
Elliptic Integrals
An Exploration of History, Properties, and Applications

Beyza Kaya

June 2024



Abstract

Elliptic integrals are defined by integrals involving polynomials and
square roots of cubic or quartic functions. These integrals cannot
be expressed in terms of elementary functions. Key applications
include pendulum motion and electrical circuit design.
Contributions from Fagnano, Euler, Gauss, and Legendre have
been crucial. Modern computational techniques include
transformations and series expansions.



Introduction

Elliptic integrals are significant in mathematics and physics. They
are used to calculate arc lengths of ellipses and other algebraic
curves. Crucial for understanding elliptic functions and complex
analysis. General form:

E(x) =
∫

R(x,
√

P(x)) dx



Categories of Elliptic Integrals

▶ First Kind: F(ϕ, k) =
∫ ϕ

0
dθ√

1−k2 sin2 θ

▶ Second Kind: E(ϕ, k) =
∫ ϕ

0

√
1 − k2 sin2 θ dθ

▶ Third Kind: Π(n;ϕ, k) =
∫ ϕ

0
dθ

(1−n sin2 θ)
√

1−k2 sin2 θ



Elliptic Integrals of the First Kind

Defined as F(ϕ, k). Represents the arc length of an ellipse.
Complete integral:

K(k) =
∫ π

2

0

dθ√
1 − k2 sin2 θ

Applications in calculating pendulum periods and electric fields in
elliptical coordinates.



Elliptic Integrals of the Second Kind

Defined as E(ϕ, k). Represents the arc length of an ellipse with a
different integrand. Complete integral:

E(k) =
∫ π

2

0

√
1 − k2 sin2 θ dθ

Applications include energy calculations for pendulums and
magnetic fields in elliptical systems.



Elliptic Integrals of the Third Kind

Defined as Π(n;ϕ, k). Involves an additional parameter n.
Complete integral:

Π(n; k) =
∫ π

2

0

dθ
(1 − n sin2 θ)

√
1 − k2 sin2 θ

Relevant in capacitance computations and geodesics on an
ellipsoid.



Properties and Addition Formulas

Periodicity and symmetry. Specific addition formulas for breaking
down complex integrals. Example:

F(ϕ1 + ϕ2, k) = F(ϕ1, k) + F(ϕ2, k) + correction terms

Correction terms derived using Jacobi elliptic functions.



Numerical Techniques

▶ Gaussian Quadrature: Transforms integrals into summations
over specific points.

▶ Romberg Integration: Uses iterative refinement and
Richardson extrapolation.



Arithmetic-Geometric Mean (AGM) Method

Iterative method for calculating elliptic integrals. Initial values:

a0 = 1, b0 =
√

1 − k2, c0 = k

Iteration:

an+1 =
an + bn

2 , bn+1 =
√

anbn, cn+1 =
an − bn

2
Convergence to common limit a∞. Calculation:

K(k) = π

2a∞
,E(k) = π

2a∞

(
1 − 2

∞∑
n=0

2−nc2
n

)



Historical Contributions

▶ Fagnano: Lemniscatic integral.
▶ Euler: Addition theorems.
▶ Legendre: Series expansions and canonical forms.
▶ Jacobi: Jacobi elliptic functions.
▶ Weierstrass: Unification through complex analysis.



Conclusion

Elliptic integrals are fundamental to both theoretical and practical
applications. Significant contributions from historical
mathematicians have shaped our understanding. Numerical
techniques and AGM method enhance computational accuracy.
Continuous research and development ensure elliptic integrals
remain a dynamic field.
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Questions

Open the floor for questions and discussions.


