BONNET-MYERS THEOREM
GRACE HOWARD

ABSTRACT. Bonnet-Myers Theorem says that if a complete Rie-
mannian manifold has positive curvature obeying some bound,
then the manifold is compact. In other words, it relates local prop-
erties of the manifold to the topological properties. Additionally,
it says that if the manifold is complete and has positive curvature
which is bounded from below, then the fundamental group of the
manifold is finite.

1. INTRODUCTION

Bonnet-Myers Theorem relates local properties of a Riemannian man-
ifold to the topological properties of the manifold. A manifold is a
topological space that is locally Euclidean. A Riemannian manifold
is a smooth manifold, which broadly means that you can do calculus
on the manifold, with a Riemannian metric. A geodesically complete
manifold, or just a complete manifold, is a Riemannian manifold for
which, starting at any point on the manifold, there are straight paths
extending infinitely in all directions.

Bonnet-Myers Theorem states that if a Riemannian manifold M is
complete and has positive, bounded-below curvature, then M is com-
pact. In 1855, the theorem was proven for surfaces by Pierre Ossian
Bonnet. In this special case, the notions of curvature (Gauss, sectional,
and Ricci) are all the same.

In 1941, Sumner Byron Myers showed that only a lower bound on
Ricci curvature was needed to come to the same conclusion.

More formally, the statement of the theorem is as follows:

Theorem 1.1 (Bonnet-Myers). Let (M, g) be complete Riemannian
manifold of dimension n whose Ricci curvature satisfies
n—1

Ric(g) = —5
forallv € SM ={w € TM : ||w|| = 1}.Then,
diam(M, g) < 7r.
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This can be used in the proof of a similar result:

Theorem 1.2 (Bonnet-Myers). Let M be a compact Riemannian man-
ifold with positive Ricci curvature; then its fundamental group is finite.
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3. BACKGROUND

To begin, some relevant elementary definitions are recounted. Addi-
tionally, information can be found in [Kr610] and [Gud04].

Definition 3.1 (Einstein Summation Convention). If an index variable
appears twice in an expression, once as an upper index in one term
and again as a lower index in another term, then the expression is a
summation over all possible values of that index. For example,

aibi = Z aZbZ

Definition 3.2 (Inner product). In a real vector space, an inner prod-
uct (.,.) satisfies the following four properties. Let u,v, and w be
vectors and let a be a scalar, then:

o (u+v,w) = (u,w) + (v,w).

o (aw,w) = alv,w).

(v, w) = (w,v).

e (v,v) > 0 with equality if and only if v = 0.

Definition 3.3 (Inner product space). An inner product space is a
vector space V' along with an inner product on V.

Definition 3.4 (Orthonormality). Let V' be an inner-product space.
A set of vectors

{u,ug, ..., uy,...} €V

is called orthonormal if and only if for all 7, j

(ui, u;) = 0ij.
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4. M ANIFOLDS

A manifold is locally Euclidean in that every point has a neighbor-
hood, called a chart, homeomorphic to an open subset of R™. For a
more formal definition, there are some additional definitions which are
helpful.

Definition 4.1 (Open ball). An open ball is the set of all points x € R"
such that |z — y| < r for some fixed y € R" and r € R where

1

2
|z —y| = [Z (=" = y2)2] :
Definition 4.2 (Open set). A set U C R is open if for every x € U
there exists € > 0 such that(x — e,z 4 ¢€) C U. In other words, an open
set in R™ is a set constructed from an arbitrary union of open balls.
Or, V. C R" is open if, for any y € V, there is an open ball centered at
y that is completely inside V.

Definition 4.3 (Closed set). A subset A of X is a closed set if and
only if its complement, A° = X\ A, is open.

Definition 4.4 (Topological space). A topology on a nonempty set X
is a collection of subsets of X such that:

e The empty set () and the set X are open.
e The union of an arbitrary collection of open sets is open.
e The intersection of a finite number of open sets is open.

A collection T of subsets of X is a topology on X if:
e ). XeT.
o IfG,cT forac A, thenJ,.,Ga€T.
(] IfGl €T fori= 1,2,...,71, the ﬂ?:lGi eT.
The pair (X, T) is a topological space.

Definition 4.5 (Topological manifold). A topological space M is a
topological manifold of dimension n if it has the following properties:

e M is a Hausdorff space: For every pair of points p,q € M, there
are disjoint open subsets U,V C M such that p € U and g € V.

e M is second countable: There exists a countable basis for the
topology of M.

e M is locally Euclidean of dimension n: Every point has a neigh-
borhood that is homeomorphic to an open subset of R".

Definition 4.6 (Smooth). A map is C*, or smooth, if it is infinitely
differentiable.
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Definition 4.7 (Diffeomorphic). Two sets M and N are diffeomorphic
if there exists a C*™ map ¢ : M — N with a C* inverse ¢ ' : N — M.
The map ¢ is called a diffeomorphism.

Definition 4.8 (Chart). A chart consists of a subset U of a set M,
along with an injective map ¢ : U — R”", such that the image ¢(U) is
open in R".

Definition 4.9 (Atlas). A smooth atlas is an index collection of charts
{(Us, ¢0)} that satisfies:
e The union of the U, cover M, that is |, U, = M.
e If two charts overlap, U,NUg # 0, then the map (gzﬁaogb/gl) takes
all points in ¢3(U, NUz) C R™ onto an open set ¢, (U, NUp) C
R™ and all of these maps are C'* where they are defined.

Definition 4.10 (Manifold). A C*° n—dimensional manifold is a set
M along with a maximal atlas, one that contains every possible com-
patible chart.

With that, consider the following example of a manifold:

Example 4.1. The sphere
S"={z e R": |z| =1}
is an n—manifold. Let
Uy = S"\{(0,...,0,1)}

and

Uy = S™\{(0,...,0,—1)}.
Then, Uy U U, = S™. Let ¢1(21, 20, .., Tnp1) = (1_3’0;“,..., 1_5;2“).
The map ¢; : Uy — R” is called stereographic projection. The inverse
map, ¢; ' : R — U, is defined by

gb_l(yl y ) — (L Zyn ]_ _ 2 >
b PR/ b B DU R DAL

Both ¢; and ¢; ' are continuous, and thus ¢; is a homeomorphism.

The second coordinate chart (Us, ¢o), stereographic projection from
the south pole, is given by ¢o = —¢p10(—1), where (—1) is multiplication
by —1 on the sphere. Since multiplication by —1 is a homeomorphism
of the sphere to itself, the map ¢, : Uy — R™ is a homeomorphism.
Next,

¢2 o ¢I1(y17 e 7yn) = #(ylv < >yn)

i=1Yi
and ¢y 0 ¢! = ¢ 0 @5 ' Hence, S™ is an n— manifold.
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5. RIEMANNIAN MANIFOLDS

A Riemannian manifold is a smooth manifold equipped with a Rie-
mannian metric. This is a choice at each point on the manifold of a
positive definite inner product on the tangent space at the point.

Definition 5.1 (Equivalent). Given a C* n— dimensional manifold M,
for any p € M, two C! curves, v, : [—€1, €] — M and 7o : [—€2, 2] —
M, through p, meaning 7,(0) = 72(0) = p, are equivalent if and only if
there is some chart (U, ¢) at p so that

(po71)'(0) = (¢ 072)'(0).

Definition 5.2 (Tangent vector). Given any C* n— dimensional man-
ifold M, with £ > 1, for any p € M, a tangent vector to M at p is
an equivalence class of C! curves through p on M, modulo the equiva-
lence relation defined previously. The set of all tangent vectors at p is

denoted T,(M).

Note that T,(M) is a vector space of dimension n, the dimension of
the manifold.

Definition 5.3 (Riemannian metric). A Riemannian metric on a smooth
manifold M is a choice at each point x € M of a positive definite inner
product (,) on T, M, the inner products varying smoothly with x .

Example 5.1. Consider the parametrization of the sphere S? in terms
of angles 6 and ¢ as follows:

x =sinf cos
y =sinfsiny
z = cosf.

Restrict the domain to
V={0,p):0<0<m0<p<2r}

To compute the matrix which gives a Riemannian metric, a basis
(u(8, @), v(0, )) of the tangent plane T,,S? at p = (sin @ cos p, sin § sin p, cos 6)
must be found. For this, use

u(f, ) = = = (cos b cos p,cosfsin p. — sin h)

v(0, ) = — = (—sinfsinp,sinf cos ¢, 0).
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From this,

1
(u(@,¢),v(0,9)) =0
(v(0, p),v(0, p)) = sin? 0.

From this, the metric on 7,5? with respect to the basis is given by

(1 0
I =\0 sin26)"

Thus, for any tangent vector w,
gp(w,w) = db? + sin® fdp*.
Definition 5.4 (Riemannian manifold). The smooth manifold M afore-

mentioned is known as a Riemannian manifold.

Definition 5.5 (Pseudo Riemannian manifold). A pseudo-Riemannian
manifold (M, g) is a differentiable manifold M equipped with an ev-
erywhere non-degenerate, smooth, symmetric metric tensor g.

6. DIFFERENTIAL GEOMETRY

Definition 6.1 (Tensor). An nth rank tensor in m dimensional space
is an object that has n indices and m”™ components and obeys certain
transformation rules:

e S =5’ ascalar, which is a tensor of rank 0, is invariant under

transformations.
e For a contravariant vector, or a tensor of rank 1,
/ axa
Ve =ve -
oz
e For a covariant vector, which is a tensor of rank 1,
oz
Va — Va/w.
e For a tensor of higher rank with mixed indices,
o . ox® Oz
B Bl Qae’ 9B

e Contraction, which is a summation over a pair of one covariant
and one contravariant indices, creates a tensor of a lesser rank.

Definition 6.2 (Christoffel symbols). The Christoffel symbol is defined

as

o 1 o
F;w = 59 p (augup + az/gpu - apg;w) .



BONNET-MYERS THEOREM 7

Definition 6.3 (Riemann Tensor ). The Riemann tensor is defined as
RY,, =00, — 0,10, + T ), -0,

ouv uy+ vo
and
RPU/U/ = g)\PR(?;U/'

Definition 6.4 (Ricci tensor). Let M be a Riemannian manifold with
curvature tensor R. For p € M, define a linear map 7,,(M) — T,,(M),
X - —R(X,Y)Z
that depends on Y, Z € T,,(M). The trace of this linear map is defined

to be the Ricci tensor p(Y, Z). The Ricci tensor is also defined as

R, = R)

(N
Definition 6.5 (Metric tensor). A metric tensor at a point p of M is
a bilinear form defined on the tangent space at p.

Definition 6.6 (Connection). A connection on M associates to vec-
tor fields X,Y on M another vector field VY, called the covariant
derivative of Y with repsect to X, satisfying the following conditions:

e Vislinear in X over the smooth functions on M, ie. Vyx(Y) =
fVxY.
e V is a derivation in Y, meaning for f : M — R smooth,
Vx(fY) = (X[)Y + fVxY.
The following is an example of explicitly calculating the aforemen-
tioned values (for more, see [Car04)):

Example 6.1. For example, a metric for the three-sphere in coordi-

nates (1,0, ¢) is
ds?® = dip?® + sin? 9dh* + sin® ¢ sin® 0dg>.
Since )
qu = 590p(au911p + 0uGou — OpGur);
the nonzero metric elements are
Gy = 1 goo = sin® Jop = sin? ¢ sin? 6.
Consider firstly

1
Fﬁu = §9wp(augl/w + O Gy — OpGuw)-

Since the derivatives of gy, vanish, the first two terms are zero. Trying
both choices for the last term, y =v =6 and p =v = ¢,

I‘gg = —sinYy cos
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F;f¢ = —sin ) cos 1 sin® 6.
All other symbols with upper 1 index are zero. Next,

90(

1
FZI/ = §g a,ugVQ + al/g€,u - a@Quu)-

The last term is nonzero only if © = v = ¢. From this,
Fi(b = sinfcosf.

The only other way this is nonzero is when p = 6 or v = . From this,

1
Iy, = 5999(3991/9 + 0,900 — Oo oy ).

By inspection, the first and final term are 0 by inspection. The middle
term is nonzero when v = 1. So,

sz = an = cot 1.
Lastly,

1
Fﬁu = §g¢¢(a,ugu¢ + al/gqﬁ,u - a(;ﬁguu)-

By examination, the last term will always be zero. For the symbol to
be nonzero, it must be the case that either u = ¢ or v = ¢. So,
o _1P _
Dpy =Ly = cot )
and
F?(b = Fio = cot 6.
So, the nonzero Christoffel symbols are

Fgg = —sinYy cos Y Fib = —sin1) cos 1 sin? 6
ngqb = —sinfcosd ng, = FZO = cot ¢
¢ _ 1o _ ¢ _ o _
Iy =gy = cot Igy = L'gp = cot 0.
From here, the Riemann tensor was defined as

Ry = aﬂrlfja + FZ)\FI)/\U - FZ)\F/)J\,O"

opy

Recall that
Rpaul/ = .g)\pR)\

oy
SO
Rpcrp,l/ - _Rpcn/u Rpa,uu - _Rap,uu Rpam/ - R,uupcr Rp[o’,ul/] =0

can be used. Firstly, since gy, = 1, there is no conversion between the
forms with upper index . With that,

Ry = 0,0, + 0,T, + rﬁkrﬁa —TOI,.
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The first way to keep the first term nonzero is to set v = ¢ = 6 and
w =1 to get
Rygye = Op(—sintp cos ) — 9pT + T, Thp — T T
= sin® 1) — cos® ) + cos?
= sin? 9.
By the symmetries,

Rypye = sin’ ¢ Rgypyo = Rygoy = —sin®¢y  Ryype = 0.
Secondly, choose v = 0 = ¢ and p = 1 for the first term to be nonzero.
Then,

Rygps = Op(—sinyp coshsin® §) — 8¢F¢¢ + F A¢ Fq’)d)

= sin” A(sin® ¢ — cos® 1) + cos® ¢ sin 9
= sin? #sin” .
Then, the symmetries give
Rypype = sin” fsin® 1 Rypps = Ryggy = —sin®Osin ¢ Ryyes = 0.
Next, consider when v = ¢ = ¢ and pu = 6 to keep the first term
nonzero, giving
Rypos = Op(— sinep cos 1 sin” ) — 8¢I‘ + I‘g/\f‘ I‘:é’)\lﬂg‘q5
= —2sin cos ¥ sin # cos f + sin 1) cos 1 sin 6 cos 6 + sin 1 cos ¥ sin 6 cos 6
= 0.
Every symbol with a nonzero second term has already been calculated

with the symmetries. Similarly, the third term,
oIy, =T0,r, + 1% T

po- vo Vo)

has already been calculated via symmetries. The last term is similar.
So, the nonzero elements are

Ryogo = Ropoy = sin® 1 Roypyo = Ryppy = —sin® ¢
Ryspp = Ropoy = sin®0sin® ¢ Ryyys = Rypgy = — sin” Osin’
Rogos = Rpppp = sin® fsin* Ryoos = Roppp = — sin® sin* ).
Using the transformation stated above, where

v _ oo _ 1 g = 1 _
sin? 1) sin” 1) sin? @

So the final Riemann tensor elements are

g

Rg’w = sin® ¢ Reew = —sin®¢ ng = sin® # sin® RZ’W = —sin® @ sin® ¢

Rlgy=1 Ri,=-1 R, —sin®fsin’y R, = —sin’0sin®o
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6 _ 6 __
Rygp =1 Ryye ==

So, for the Ricci tensor, R, = R}

—1  Rj,=sin®yp Ry, =—sin’.

N2

v 0
Ryy = Ry + Rigy + Riy,
=0+1+1=2,
Reg = RZ’W + Ry + Rg)d)e
= sin?¢) + 0 + sin® ¢ = 2sin? 1),
P 0
Rgo = Rijyy + Rigy + Riyy
:sm?¢sm?9+sm?¢sm?9:2sm?¢sm?a

:O+0+O—Q
Rys = RY,s + Rl + R,
(2 pibo Yo Yoo
=0+0+0=0,

and

Ros = Ry, + Rig, + R,y
=0+0+0=0.

With that, the independent components of the Ricci tensor are,
Ryy =1
Rgg = 2sin® ¢
Ryp =2 sin? 1) sin” 6
Ryo = Ryy = Ry = 0.

Finally, the Ricci scalar, R = g"' R,,, is

R=g""Ryy+ 9" Roo+ g"’Rps =2+ 242 =6.

Definition 6.7 (Affine connection). Let M be a differentiable manifold
and X(M) the set of differentiable vector fields on M. Let X,Y, 7 €
X(M) and f,g be differentiable real-valued functions on M. Then
V:X(M) x X(M) — X(M) is an affine connection if it satisfies the
following properties:

o V(fX +gY,Z) = [V(X,Z) + gV (Y, Z).
e V(X,Y +2) = V(X,Y) + V(Y, Z).
o V(X fY) = fV(X,Y) + (X)Y.
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Definition 6.8 (Lie bracket). The Lie bracket can be computed as

i=1 i=1 j=1

Definition 6.9 (Torsion tensor). Let M be a manifold with an affine

connection on the tangent bundle V. The torsion tensor of V is the

vector-valued 2—form defined on vector fields X and Y by
T(X,)Y):=VxY —VyX — [X|Y]

where [X,Y] is the Lie bracket of two vector fields.

Definition 6.10 (Curvature tensor). Given a connection V on the
manifold M, define the curvature tensor R by

R(X, Y)Z = vayZ — VYVXZ — V[ny}Z.
Definition 6.11 (Levi-Civita connection). An affine connection V is
called a Levi-Civita connection if:

e [t preserves the metric, Vg = 0.
e [t is torsion free.

Theorem 6.1 (Levi-Civita). Every pseudo Riemannian manifold (M, g)
has a unique Levi-Civita connection V.

Proof. Note that a metric ¢ is compatible with V if and only if
Vxg=0
for all X. Since covariant differentiation commutes with contractions,
X(g(z1,X2)) = (Vx X1, X2) + g(X1, Vx X>)
for all X, Xy, X5. Suppose that M C R™ and there is a connection
associated to g. Consider that
99, 0;) = 9(V5,0:,0;) + g(0:, Va,0;).
Then, by cyclic permutation,
9i9(0;,0k) = 9(V5,95,0k) + g(0;, Vo, 0)
and
0;9(0k, 0;) = 9(V,0k, 0;) + 9(Ok, V,0;).
Define S;; = Vy,0; = Vy,0; and Tjj. = 0;9(0;,0). These equations
can be written
Tijr. = 9(Sij, O) + g(Sik, 0;),
and
Tiki = 9(Sik, 0i) + g(Sij, O).-
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The unknowns in this equation are
9(Six, 95) 9(Sjk, 9) 9(Sij; Ok)-

Since the system is nonsingular, there is a unique solution and unique
Sij,S

Next, to show existence, choose S;; to satisfy the system if three
equations where i < j < k. Set Sj; = S;;. We have a connection V
with V9, = Si; since the vector fields 0; are a basis at each tangent
space on M. It is symmetric, since the torsion 7' vanishes on pairs

(0;,0;), and hence identically-since it is a tensor.
Note that the difference between the two terms in

X(9(X1,X2)) = (Vxg) (X1, X2) + 9(Vx X1, Xo) + 9(X1, Vx X3)

vanishes when X, X7, X5 are of the form 0;. Compatibility follows from
this, as the difference of the two sides,

(VXQ)(Xla X2)

is a tensor.

Definition 6.12 (Contravariant tensor). A contravariant tensor is a
tensor which satisfies specific transformation properties. Consider a
vector

dr = d.’l?lfl + dl‘gfg + d$3.’lf3

where /
dr!, = gz dx;.
Let A; := dz;. Then, any set of quantities A; which transform in
accordance with /
A= gxl j
Ly

1s a contravariant tensor.

Definition 6.13 (Covariant tensor). To turn a contravariant tensor
a” to a covariant tensor a,, use the metric tensor g,, to write
gua’ = a,.
Definition 6.14 (Comma derivative). The components of the gradient
of the one-form dA are denoted A k and are given by
04
T Oak
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Definition 6.15 (Covariant derivative). The covariant derivative of
contravariant tensor A® is given by

0A®

Afy = S + T A" = A% + T A
The covariant derivative of a covariant tensor A, is
0A K
Aa;b = 8:6; — FabAk.

Definition 6.16 (Geodesic). A curve (t) on a surface S is called a
geodesic if at every point +"(t) is either zero or parallel to its unit
normal n.

Definition 6.17 (Exponential map). Let v € T,,M be a tangent vector
to the manifold at p. Then there is a unique geodesic v, : [0,1] —
M satistying v,(0) = p with initial tangent vector v,(0) = v. The
corresponding ezponential map is defined by exp,(v) = 7,(1).

Definition 6.18 (Geodesically complete). M is geodesically complete
if exp can be defined on all of T'M.

Theorem 6.2 (Hopf-Rinow 1). The following are equivalent:

e M is geodesically complete.
e In the metric d on M induced by g, M is a complete metric
space.

Proof. Suppose the second item to be true. Let M be complete in the
appropriate metric. Then, if v : I — M for I and open interval (a, b)
is a geodesic, consider a sequence b, — b. Then,

A(¥(bn), Y(bm)) < Vo o)) = O(|bn = b)),

since geodesics move at constant speed. From this, the 7(b,) form a
Cauchy sequence, converging to some point p € M. In local coor-
dinates, we can write v = (71,...,7,), when the geodesic property
implies

vi=— Z F;k"Yj"Yk
4.k

for suitable Christoffel symbols T,

Since the first derivatives 4; are bounded, the second derivatives are
too. Therefore, v extends to the interval (a,b] with a right-handed
derivative ¥ at b. Furthermore, the right-handed derivative at b exists
and is uniformly continuous in a neighborhood of b by the mean value
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theorem (ref). Now there is locally a geodesic v, : (b —€,b+€) at p
with 44 (b) — 4(b). The function

lt) = {'y(t) if £ <b

7 (t) otherwise

satisfies the geodesic equation everywhere and is defined on (a,b + ¢).
So, these geodesics can be extended to the right. The left is handled

G~

in a similar way.

Theorem 6.3 (Hopf-Rinow 2). Suppose exp, is defined on all of
T,(M). Then for any ¢ € M, there is a geodesic v from p to g that
minimizes length.

Proof. Consider a small sphere
Sr(p) ={z €R": |z —p| <r}
with respect to the metric d. Take the point p’ € S,.(p) with d(p/, q)
minimized. From this,
d(p,q) = d(p',q) + .

There is a geodesic 7y travelling at unit speed with «(0)p, v(r) = p’. In
particular,

d(y(r),q) = d(p,q) — .
Let S be the set of all s with
d(v(s),q) = d(p,q) — s.

means that r € S and S is closed. If d(p,q) € S, then we have a
geodesic from p to ¢ that minimizes length. Since S N [0,d(p,q)] is
closed, pick its largest element s € S N[0,d(p,q)), and let u = ~(s).
Choose a small neighborhood Das(u). From this, if we pick the point
u’ € Ss(u) closest to ¢, we have

d(u',q) = d(u,q) — 6 = d(p,q) — s — 9.
Pick v’ = (s + ). First,
d(p,u') > d(q,p) — d(q,u') = d(p,q) — s+ 0.

The path « from p to u connected with the geodesic from u to v’ forms
a path from p to v’ of minimizing length

d(p,q) + 9 =d(p,q) — s+,

so it is smooth and a geodesic. In particular, s + ¢ € S, which is a

G~

contradiction.
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Definition 6.19 (Energy). Let ¢ : I — M be a smooth path in M.
The energy is defined as

B = [ ole).

Theorem 6.4 (First Variation Formula ). e For any variation H
of v, we have

B0 =g @30 - [ o (Y0, 530

e The critical points for all variations H of v are geodesics.
o If |94(t)| is constant for each fixed s € (—¢,€), and |¥(t)| = 1,
then

d d
%E(78)|8=0 = %€<7)8)|S=0'

e [f~isa critical point of the length, then it must be a reparametriza-
tion of a geodesic.

Proof. e We have
10 ... R
3 220000 30(0) = 9 (300,500
VOH, . 0H
=g (%g(ﬂs)aa(tﬁ))
_ 0 (9H oH\ (0H VOH
o'\ os ot ) I\ as dat ot )

Then, by integrating from 0 to 7" with respect to ¢ with s = 0
gives the desired result since

oH 0H
s=0 =Y d —|s=0 = 7.
’ 0 an 8t ‘ 0 ’)/

ds
o If v is a geodesic, then
\Y
—(t) = 0.
() =0

From this, the integral on the right-hand side vanishes. Sim-
ilarly, since Y (0) = 0 = Y(7'), the rand-hand side vanishes.
Conversely, if 7 is a critical point for E, choose H with

V(1) = 74 ()
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for some f € C*°[0, 7] such that 0 = f(T") = f(0). Then, it is
known that

T \V4 2
t)|—~(t)| dt=0
JRCIPA10
is true for all f. From this,
\Y
—4 =0.
dt!
e Fix [0,7]. Then, for all H, it is the case that
0(7s)?
E(y,) = —=.
() = =57
From this,
d 1 d
_Ess::_g s_gss:~
T E)ls=0 = 1 0vs) (75 s=0
When s = 0, the curve is parameterized by arc-length, so
Uvs)=T.

e Using reparametrization, it can be assumed that || = 1. Then,
v is a critical point for ¢, hence for E, and is therefore a geodesic.

O~

Theorem 6.5 (Second Variation Formula). Let y(¢) : [0,7] — M be
a geodesic with |y| = 1. Let H(t, s) be a variation of 7. Let

(t,5) = (dH)

OH
Y(t,s) = B

Os
e We have
d? VY

B0 =g (S €03 ) B+ [ VP - RO Yt

e We have
d? VY . T
@5(%)\3:0 =g (E@’ 0),7(75)) 0

T
+ [P = RIAYA) - oY
0
where R is the (4,0) curvature tensor, and

V() = - (t,0)

Letting
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for the normal component of Y, we can write this as

000 =g (S0 50 )+ [ (VP - RO ALY )t

Proof. Use

EO) = a0t 3O~ [0 (Vo) 00 .

Taking the derivative (with respect to s) gives
& VY N\ g V.
@E(%) =9 (EW) 0 + 9 (K £V)5) t=0
T
VY V VvV
- A Y, ~ 4 ) ar.
/0 (g( ds ’dﬂ) “7( dsdﬂ))
From this, use that

VV. (t)_YZ (1) + R oH OH Y .
dsdt "\ T dtds 9s ot

_ (dzt)zyu 9+ R (%H %i[)

Now, setting s = 0, this gives

P2 VY N\ VA
@E(%) =g <K’7> b +9 <Y7 E) lo

_/OT ; (y, (%)21/) + R(3,Y,4,Y)

Next, using integration by parts,

_/0T9<y, (%)2y> dt = — (Y ZY) |§+/0T

Noting that

dt.

VY |?

dt.
dt

% \Y

Vi) = Tv(t.s),

@ VY | L N
B0 =g (T3 ) [+ / (Y] R(Y.A.Y.A)dh

Differentiating to prove the variation of length
d

T
—/ s :/ s sdt
ds () 0 2v/9(Fs, ¥s) 5 9%, %)
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Taking the derivative again gives

d2 T 11 52 o 1 /0 . 2
@6(78)|3=0 —/[) [5@9(73,7&;”5:0 - 4_1 <£9(%,%)) ] dt?

where it is important to note that g(7,+) = 1. Lastly, we have

d2 d2 T v 2
- o= —F —0— Ys, =7 —o | dt.
00l = B0k~ [ (9 (550 ) o)

Definition 6.20 (Complete). A manifold M is complete if for all points
p € M, the exponential map at p is defined on 7, M, the entire tangent
space at p.

Definition 6.21 (Open cover). A set C' = {U, : a € A} of subsets U,

of a set X is a cover of X if
| Je AU, 2 X.

An open cover is a cover with each element being an open set. A
subcover of a cover of a set is a subset of the cover that also covers the
set.

Definition 6.22 (Compact). A topological space is compact if every
open cover of X has a finite subcover.

7. BONNET-MYERS THEOREM

Definition 7.1 (Diameter). The diameter of a Riemannian manifold
(M, g) is

diam(M, g) = sup d(p, q).
p,qEM

Example 7.1. For example, the 2-sphere,
Stry={z e R?: |z| =},
has
diam(S*(r), S') = mr and diam(S*(r), R?) = 2r.

Theorem 7.1 (Bonnet-Myers). Let (M, g) be a complete Riemannian
manifold of dimension n whose Ricci curvature satisfies

. n—1
Ric(g) > =

for all v € SM = {w € TM : ||w|| = 1}.Then,
diam(M, g) < 7r.
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Proof. Firstly, note that by Hopf-Rinow, for any L < diam(M,g) we
can find points p,q € M such that d(p,q) = L and a minimal geodesic
v € Q(p,q) with £(y) = d(p,q) = L. Parameterize v : [0,L] — M so
that || = 1. Consider some vector field Y along ~ such that Y (p) =
0 = Y(g). Since 7 is a minimal geodesic, it is a critical point for /.
Additionally, since minimal geodesics are critcal points of the length
functional , I(Y,Y )i,z > 0. Extend #(0) to an orthonormal basis of
T,M, ¥(0) = ey, es,...,e,. Let X; be the vector field such that

Xz/ =0 and XZ(O) = €;.
Then, for i =1, Xy (t) =~(t). Fori =2,...,n, set

7t

Yi(t) =sin | — ) X;(¢).
0 =sin () %0
After using integration by parts
L
105 Yo == [ 90V + RG. Y)Y, A)i.
0
Since X; is parallel, this can be written as

L 2
t
/ sin? % (% — R(3, Xi,ﬁ,X,-)) dt.
0

Since this is length minimizing, it is also non-negative. Note that
R(’.)/,Xl,’.}@Xl) =0. SO,

Ric(%, 7).
From this, it is known that

- L Tt 72
> I(Y,Y) = / sin? — <(n —1)— — Ric(v,ﬁ)) dt > 0.
i 0 L L

Recall that by supposition

. n—1
Rie(3,4) > *
From this,
w2 1
s -
2 = 2
and
L<nr

By supposition, however, L < diam(M, g). So,
diam(M, g) < 7.
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8. FUNDAMENTAL GROUP

Definition 8.1 (Group). A group G is a set together with a group
operation satisfying the following properties:

e If A and B are two elements in GG, then the product AB is also
in G.
e The defined multiplication is associative, for all A, B,C € G,
(AB)C = A(BCQC).

e There is an identity element I such that A = AI = A for every
element A € G.

e For each element A € G, the set contains an element B = A~!
such that AA™'=A1A=1.

Definition 8.2 (Homotopy). A homotopy between two functions f and
g from a space X to a space Y is a continuous map G from X x [0, 1] —

Y such that G(z,0) = f(z) and G(1,z) = g(z).

Definition 8.3 (Loops). If X is a topological space and p € X, a loop
is a continuous map

L:[0,1] - X
such that L(0) = p and L(1) = p.

Definition 8.4 (Fundamental Group). The fundamental group of set
X is the group formed by the sets of equivalence classes of the set of
all loops, i.e., paths with initial and final points at a given basepoint
p, under the equivalence relation of homotopy.

Theorem 8.1 (Bonnet-Myers). Let M be a compact Riemannian man-
ifold with positive Ricci curvature; then its fundamental group is finite.

Proof. The goal is to show that the universal covering space M of M
is compact. This is due to that fact that if f : M — M is the covering
map, then f~!(z) for x € M is closed and discrete. By definition, this
means it is also finite. So, M is finitely-sheeted over M.

Firstly, any covering space of a smooth manifold can be made into
a smooth manifold. Additionally, one can pullback the Riemannian
metric g on M via f to get f* g on M. Furthermore, due to the fact
that f is locally an isometry, it preserves curvature. Moreover, M has
Ricci curvature which is bounded below because M does.

Secondly, M is a complete Riemannian manifold. In general, any
covering space of a complete Riemannian manifold, with the pulled-
back Riemannian metric, is complete. If f is the covering map, a curve
v is a geodesic if and only if f o~ is one by the local isometry property

of f.
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Thus, if one starts at a point p € M and starts a geodesic from p, it
can be projected to M via f, and extended to a geodesic on (—oo, 00)
on M by completeness. Additionally, use the covering space property
to lift it to M to get a geodesic in M. From this, geodesics in M
are infinitely extendable, implying completeness. From this, applying
the first theorem to M shows compactness and proves the proposed

G~

theorem.
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