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Abstract

We introduce the Basel Problem, a key problem that has consequences in mathe-
matical analysis and number theory, and present we Bernoulli’s work and two of Euler’s
proofs to the problem. Then, we present corollaries and consequences to Euler’s proof
such as the Wallis product and the Riemann zeta function. We then conclude with a
few equations and theorems relevant to analytic number theory such as Euler’s product

and the divergence of the reciprocal of primes.

1 Introduction

The Basel Problem was first introduced by Italian mathematician Pietro Mengoli in 1644.

The problem asked to find the numerical value of [10]

11 1 =1
1+§+§+E+'”: lﬁ.

In 1655, Wallis estimated the solution to three decimal places. Around thirty years later, in

1689, Jakob Bernoulli proved that the infinite sum must be less than two. In 1721, Daniel

and Johann Bernoulli proposed that the sum is around %. Around the same time, Goldbach

estimated that the sum was between z and 2 [7].

Although Leibniz and Wallis were unable to provide solutions to the Basel problem, they
made important observations, which can be seen in FEuler’s proof. Wallis’s product formula
for m which will be explored later in the paper, and Leibniz’s proof that y >~ % =73
based on the properties of trigonometric power series provided important connections on
the behavior of power series, infinite sums and products, and 7. Despite this progress, the
problem continued to stump mathematicians until 1734, when Euler first solved the problem,

using the properties of the power series of the sine function and techniques of calculus. Euler



would continue to provide proof of the Basel problem, with one proposed in 1745 and another
proposed in 1755 [7].

In this paper, we will briefly start with Bernoulli’s approximation of the Basel problem.
Then, we will explore Euler’s solutions to the Basel problem. After these solutions, we will
present a result to the problem, which is the Wallis product and the Riemann Zeta Function.
We then conclude with a few equations and theorems relevant to analytic number theory

such as the Euler’s product and the divergence of the reciprocal of primes.

2 Bernoulli’s Approximation

A key observation to the upper limit of the Basel problem was made by Bernoulli who
showed that the sum must be less than or equal to two [7]. This observation was found
through the inequality that

n(n+1) < 2n*

From this inequality, Bernoulli showed that
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Although this approximation may seem simple, Bernoulli’s estimation provided a valuable

upper limit to the Basel problem.

3 Euler’s First Proof

In order to solve the Basel problem, Euler made the astute observation that one can
compare the coefficients of the Maclaurin series for sinx to the coefficients of a polynomial
in which the polynomial is constructed using the zeroes of sinz. From this observation,
Euler understood that the coefficients of the polynomial and the Maclaurin series for sin x
must be the same for terms with the same power of x.

The Macularin series for sin(x) is as follows |16]
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Euler understood that any finite polynomial could be written as the product of its linear
factors determined by its roots. This observation is similar to the implications from the

Fundamental Theorem of Algebra.

Theorem (Fundamental Theorem of Algebra). If P(x) is a non-constant polynomial with

complex coefficients, then P(x) has at least one complex root. [12]

Remark 1. This Fundamental Theorem of Algebra also implies that any polynomial of degree

n with complez coefficients has n complex roots, with multiplicity included. [12]

Euler then used this observation to claim that the same can be said for an infinite
polynomial. That is, Euler claimed that one can also write an infinite degree polynomial as
a product of linear factors determined by its roots. However, this observation is not true
for all polynomials. Therefore, using this observation and understanding that the roots of

sin(x) are mn,n € Z. Therefore we can write the polynomial based on the roots of sin(x) as
P(x)=Iz(z —7m)(z + m)(x — 2m)(z + 27)(x — 37) (2 + 37)(x — 4m)(x + 4n) . ..
In order to find the leading coefficients, I, Euler noticed that [5]

sin x
= 1.

lim
z—0

Therefore, substituting P(z) into the limit, we see that

1 — lim Ix(z —m)(x + m)(x — 2m)(x + 27) (z — 3m)(x + 37) .. 3




Therefore,
l=I(z—m)(1+m)(x—2m)(x+2m)(z —37)(x + 37)....

Thus,
1

(x —2m)(z + 2m)(x — 3m)(z + 37) . ..

We then substitute zero for x to get

I =

1
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Therefore,

(x — 27)(95 +27)(z — 3m)(x + 3m) ...
27m)(x + 27)(x — 3m)(z + 37) ...
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Therefore, Euler showed out that the polynomial equivalent to sinx is

sinx = x!_[l (1- (n7r)2)

sin x

Therefore, is equivalent to

In order to solve the Basel Problem, we need to compare the coefficients of the z? terms of

the polynomial equivalent % to the coefficient of the 22 terms for the Maclaurin series of



sin x
T )

sinz. For the coefficients of the 22 terms of the polynomial equivalen we see that
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Moreover, we know that the coefficient of the 2% terms of the Maclaurin series for sinz is

%1. Therefore,
o
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Therefore, by doing a simple manipulation, we see that
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which shows us how Euler found the precise sum to the Basel problem.

4 Euler’s Proof Based on L’Hopital’s Rule and Euler’s

Formula

In this proof, Euler used the techniques of calculus such as L’Hopital’s rule and differen-
tiation, along with an astute change of variables and again writing sinx as a product of its
linear factors determined by its roots to solve this problem.

We know that the sinz can be expressed through this polynomial:

sinz = x(1 — ;)(1 + ;)(1 — %)(1 + %) .

If we substitute x = nt into the above equation, we get

sin(rt) = (1 — £)(1 + t)(ﬁ)(¥

5 ). ..

Combining like terms, we get

4—1t2 9 —¢2

sin(nt) = wt(1 — t)( 1 ) 9

). ..

Then, taking the natural logarithm of both sides and using the properties of the natural



logarithm gives us

In(sin(t)) = In(7) + In(¢) + In(1 — t*) + In(4 — ¢*) — In(4) + . ..

We then differentiate with respect to ¢ and get

meos(mt) 1 2t 2t

Tt 12 44—

sin(mt)
. We then subtract % on both sides and multiply both sides by ;—tl to obtain
1 1 1 mcos(nt)

1
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We then substitute ¢ = —ix to get

1 N 1 N 1 _ mcos(—imr) 1
T+a2 4422 9422 7 2rsin(—irx) 222

Then, we use Euler’s formula which states that for any = and for i = /—1 [6],

e =cosx +isinx

to derive the following identities 6]
eim + e—im
cosx = ——
2
ei:r; - e—ix
sing = ———
2

From Euler’s formula, we then know
(e +e™)  i(e®™ +1)
(eiy _ e—iy) - ey _ 1

cos(y) _ %
sin(y) %



We then substitute y = —imx into the above equation to get

meos(—imz)  w i(e*™ +1)

Qizsin(—imz) 2ir  e¥ — 1
T (2™ —1)+2

2x e2mr — ]
T T

2z * x(e?™ — 1)

We then substitute 57 + S5 for QZ:SISH((__ZZT:Q) into our original equation to get

1 1 1 -1 mcos(imx)
+ + tom et
1+22 4422 9+ a2 222 2ixsin(—inz)
T —1 U
22 z(e?m™ — 1)

Tre?™ — 2™ 4o+ 1
2u2e2mr — Qq2

We then take the limit as x approaches zero to both sides. On the left hand side, we will
apply Tannery’s Theorem as we then take the limit as x approaches zero. We will also apply

Tannery’s Theorem to the left hand sides.

Theorem (Tannery’s Theorem). Let S, = > ;- ,ax(n), and assume that lim,, . ax(n) = by.
If lag(n)| < My and Y_p2 o My, < 0o, then limy,_ooSn = Y peg b [19].

Applying Tannery’s Theorem to the left hand side gives us

After taking the limit as x approaches zero to both sides, we are then given the indeterminate

0

form 0

on the right hand side. Seeing this, we can now use L’Hopital’s Rule.

Theorem (L’Hopital’s Rule: % Case). Assume f and g are continuous functions which are
defined on an interval containing c. Also, assume that f and g are differentiable on this

interval, with the exception of point c. Then, if f(¢) =0 and g(c) =0, then

)
Mg

implies @
IO
ilgfls g(x) L
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(1)

We apply L'Hopital’s Rule’s numerous times and simplify

oo
1 . wre?™ — 2™ 4 o 41
E — = lim ( )
- n2 250 2p2e27T _ 92
n=

— lim T — 71.627r90 + 271'2 2mx

= lim

z—0 “4ge2m® +47Tx262” 4z
3. 2

(
( woxre
(

e27r:c + 47Tx627r33 + 271' $2627m _ 1)
2(2rx + 1) )
472 x2 + 121z + 6

1 2
P

n=1

5 Consequences of Euler’s Proof of the Basel Problem

5.1 The Wallis Product

The Wallis Product was first discovered by English mathematician John Wallis in 1655.
The Wallis Product [9] is

Although the Wallis product was discovered before Euler’s first proof to the Basel problem,

Euler’s polynomial for sinx also yields us the Wallis product when we substitute x = 7.
We will also explore the more modern and common proof to the Wallis product, and an
alternative form of the Wallis product. The original proof begins with an application of the

integration by parts formula.

Theorem (Integration by Parts). Let u and v be differentiable functions of x on an interval
I containing a and b. Then fab u(z)v'(z) dr = u(b)v(b) — u(a)v(a) — fab ' (x)v(x)de. (1

We first let I,, = fog sin” z dz and understand that sin” z = sin” ' x - sinz. We then let



let u(z) = sin" () and v(x) = — cos(r) and apply integration by parts. This results in

[(n):/ sin” x dx
0

= —sin" 'z cosx

z 3
’ —/ (—cosz)(n — 1)sin" % x cos x dw
0 0

LI 2
:O—l—(n—l)/ cos” xsin" " xdx
0
: 2 2
:(n—l)/ (1 —sin®z)sin" “xdx
0

= (n—l)/2 Sinnzxdx—(n—l)/Qsin"xda:
0

=n—-1In-2)—(n—-1)I(n)
n—1

= I(n—2).

From this, then we know that
I(n) n—1

Im—2) n

Then we make two substitutions that will be relevant in future steps.

2n — 1
1(2n) = I(2n —2
(2m) = 22 L0~ 2)
I(2n+1) = I(2n —1).
@n+1) =g —71Cn-1)

We also substitute n = 0,1 into /(n) to get

VB

d = ‘ = —
x xo 5

(ME]

Wl

sinzdr = (— cosa:)‘ =1
0



We then separate the cases and calculate 1(2n) and I(2n + 1).

2n — 1
I(2n) = I(2n — 2
(2n) o (2n —2)
2n—1 2n —
_anm S
2n 2n — 2
2n—1 2n — 2n — 1
_2n—-1 2n-3 2n 5.,__.§.§._.[(0)
2n 2n—2 2n—4 6 4 2
_7rn2k:—1
2 2k
k=1
2n
1(2 1) = I(2n —1
(2n+1) 2n+1(n )
2n 2n — 2
— . I(2n —3
o1 an 2 23
2 2n—2 2n—4 6 4 2
__cn a—e sn—2 o bR 2101
2n+1 2n—1 2n—3 7 5 3

B ﬁ 2k
Pl 2k +1
By properties of the sin x function, we see that

0<sin"zr<sin"zr<lfor0<z<

N[N

Therefore,

0 < sin? 2 < sin?* z < sin?" z.
Therefore, we know that

2n+2 2n+1

0 < sin z < sin x < sin?x.

Therefore,
0 < Iopg1 < Iop < Ippy.
From the recurrence relation, we have that

[2n71 _277/+1
Lp+1 2n

We then divide 0 < [2n+1 < [211 < [27171 by 12n+1

Lo dw 21 241
= T~ 2n+1 on

10



Then, we use the squeeze theorem.

Theorem (Squeeze Theorem). Assume that g(x) < f(x) < h(zx) for all x close to ¢ but not
equal to c. If lim, ,.g(x) = L = lim, . h(x), then lim,_,. f(z) = L (1.

Therefore,

From this, we know that

Ly  myr,2k—1 2k+1
_2H( 2k 2k

Therefore, we have derived the Wallis product as

it 2k 2 2 4 4 6 6
=11

k:12k:—1 iR IR

Since we have finished the original proof to the Wallis product, we can explore how the
Wallis product can be derived from Euler’s proof to the Basel problem.

We start with the polynomial for sin x.

o)
sinx = xH(l —
n=1

We then solve for a common denominator and substitute z =

ol

n?m? — 12
sin —xH
Con2m?

2
n?m? — )
s1n—:—H )
n27r2

We then factor out and cancel 72:

202
nel mTen
00 ng_l
1== (( 4)).
2n:1 n?

11



We then solve for a common denominator and simplify

00 4p2-—1

=5 115

n=1
[eS)

n=1

We then multiply both sides by 7 and take the reciprocal of each side:

2 o, 4n?—1

;_H( 4n? )
n=1

T oy, 4n?

§:H(4n2—1)'

n=1

We then are factor the numerator and denominator:

T T (2n)(2n)
3-1l ((2n—i— 1)(2n — 1))‘

n=1

Therefore, we are finished as

T (2n)(2n) 2 2 4 46 6
52}1((271“)(271—1))21'5'5'5'5'?'”

which is the Wallis Product. We will now show and derive the alternative form of the Wallis
Product which is

22 (nl)?
V= nh—>nc}o (2n!)\/n.

We will first state some simple formulas. First, the nth product of even numbers:
(2)-(4)-(6)-(8)-...-(2n)-...=2"nl

Second, the nth product of odd numbers:

(2n +1)!

(1) (3) (D)) @n+1)-. = L

12



Using the Wallis product formula, we see that

T = (2n)?
§:Jl@n—D@n+D
= lim ( 2”(n!)2 )
n—o0 (HZ:1(2k - 1))(HZ:1(2k + 1))

Substituting the above formulas for the nth product of odd numbers and even numbers,

we see that

27 (n)*(2"nt)(2"nl(2n + 1)
i ((2n+1)1)*

N2, 2n

) (2n(2n+ 1))'

Therefore,

22n(nl)? , 1 ‘ 2n
= —_— llm )
n—o0 (Qn)! n n—oo 2n + 1

Therefore

which is the alternative form of the Wallis product.

5.2 The Zeta Function

The Zeta Function is an extremely important topic of analytic number theory, and it’s
consequences are still extremely important today such as it’s relation to the prime number

theorem and the Riemann hypothesis.

Definition (Zeta Function). We define the Riemann zeta function to be [14)]

for all s € C with Re(s) > 1.

13



5.3 Euler’s Product

The zeta function was first discovered by Euler around the same time in which Euler
solved the Basel problem. Euler also described the zeta function in terms of an infinite prod-
uct termed as Euler’s product. Euler’s product also played a pivotal role in Riemann’s own

work, and is said to be an important idea in the eventual proof of the Riemann hypothesis.
Definition (Euler product). We define Euler’s product as [8]

1 1
C(S):ZE: H 1_p*3'

n=1 pprime

We will now proof Euler’s product in a method similar to Euler’s original proof.

We first see that when we multiply ((s) by 2%, we have

1 1 1 1 1
— =14+ —F+—F—+—+...
2S(C<S) +23+3s+4s+5s+ )
15() 1+1+1+1+1
JR— S) = — JR— JR— —_

28 25 45 65 8 10

+ ...

We then subtract the second equation from the original zeta function equation:

1 1 1 1 1 1 1
(1= =)(s) =1+ +—+—+—+

28 35 5 75 95 118 + 133 e
We then multiply the entire former equation by the next prime:
1 1 1 1 1 1 1 1
—(1——= =—4+1—-+4 +...
U= =5 g T 5 T on Yo Taw

We then subtract the former equation from the original zeta function equation:

1 1 1 1 1 1 1
1 =) (1— —)(s) =14 — + — + —
A=A -l =1t sttt T T i

+ ...

We then repeat this process an infinite amount of times for ;% where p is prime:

1 1 1 1 1
(1= ) (1 - =) (1 - (1= 2)C(s) =1

(1—

We then write this as

which is Euler’s product.

14



5.4 The Sum of the Reciprocal of Primes is Divergent

Theorem (The Sum of Reciprocal of Primes is Divergent). The sum of the reciprocal of all

prime numbers diverges which can be represented as [11)

EDIEELS

We will use Euler’s product to prove this theorem. However, before we begin, we will
restate a few useful expressions.
First, that

=1 1
D

for z > 1.

Secondly, the taylor expansion of Inx is

= 1
In i
1— x—l ; ka*
for x > 1. Third, the prime factorization theorem.

Theorem (Prime Factorization Theorem). Let k be a positive integer. Then there exists

prime numbers py,pa, Ps, ..., pn and integers iy, iz, is, ..., i, such that k = p'p2 ... pir.

In order to prove this theorem, we will compare the harmonic series to the sum of the
reciprocal of prime numbers. To compare the harmonic series to the sum of the reciprocal of

prime numbers, we will create an upper bound on the partial sums of the harmonic series.

1

11> We

To begin, by the prime factorization theorem and the formula )~ zik =

find [2]

15



Therefore, understanding that In is increasing, we have

1 1
In — <In —
;k gl_pkl
“ 1
SN
P
n o0 1
_,;;jpi

k=1

Since the harmonic series is divergent which means that left hand side will also be divergent,

then
"1
lim — = 00.

Therefore, using Euler’s product and a few other mathematical expressions, we have showed

that the sum of the reciprocal of primes diverges.

5.5 Euler’s derivation of the formula for ((2n)

Another consequence of Euler’s initial solution to the Basel Problem was his continued
work on the zeta function, namely that ((4) = % and that ((6) = 9% using similar techniques
to his original proof of ((2) = %2 [13], which eventually lead Euler to derive the general

formula for ¢(2n).
Theorem (Formula for ((2n)). The general formula for {(2n) is given by [4)

¢(@2n) = %(—m”“%(zw)%.

16



The symbol By, are Bernoulli numbers which are relevant in number theory and analysis,

and which were also discovered by Euler when he derived the formula for {(2n).

Definition (Bernoulli numbers). Bernoulli numbers can be defined as the coefficients of the

exponential function (4]

BkZE
_172 ’

In order to find the general formula for {(2n), we first began with the infinite polynomial

oo
sinx H

To find the general formula for {(2n), we must find some way to relate the infinite polynomial

expression of sin x

expression of sinx to cot. To begin, we recognize the relation

cos
dx( n(sinz)) snn ot

Taking the natural logarithm of Si%, we get

1
72
lnsmx—Zl ( ) )—l—lnx.

We then take the derivative of each side:

oo
cotx = — +Z 2 (rr)?

n=1
oo
1 1
+ — .
Z 7m 1 — i)
n=1 ™
We then substitute the power series = = > 2 2" and 7 = 372 (=1)* 2" into the above

17



equation:

o (i)Qk—‘rl))

Then, changing k to k 4 1, and changing the order of summation, we have

cotx =

> 21,2]6—1

>

)2k

1 = 2221
“+> “5((2n).

2
[ I |
>

Now, we have a cotangent function written in terms of the zeta function. The next step is

to find a cotangent function written in terms of the Bernoulli numbers. In order to so, we

must state other equations involving the Bernoulli numbers. Firstly, from our definition of

the Bernoulli numbers involving the exponential generating function, we know that

T
er —1

:Bo+31$+

Box?  Bsa?
2X i 3T
2! 3!

18



We then subtract Byx to get

- _B
f(z) o —1 1z
o x
et -1 2
_ 2x4x(e” — 1)
0 2(er —1)
z(e"+ 1)
©2(er —1)
_z(e”+ 1)(6%1)
N 2(61 — 1) Q_Tw
_z(ez+e)
2(6%_6%@)
Therefore,
x z(e2 +e3)
x) = — Bjx=——F——=.
f< ) et —1 ! 2(@% — e%z)

In order to rewrite the this equation in terms of Bernoulli numbers, we will have to substitute
the hyperbolic sinh x and cosh x curves into the right hand side of the equation.

The hyperbolic sinh x and cosh z curves are

. —e
sinhx = —
et +e*
coshx =
2
Using these hyperbolic equations, we see
—z e%-l—e%x
€y ez 5
z -z =z =z
e2 —e 2 e2—e 2
2
X
_ cosh 3
3 x
sinh ¢
x
= coth —.
2

19



Therefore,

Since f(z) has no negative odd terms, we can write § coth § as

x T = By,
—coth - = )
Feothg =2 (2n)!

n=0

From this, we can derive a relation between the hyperbolic coth z curve and the Bernoulli

expression

> Bon(2 2n
coth:ch:—2 (22)

—~  z(2n)!
B i 2By, (22)*"
B — (2n)!

Substituting x¢ for  in the equation, we get

G 2By, (22)* !
cotr = Z(—l)”%

n=0

Now that we have two different expressions for cot z, we can prove Euler’s general formula
for {(2n).
Firstly, we can rewrite the cot z expression involving the Bernoulli numbers as

o 2B5.(2 2k—1
cotr = Z(—l)k—%( ?)

pr (2Kk)!
1 i1 2By (22) %1
=—+ > (-1 o

k=1

We then set this equation with the cotangent equation involving the zeta function equal to

20



each other. Doing this, we get

[e.o]

1 2.752’C 1 1 = 1232/1€(2:c)2”C !

T
22x2k 1 io: k 1232k(2$)2k 1
e

k=1 k=1

2k+1

Comparing the coefficients of terms with =", we get

2 o122 * Boy
FC(2K) = (1) T

We then isolate ((2k) to get

G(2K) = (1)1

Therefore, we have found a general formula for {(2n).
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