; ... pg is odd, we can further improve this bound to ¢ < ’%’“_1 + 1. Because

brope=l 41 is a constant, there can only be a finite number of primes g below this

constant. [ |

Lemma 3.2. For a given carmichael ¢ = py...pg, the product py...prq s also a
Carmichael number if and only if prime q is of the form m*lem(p; —1,... ,pr—1)+1
for some m € Z such that ¢ < % +1 (Lemma .

Proof. Let co = p1...prqgand ¢; = py ... pr. Choose an arbitrary ¢ in range 1 < i < k.
cec=ci=1 modp;—1
g=1 modp;, —1
What we have showed is that ¢ — 1 must be divisible by all p; — 1, meaning that:
g—1l=mxlem(p, —1,...,pr — 1)
g=mxlem(p; —1,....,pp — 1) +1
|
Remark 3.3. Using Lemma (3.2, we can try and find a recursive method for generating
Carmichael numbers. This lemma brings about a few interesting questions, such as
how often a Carmichael number can be generated from a given Carmichael number,
or in what conditions will ¢ be a prime number. The greater the Carmichael number

however, the harder it is to find a prime ¢ that will work, and I conjecture the number
of ¢ is most likely linear with c.

Theorem 3.4. There are finitely many pairs of primes (q,r) such that make ¢ =
p1...prqr a Carmichael number.

Theorem 3.5. Let N = H?lei be Carmichael with p1 < ps < ... < pg and let
P = H?;f pi. There are integers in range 2 < D < P < C such that:

(1)

P (_Hl))ippt D)y
? (P-1(FP+C)
~1)(P+

P="cp_pr !

P2 < (CD < P? (M>
Pa—2 +1
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Proof. To make this proof easier to understand, make ¢ = py_1 and r = pg, so
N = p1...ps_2qr. By Korselt’s criterion, ¢ — 1|Pr — 1 and r — 1|Pq — 1. Let

D=L and C = %. This gives us the inequality:

g<r—-D<P<C(C
D # 1, so our range becomes the statement’s: 2 < D < P < C. Now, we solve for ¢
by eliminating r.
Pqg—1 Pqg—-1+D
— =
: D
Cq—C+1
P

Dir—1)=Pg—1—r—1=

Clq—1)=Pr—1—-Cq—C+1=Pr—r=
Equating the two:

Pg—1+D Cq—-C+1
D N P

— P?¢q—P+DP=CDq—CD+ D

D+DP—-D—-P
q(C’D—P2):CD+DP—D—P—>q:C +

CD — P?
_CD-P*+P*+DP-D-P (P-1)(P+D) 1
1= CD— P - CD-P2
By symmetry, and using the same technique, we can solve for r, giving us:
(P-—1)(P+C)
"="©¢ep-p F
Now for the inequalities:
CD:Pq—l*Pr—l
qg—1 r—1
Pr—P Pr—1 Pr—1
r—1 = r—1 b r—1
Therefore:
CD > P?

Since pg_o + 2 < g, and we have D < P, so
(P-1)(P+D) PP+ P)

90+2<q—=pg2+1<
Pi2t2sq—>pi2tl= CD—p? CD_p?

(CD — P?)(pg_2 +1) < 2P> - CD < P? (1 + L)

Pa—2 + 1
P2 < (CD < P? (M)
Pi—2 +1
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The proof of theorem [3.4] easily follows from theorem [3.5] Since p; ... pq_s are fixed,
this implies that P is also fixed, which gives us the upper bound on C'D. This means
that there are only finitely many C' and D that satisfy this. Since ¢ and r can be
written in terms of P, C, and D, then there must only be finitely many ¢ and r as
well.

Definition 3.6. Let carmichael ¢ = pgr for prime p, ¢, such that p < ¢ < r. Define
hl, ]’LQ, h3 as:

(1) hy = 3;"__11
(2) hy = IZ__11
(3) hg = B}

Since (p — 1)|(¢r — 1) by Korselt’s criterion, then all h; are integers.
Lemma 3.7. We can restrict hs such that 2 < hg < p — 1.

Proof. By definition, ¢ < r, and since ¢ and r are odd, then ¢ < r — 1, so we can say
that

ghs < (r —1)hs =pqg — 1 < pgq.
This shows that hg < p or because hs and p are integers, we can say that hy < p—1.
Now, hg # 1 or else pg — 1 = r — 1, implying that r is composite. This contradicts
our definition, so hg # 1. This means that 2 < hg < p — 1. |

Remark 3.8. Using a similar method, we can restrict h; and hs and derive that
hi>r+landp+1<hy <r—1.

Lemma 3.9. We can rewrite q in terms of p, hs, and hy. The reason we do this is
so that we can get rid of one unknown, which is r. We can say that

=Dk
hohs — p?
Proof. Using Definition , we can write ho(q — 1) =pr — 1 and hs(r — 1) = pg — 1.
If we solve for r, then we can equate the two equations.
holg—1)+1  pg—1
p by
hsha(q — 1) + hy = p*q — p + phs
hohs(q — 1) — p°q +p* = p* — p+ phs — hs
(hohy —p*)(q —1) = (p = 1)(p + ha)
(p—1)(p+ hs)

= 1
1 hahs — p2 *

+1

Lemma 3.10. The sum Y, ,1/n is always less than In(n).
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Proof. Tt is easy to see that the average value of [n—1,n] of 1/n will always be greater
than 1/n. This is since all values [n — 1,n) of 1/n is greater than 1/n. Therefore, by
the average value formula:

1 "1 1
—/ —dn =1In(n) —In(n —1) > —
n—(mn-1)J,_1n n

. Using this fact, we can use our summation formula to put an upper bound to 1/n:

n

Z% < (In(n) =In(n—=1))+ (In(n—-1) —In(n —2)) + -+ (In2 — In 1)

n

> 2 < n(a) (1) = In(n)

Theorem 3.11. Define f3(p) to be the number of Carmichael numbers with three
prime factors with smallest prime p. Then, f3(p) < (p — 2)(In(p — 1) + 2).

Proof. For our proof, we begin by using Definition to avoid confusion. Let d =
haohs — p?, and pick an hs satisfying 2 < hy < p — 1 (Lemma . By Lemma
g =D +hy)
qg—1

Since d is a positive integer by it’s definition and p — 1 < ¢ — 1, then d < p + hs
implies d < p + hs — 1. Since d must be congruent to —p? mod hs, we can set an
upper bound on the number of possible d given this construction. Let d = a + khg,
where a = —p? mod hs. If we count the number of k& which satisfy the inequalities,
it will also equal to the number of d that also satisfy these inequalities. By these
inequalities, 1 < a + khs < p + hg — 1. Solving for k, it is bounded between the

integers:
1—a << p+hs—1—a
hs | — — hs

Thus, the number of choices of k are:
hy —1— 1-— hs —1— 1— -2
p+hs al a+1§p+3 a @ P
hs hs hs hs
If we iterate through all possible h3, we can determine the number of choices for k,
which is the same as the number of d. Using k to solve d, we can find a solution by

solving for hs, ¢, and finally r. At most, this gives us one solution. Therefore, we can
state the following(in combination with Lemma [3.10) to get:

+2
3

f3(p) < i (ph—?)Z +2) <(p—-2)(n(p—1)+2).
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4. ALGORITHMS + TABULATING CARMICHAEL NUMBERS

In this section we will overview some algorithms on generating Carmichael numbers,
and be discussing some possible alternatives and current optimal algorithms. The
first subsection will be dedicated to tabulating Carmichael numbers and then we will
discuss possible algorithms. Our Lemmas/Theorems from section 3 will prove to be
quite useful.

Let’s begin with a method of quickly calculating all Carmichael numbers below
3000, for which they are all below 3 prime factors. This table will begin by choosing
the smallest prime p for which we will choose another prime ¢. From there, we will
search for an r that will make pgr Carmichael using the following steps:

(1) Make sure you find ¢ such that ¢ # 1 mod p by Corollary 2.9 To make
this formula more useful, we can use the fact that ¢ is odd to say that ¢ #Z 1
mod 2p.

(2) Assumep < g <r

(3) Calculate pg — 1 (multiple of » — 1) and find even factors (possible r — 1)

(4) Test r using the following criteria:

(a) Find possible r — 1 through pg — 1

(b) By lemma , find possible ¢ < r < 7%_1 +1

(¢) Test whether ¢ — 1|pr — 1 and p — 1|gr — 1

(d) If these conditions are met, then pgr is Carmichael.

plal pg—1 [P=+1 r pqr

3|15 | 14=2x%x7 8 None None
311 32=2° 17 17 3% 11 %17 =561
3 [17[50=2%5° 26 None None

3 |23 68 35 None None

517 34 18 None None
5113 64 33 17 5% 13 %17 = 1105
5 |17 84 43 29 5% 17 % 29 = 2465
5119 94 48 None None
7111 76 39 None None
7113 90 46 19 and 31 | 7% 13 %19 = 1729 and 7 % 13 x 31 = 2821
717 118 60 None None
11|13 142 72 None None

Table 1. Iterating using q.
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Pretty evidently, this method is pretty inefficient, since we must do a lot of work
for little results. Additionally, as we go onto larger and larger Carmichael numbers,
they become much harder to find; as a result, this method will not suffice.

For a similar method but more efficient, we can iterate through a different variable.
To do this, we use Definition to help with our tabulation and Lemma [3.9] Define
d = hyhs — p*. If we assign a value for a prime p and iterate through hs, we can find
d using a few properties that will be proven here.

Lemma 4.1. Let d = hohs — p?, where hy and hs are defined using Definition [3.6]

Then:
(1) d<p+hs—1
(2) d = —p* mod hs
(3) dl(p = 1)(p + hs)

Proof. (1) By Lemma [3.9] we can rewrite d as

(p—1)(p+ hs)
(¢—1)
Since we know that p < ¢, then d < p + hs. Since both these values are

integers, we can say that d < p+ hs — 1.
(2) If we take the definition of d modulo hs, we get:

d:

h2h3 —p2 = —p2 mod h3.
(3) We can rewrite ¢ — 1 as:

(p—1)(p+ h3)
d

Since ¢ — 1 is an integer, then d must divide (p — 1)(p + hg).

g—1=

Using the properties discussed in Lemma [.1], we can find d quickly. Afterwards,
we can then solve for ¢ and r, respectively.
Let’s first given an example to show how the process works.

Example. Lets start with p = 3. By Lemma 3.7} hs is bounded by 2 < h3 < 2, which
means that hy = 2. From here, we can find that d < 4, d|10, and d = 1 mod hs.
This makes d = 1. By Lemma 3.9, we can solve for ¢ = 11. Finally, using Definition
of hs = ’;?T_ll, we can solve r to get r = 17.

Remark 4.2. As you may have noticed, there can be multiple solutions to d for a
certain hs. The upper bound for this is defined as ph;32 + 2, for which this is proved
in Theorem [B3.11]
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plhs|—p* modhs|(p—1)(p+hs)|p+hs—1]d]| q | r
31| 2 1 mod 2 2x5=10 4 1111 17
51 2 1 mod 2 4x7 =28 6 1129 73
5] 3 2 mod 3 4%8 =232 7 2117 29
5| 4 3 mod 4 4%9 =236 8 3113 17
712 1 mod 2 6%x9=>54 8 1155
712 1 mod 2 6%9 =054 8 3119 67
713 2 mod 3 6 x 10 = 60 9 2(31] 73
713 2 mod 3 6 x 10 = 60 9 5113 31
7| 4 3 mod 4 611 = 66 10 3123 41
715 1 mod 5 6x12="72 11 11731103
715 1 mod5 6x12="72 11 613] 19
716 5 mod 6 6x13 =78 12

Table 2. Iterating using hsg.

As you may have noticed, this method has a success rate that is much higher than
of our previous method. Not only does it produce more Carmichael numbers, it is
able to produce all Carmichael numbers with three prime factors for a certain prime
p. This is great for Carmichael numbers with three prime factors, but what happens
when we reach Carmichael numbers with four, five, or more prime factors? This
segues nicely into how algorithms search for Carmichael numbers. In particular, we
describe the algorithm Pinch [Pin93] uses to find all Carmichael numbers up to 10'°.

Before we discuss Pinch’s algorithm, we must start by defining some terms and
prove a few lemmas, as they will be quite important to understanding the process by
which we will find Carmichael numbers.

Lemma 4.3. Let N = Hle p; be a Carmichael number less than some number X.
(1) Letr < d and P = [[,_, p;. Then, pr41 < (Z)V¢"
(2) Put P =] pi and L =lem{py —1,...,ps1 —1}. Then, Pps=1 mod L
and pg — 1|P — 1.
(3) Each p; satisfies p; < VN < VX.

Proof. (1) Because pyy1 < pria < ... < pg, then (p) 0V < p o opy =
N/P. Since N/P < X/P, we can say that (p,41)*" < X/P. Thus, p,41 <
(%)1/d—r.

(2) Ppg = N, and so since N =1 modp;, — 1 for all 1 < i < d, then N =1
mod L.
(3) This is simply satisfied by Lemma [2.7]
[

Lemma 4.4. Let P =[]} p;. Then
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(1) Pa-1 < 2P?
(2) pa < P?

Proof. This proof relies on all the facts from Lemma [3.4] for which they are stated
below:

(1)

(P—-1)(P+ D)
CD—P?

Since by definition D < P and CD — P? > 1, we can say:

+1

Pd-1 =

(P—-1)(P+ D) (P—-1)(P+P) 5 5
= 1 1=2P"—2P+1< 2P
Pd—1 CD — P2 +1< 1 + +1<
pa-1 < 2P?
(2)
_(P-1)(P+C)
Pa="—ep_pz Tt}
(3)
CD<p2(M)
Pa—2 + 1

We use the fact that D > 2 by definition and py_o > 3 since 3 is the least
prime number.

3+3 3p?
C*2<C*D<P2i:—
3+1 2

3 P2

C < —

4

This inequality will help us use our second fact from Lemma [3.4] since we can
substitute it in.
P—-1)(P+C P —1)(P+3P?/4
( P+0) ¢ )(P+3P%/4)

1
CD — P2 1 +

Pa =

3P3/A+ P*—3P?/A— P+ 1=3P*/4+ P?/A— P+ 1<3P*/4+ P?/4
pa < 3P*/4+ P?/4 < P?
|

Remark 4.5. Pinch’s algorithm was used to compute all 105,212 Carmichael numbers
below 10,
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Now, we will explain the methodology of Pinch’s algorithm. Pinch first produced
lists of primes up to p1,...,ps_2 up to a certain number X, using the first statement
in Lemma [4.3] Once here, Pinch described two different ways of finding the last two
primes.

Let P = Hf:_f . If P is small enough, then we can use Lemma , looping through
all D and C such that CD are within the third statement of Lemma 3.4l For each
pair (C, D), they test whether p;_; and py are prime by the first two statements of
Lemma . Finally, test whether Hle p; is Carmichael using Korselt’s Criterion.

Let’s say that P is large, and then we loop over all values p,;_; using the statements
from Lemmas and 4.4 Once we find p,_;, we can use the second statement from
Lemma [£.3] to find p, that satisfy Pp; =1 mod L and use bounds from Lemmas
and [£.4]

To verify that this process actually works, Pinch used a sieving method to verify
that the list of Carmichael numbers. First, he would precompute the list of prime p
up to a certain number v X. Because by Lemma mTa prime will be less than the
square root of a Carmichael number, which means that we are finding Carmichael
numbers up to a number X.

This sieving method involves forming a table of entries for the integers up to X;
for each p in the list of primes, and finding possible values of N by making N = 0
mod p and N =1 mod p— 1, or in other words, N = p mod p(p—1). Additionally,
the use of the fact that N > p? and the square-freeness of N is also applied. This
helps eliminate many candidates and N is Carmichael if all prime factors of N can
be found within the precomputed list of primes. This helps us generate an inequality
on the boundedness of this sieving technique.

X X
Y2 L?(p—l)J SXJFI;/JD(Z?—U - oW

p<Y

Theorem 4.6. Testing the condition 2~ =1 mod N for all N up to X would take
time O(X (log X)?).

Proof. To begin, we first would like to determine the time at which 2V~! =1 mod N
is computed for a single number N.

To compute 2V~1, we use the square and multiply algorithm, which is efficient
for very large exponents. Therefore, this is performed at a rate of log,(N — 1) =~
O(log N). Since each N has log, N bits, multiplication/squaring is performed at a
rate of O((log N)?). As a result, the total time to compute for a single number N
would be O((log N)?).

Now, the total time is simply the sum of the time for each test. In other words,

T(X) =) O((logN)*)
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Now, we can approximate this sum using an integral.

T(m)%/Q (logt)3dt

This integral can be solved using integration by parts, for which we will can then
evaulate.

/X(log t)*dt = X ((log X)*—3(log X )?*46(log X )—6)+2((log 2)*—3(log 2)*+6(log 2)—6)

~ X (log X)?
This gives us time O(X (log X)3?). [

Remark 4.7. The reason for the proof of theorem is to show the inefficiency of
bashing the numbers out and how we can improve the search of finding Carmichael
numbers through different techniques.

5. ON THE MATTER OF CHERNICK’S CONSTRUCTION

5.1. Three prime factors. First, we will review Chernick’s construction(Corollary
[2.2] which states that for all integers k such that 6k + 1,12k + 1,18k + 1 are prime,
then the product (6k+1)(12k+1)(18k+1) is Carmichael. Now consider the numbers,
6,12,18. How do they come about? If we reduce these ratios, you will notice that
we get original ratios of (1 : 2 : 3). Indeed, you may also notice that (6,12,18) =
lem(1,2,3)%(1,2,3). From now on, we will treat a construction by it’s original ratios.
This will help us further develop a method for solving such constructions.

Ezample. The construction for a triple like (1, 3,5) is (15k + 13)(45k + 37)(75k + 61).
This can be proved using Korselt’s Criterion. You may notice that we can also rewrite
this similar to Chernick’s construction by rewriting the expression into ((15k + 12) +
1)(3(15k + 12) 4+ 1)(5(15k + 12) + 1). Rewriting in this form also makes validating
using Korselt’s Criterion much easier. This is the motivation for a definition.

Definition 5.1. Call the set A = {ai,a2,a3} a Chernick triple if the product
[T_, ai(Lk + ) + 1 produces a Carmichael number for all prime (a;(Lk + 7) 4 1),
where L = ged(ai L, asL, azl) and r is some number that creates a construction.

Remark 5.2. The reason for this strange arrangement is so that aq, as, az together are
coprime.

Lemma 5.3. Given Definition [5.1], lem(aq, as, az)|L.

Proof. Begin by using Korselt’s criterion for a certain prime (a;(Lk+71)+1). Without
loss of generality, let a; = a;. In other words, I can write:

(ay(Lk +1r)+ 1)(aa(Lk +7)+ 1)(as(Lk+7)+1) —1=0 mod ai(Lk+r)
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Expanding this form, I get:
(Lk+7)%(a1a0a3)+(Lk+r)?(ayay+ayas+asas)+(Lk+r)(a1+as+as) =0 mod ai(Lk+7)
Now, I can divide out by Lk + r.
(Lk +7)*(araa3) + (Lk +1r)(a1as + ajas + asas) +a; +az + a3 =0 mod a;
Now reduce modulo a;.
(Lk + r)asas +as + a3 =0 mod a;

Since k is the only variable and the rest are constants, then (Lk + 7)asas + as + as
mod a; depends on k. Since k can take on different values modulo mod a;. As a
result, to make this expression not depend on k£, L = 0 mod a;. Since we did not
assume anything about a;, we can say that L =0 mod a;, when we iterate i between
1 and 3. As a result, the smallest number that can be created will be lem(aq, as, as),
which means that lem(aq, ag, as)|L. |

Lemma 5.4. Given Definition |5.1|, aq, as, az are relatively prime in pairs.

Proof. We will prove this statement by contradiction. Assume that as = 0 mod a,
and az # 0 mod a; without loss of generality. If we expand the construction form
and consider Korselt’s Criterion modulo aq:

(ar(Lk +17)+ 1)(aa(Lk + 1)+ 1)(as(Lk+7)+1) —1=0 mod ai(Lk +r)

(Lk + r)*(araa3) + (Lk +r)(a1as + ajas + asas) +a; +ay + a3 =0 mod a;
(Lk + r)asaz +az +a3 =0 mod a;
Since a1 |L or in other words, L =0 mod as:
rasas + as +a3 =0 mod a

As you can see, if a5 and aq share a factor, then so must asz, because if a number has a
certain prime factor, adding a number with that factor to a number that doesn’t have
that factor will result in a number that doesn’t have that prime factor, in which this
contradicts our assumption. Since as, a3 cannot both share prime factors with a; or
else it will contradict Definition |5.1, a1, as, az must be relatively prime in pairs. B

Remark 5.5. You may notice that by Lemma , ajasaz = lem(aq, as, az). We can
assume for the purposes of this paper L = lem(ay,as,a3) = ajazas, and this will
consider cases where L # ajasas. The reason this is useful is because the smaller L,
the more solutions to a construction there is. To prove that L doesn’t matter, first
let L = ¢x M, where M = ajasaz. Consider Korselt’s criterion for a;. You will notice
that ¢ is canceled out and is trivial since M =0 mod a;.

Lemma 5.6. r(ajas + asas + aga;) = —(a; + as + az) mod ajazas.
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Proof. If we use Korselt’s criterion on a; without loss of generality, then we can say
that:

(a1 (Lk + 1)+ 1)(ax(Lk + 1)+ 1)(as(Lk+7r)+1) —=1=0 mod a;(Lk + 7).
ayasas(Lk + 1) + (ajag + agas + asay)(Lk +7) + a1 +ay +a3 =0 mod a,
By Lemma
r(ajas + asas + agar) + a1 + as + a3 =0 mod a;.
By Chinese Remainder Theorem, there is a unique solution » mod ajasas such that:
r(ajas + asas + azay) + a1 +az +az3 =0 mod ajasas.
[

Corollary 5.7. There are infinitely many different Chernick triples for constructions
for three prime factors taken modulo ajasas.

Since there are infinitely many primes, then there are infinitely many triples of
prime numbers, for which there is always a unique solution. Now, we will give an
example solve for a random construction.

Ezample. Consider the triple (1,3,5). We first let L = 1x3%5 and now use the fact that
r(3+5+4+15) = —-1—-3—5 mod 15 to solve for r. In other words, 8 = —9 mod 15.
The multiplicative inverse of 8 modulo 15 is 2, so by multiplying by 2, we get that
r=—18 =12 mod 15. As aresult, our construction is (15k+13)(45k+37)(75k+61).

A table of constructions for (1,2, ), where x can be any odd number by Lemma

Modular equation for r | » mod ajasas Construction

5r = —6 mod 6 r=0 mod 6 (6k +1)(12k + 1)(18k + 1)

9 =—-10 mod 14 |r =12 mod 14 | (14k + 13)(28k + 25)(98k + 85)

(1,2,x)
(1,2,3)
(1,2,5) | 7r= -8 mod10 | r=6 mod 10 | (10k + 7)(20k + 13)(50k + 31)
(1,2.7)
(1,2,9)

1Ir=—12 mod 18 |r =12 mod 18| (18k + 13)(36k + 25)(162 + 109)

13r=—14 mod 22 | r=4 mod 22 | (22k + 5)(44k + 9)(242k + 45)

1)
3)| 15r=-16 mod 26 |r =18 mod 26 | (26k + 19)(52k + 37)(338k + 235)
Y| 177 = —18 mod 30 | r =6 mod 30 | (30k + 7)(60k + 13)(450k + 91)

5.2. Generalization to more prime factors. This section will carry on the same
techniques but generalizing towards more prime factors.

Definition 5.8. (Generalization of Definition p.1))Call a set B = {a, ..., a,} a Cher-
nick tuple if [, a;(Lk + r) + 1 always produces a Carmichael number for prime
a;(Lk +r) + 1, where L = ged(ai L, . . ., a,L).

Lemma 5.9. (Generalization of Lemmal5.5) Given Definition[5.8, lem(ay, . . ., a,)|L.
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Proof. Look at Korselt’s criterion for a;. Since k can take on different values modulo
a;, L must equal 0 mod a; or else the product [[;_, a;(Lk + r) + 1 will take on
different values modulo a;. This, of course, cannot happen since it must be 1 mod a;
by Korselt’s criterion. [ |

Lemma 5.10. (Generalization of Lemmal[5.4]) By Definition[5.8, set B = {a, ..., a,}
are relatively prime in all subsets of length n — 1.

Proof. We will assume that without loss of generality that only the set {ay,...,a,-1}
shares a certain prime factor and apply Korselt’s criterion for a;, for which the ex-
pression will look something like this:

(Lk+r)"Yay - an_1+--+ag---ay)+ - ~+(Lk+r)(ar+- - ~+a,) =0 mod ay(Lk+r)

(Lk+7r)" a1 -apq1+---+ag--ap)+-+ (a1 +---+a,) =0 mod a,
Since a; + - - - + a, is relatively prime to a;, and all other products share this prime
factor(since a,, is always multiplied with a number with this prime factor), then the
sum will always produce a relatively prime number. This is the inherit contradiction,
and since we assumed nothing about the set {ay,...,a, 1}, then all subsets of length
n — 1 are relatively prime. [ |

Lemma 5.11. (Generalization of Lemma@) Let Sy, be the kth elementary symmet-
ric sum for the set {ay ...a,}. Then the following congruence can be made:

n—1
Zrl_l*si =0 moday---a,
i=1
Proof. By Korselt’s Criterion, we can rewrite our product using .S. Choose a; without

loss of Generality.
n

Z(Lk: +7)'%S; =0 mod a;(Lk+7)
i=1
Divide out Lk + r and use the fact that L =0 mod a

Zri_lSi =0 moda
i=1
Since S,, =0 mod ay:

n—1
E r 1S, = mod a4
i=1

Since this is true for all a;, then we can say that
n—1

Zr"’l*S@-EO mod aj - - - ay,.

i=1
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Remark 5.12. Using this generalized formula found in Lemma [5.11] makes the solve
pretty tedious. Looking at n = 4, we already have the following ridiculously long
equation:

2
r*(aiasaz + ayasaq + ayazay + asazay) + r(aras + ajaz + ajag + asaz + asay + azay)

= —(a; + as + az +a4) mod ajasazay

As of my knowledge, the best method for generally solving these equations is to simply
brute force them by trying all the possibilities.

(1)

6. FURTHER QUESTIONS

Further bounds on unknown primes: You have seen in section 3 has
bounds for the number of unknown primes and the largest possible value.
However, many of these bounds can be further restricted since proving only
finitely many unknowns gives lots of leeway for proofs that are very simple
and simply inefficient. Hopefully, there will be more research done into this
and you will be able to find better and more advanced ways to restrict these
unknowns.

Properties for more unknown primes: We've already proven that there
are finitely many Carmichael numbers given one and two unknown primes;
however, it’s possible that once there are three unknown primes, there are
infinitely many, even given a fixed number of primes. There are infinitely
Carmichael numbers with three prime factors, which has been proved by
Thomas Wright [Wri24]; therefore, if there are no fixed primes, then there
are infinitely many Carmichael numbers. I conjecture that with three un-
known prime factors there are infinite many Carmichael numbers. We used
quite elementary algebra for our cases for one and two unknown primes and
I predict that if we are to make any progress for three and more unknown
primes, different tools will be necessary.

Generalized Constructions There are still many questions we can make
about constructions with more than 3 prime factors. Is there always a solution
to a construction given a; .. . a, that satisfy Lemma[5.10P Are there more than
one? Are there still infinitely many constructions? Or finitely many?
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