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Introduction

▶ Study of Diophantine approximation and its significance in
number theory.

▶ The concept of Lagrange spectrum and its role in rational
approximations of real numbers.

▶ Historical background: Joseph-Louis Lagrange, Markoff,
Hurwitz, and Perron.



Objectives

▶ Characterizing the elements of the Lagrange spectrum:
▶ Identify and describe values in the spectrum.
▶ Distinguish between values for quadratic irrationals and general

real numbers.
▶ Investigating the distribution and gaps within the spectrum:

▶ Analyze density and gaps in the spectrum.
▶ Explore significance of missing values.



Definition and Basic Properties

▶ Best rational approximations pn
qn

of a real number α.

▶ Lagrange number L(α) = lim supn→∞ qn
∣∣∣α− pn

qn

∣∣∣.
▶ The Lagrange spectrum L: Set of all such Lagrange numbers

for real numbers α.
▶ Reveals insights into number theory and dynamical systems.



Applications of the Lagrange Spectrum

▶ Diophantine Approximation:
▶ Quality of approximations by rational numbers.
▶ Example: Approximation of

√
2 by rationals.

▶ Number Theory:
▶ Study of quadratic irrationals and continued fractions.
▶ Example: Distribution of values like

√
d.

▶ Dynamical Systems:
▶ Behavior of orbits and trajectories.
▶ Example: Influence on invariant measures.

▶ Optimization and Algorithms:
▶ Numerical optimization using Lagrange numbers.
▶ Example: Minimizing error terms in approximations.

▶ Physics and Engineering:
▶ Signal processing and Fourier analysis.
▶ Example: Approximating continuous signals.



Examples of Lagrange Numbers

▶ L(
√

2) =
√

2:
▶ Continued fraction expansion: [1; 2].
▶ Best rational approximations: pn

qn
.

▶ L(ϕ) = ϕ:
▶ Golden ratio ϕ = 1+

√
5

2 .
▶ Continued fraction expansion: [1; 1].



Theorems and Proofs

▶ Lagrange’s Theorem:
▶ For quadratic irrationals, L(α) is a finite positive value.

▶ Markoff Spectrum:
▶ Values related to indefinite binary quadratic forms.
▶ Subset of the Lagrange spectrum.



Geometric Interpretation

▶ Rational approximations as points on a lattice in the
Euclidean plane.

▶ Properties of these lattice points reveal the spectrum’s
structure.

▶ Connections with hyperbolic geometry and continued
fractions.

▶ Minkowski’s Theorem: Shortest vector in a lattice.



Connection with Markov Spectrum

▶ Binary quadratic forms and their minimal values.
▶ Cusps of hyperbolic planes and horocycles.
▶ Deep connections with the Lagrange spectrum.



Diophantine Approximation and Geodesics

▶ Best approximation constants for irrational numbers.
▶ Lengths of geodesics on hyperbolic surfaces.
▶ Relationship with the modular surface.



Geodesic Flows and Continued Fractions

▶ Convergents of continued fractions as good rational
approximations.

▶ Connection to closed geodesics on the modular surface.
▶ Provides geometric understanding of the Lagrange spectrum.



Theorems on Gaps in the Spectrum

▶ Existence of Gaps:
▶ Intervals (a, b) with no Lagrange numbers.
▶ Initial continuity up to

√
5.

▶ Freiman’s Gap Theorem:
▶ Interval (3, 3.1) as a gap.
▶ No Lagrange values in this interval.

▶ Arbitrarily Large Gaps:
▶ Constructed using continued fractions with large coefficients.
▶ Significant spacing between Lagrange values.

▶ Small Gaps:
▶ Dense subsets within certain intervals.
▶ Specific small gaps identified through continued fractions.



Hall’s Ray and Smallest Gaps

▶ Hall’s Ray:
▶ Dense region from

√
5 onwards.

▶ Continuous spectrum beyond Hall’s constant.
▶ Smallest Gaps:

▶ Below Hall’s constant.
▶ Insights into arithmetic and geometric properties.

▶ Missing Values:
▶ Reveals limitations in rational approximability.
▶ Helps classify real numbers based on approximation

characteristics.



Future Research Directions

▶ Probabilistic Aspects:
▶ Statistical distribution and random matrix theory.
▶ Stochastic processes related to number-theoretic dynamics.

▶ Cryptography:
▶ Secure encryption schemes using Lagrange spectrum

properties.
▶ Computational complexity of algorithms.

▶ Generalizations:
▶ Algebraic numbers, fields, and higher algebraic structures.
▶ Applications in algebraic geometry and rational point

approximations.



Conclusion

▶ The Lagrange spectrum as a foundational tool in
mathematics.

▶ Its applications across various disciplines and potential for
future research.


