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Introduction

Girard Desargues, a mathematician born in 1591, made significant contri-
butions to projective geometry during the 17th century. His expertise in
perspective drawing led to the exploration of projective geometry, resulting
in Desargues’ Theorem.
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Desargues’ Theorem

Desargues’ Theorem states that two triangles in a projective plane are per-
spective from a point if and only if they are perspective from a line. This
theorem highlights the symmetry and duality of points and lines in projective
geometry.

Yigit Efe Nas Proving Desargues’ Theorem Using Projective Geometry July 15, 2023 3 / 69



Importance of Desargues’ Theorem

Desargues’ Theorem revolutionized projective geometry, providing a unify-
ing framework for geometric concepts and transformations. It has diverse
applications in fields such as computer graphics, architecture, optics, and
art.
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Desargues’ Contributions

Desargues’ work laid the foundation for projective geometry, inspiring sub-
sequent generations of mathematicians to explore this field.
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Approach

We will prove Desargues’ Theorem using cross-ratio, homogeneous coordi-
nates, duality, and projective transformations.
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Visual Representation
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Applications and Related Concepts
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Projective Geometry

Projective Geometry

Desargues’ Theorem provides insights into projective transformations, ho-
mogeneous coordinates, and duality, highlighting projective properties and
symmetries in geometric figures.

Yigit Efe Nas Proving Desargues’ Theorem Using Projective Geometry July 15, 2023 9 / 69



Homography

Homography

Homography is a fundamental concept in projective geometry with applica-
tions in computer vision, image processing, and computer graphics.
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Finite Geometry

Finite Geometry

Desargues’ Theorem has connections to finite geometry, particularly in the
study of incidence structures, lines, and planes.
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Desarguesian Planes

Desarguesian Planes

Desarguesian planes, where Desargues’ Theorem holds, have applications in
algebraic geometry, combinatorics, and other areas of mathematics.
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Desarguesian Configurations

Desarguesian Configurations

Desarguesian configurations involve multiple points, lines, and planes and
exhibit properties related to Desargues’ Theorem.
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Perspective Drawing and Computer Graphics

Perspective Drawing and Computer Graphics

Desargues’ Theorem provides a theoretical foundation for perspective draw-
ing in art and computer graphics.
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Three-Dimensional Geometry

Three-Dimensional Geometry

Desargues’ Theorem is useful in establishing correspondences between per-
spectives of objects in three-dimensional geometry.
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Higher-Dimensional Geometry

Higher-Dimensional Geometry

Desargues’ Theorem extends to higher-dimensional projective spaces, en-
abling the study of geometric properties and transformations.
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Higher-Dimensional Geometry

Background on Projective Geometry
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Non-Desarguesian Plane

Non-Desarguesian Plane

Projective planes that break Desargues’ Theorem. Discovered by Dedekind
in the 19th century. Challenge the intuitive connection between projective
transformations and geometric properties.
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Pappus’s Theorem

Pappus’s Theorem

Relates points and lines in a projective plane. Given two sets of collinear
points on two lines, the intersections formed by connecting corresponding
pairs of points lie on a third line.
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Pappus’s Theorem

Projective Transformations
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Projective Transformations

Projective Transformations

Mappings that preserve projective properties. Examples include perspective
projections, central projections, and affine transformations. Defined by a
nonsingular matrix, they are represented as matrix-vector multiplications.
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Desargues’ Theorem

Projective Transformations and Desargues’ Theorem

Fundamental result connecting projective transformations and preservation
of projective properties. States that if two triangles are perspective from a
point, they are also perspective from a line.
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Desargues’ Theorem

Applications of Projective Transformations
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Desargues’ Theorem

Geometric Transformations

Projective transformations provide a unified framework for geometric trans-
formations, including translation, rotation, scaling, and shearing. Homoge-
neous coordinates simplify computations and enable efficient composition
and inversion of transformations.
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Desargues’ Theorem

Mapping Conics to Standard Forms

Projective transformations can map general conic sections to standard forms
like circles, ellipses, parabolas, or hyperbolas. This facilitates analysis and
classification of conics based on their properties.
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Desargues’ Theorem

Dual Projective Transformations and Dual Desargues’
Theorem

Dual projective transformations interchange points and lines in projective
space. Studying dual transformations deepens the understanding of the
relationship between projective transformations and Desargues’ Theorem.
Dual Desargues’ Theorem states that perspective from a line implies per-
spective from a point.
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Desargues’ Theorem

Invariant Points and Lines under Projective
Transformations

Projective transformations have special invariant points and lines, such as
the center and axis of projection, and the line at infinity. Investigating these
invariant elements enhances understanding of projective properties and the
proof of Desargues’ Theorem.
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Desargues’ Theorem

Perspective Drawing

Projective geometry is used in perspective drawing to create realistic two-
dimensional representations of three-dimensional scenes. Desargues’ The-
orem provides the theoretical foundation by explaining the convergence of
parallel lines to a vanishing point.
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Desargues’ Theorem

Camera Calibration

Projective transformations are essential in camera calibration for computer
vision and photogrammetry. They enable accurate 3D reconstruction and
measurement from 2D images by estimating the intrinsic and extrinsic cam-
era parameters.
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Desargues’ Theorem

Duality
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Dual Space and Duality Transformations

Dual Space and Duality Transformations

Duality establishes a correspondence between points and hyperplanes in pro-
jective geometry. The dual space Pn∗ consists of hyperplanes corresponding
to points in Pn. Duality transformations exchange points and hyperplanes,
preserving geometric properties.
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Duality and Lines

Duality and Lines

Duality reveals a dual relationship between points and lines. Points in Pn

correspond to hyperplanes in Pn∗, and lines in Pn correspond to points
in Pn∗. This duality relationship provides a powerful tool for analyzing
projective properties.
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Duality and Lines

Applications of Duality
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Duality and Lines

Conics and Dual Conics

Duality plays a significant role in the study of conic sections. The dual
conic of a conic section shares geometric properties with the original conic,
allowing for the investigation of conics from a different perspective.
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Duality and Lines

Harmonic Conjugates

Duality provides a geometric interpretation of harmonic conjugates, which
are pairs of points on a line with a special cross-ratio property. Harmonic
conjugates find applications in various contexts, such as orthogonal circles
and harmonic ranges.
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Duality and Lines

Desargues’ Theorem

Duality aids in understanding and proving Desargues’ Theorem. By apply-
ing duality, the theorem can be reformulated in terms of lines and points,
providing a different perspective on the theorem.
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Duality and Lines

Cross-Ratio
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Cross-Ratio

Cross-Ratio

The cross-ratio is a projective invariant that measures the ratio of the lengths
of four collinear points. It is defined as a ratio of Euclidean distances and
is independent of the coordinate system. The cross-ratio is preserved under
projective transformations.
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Cross-Ratio

Applications of Cross-Ratio
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Cross-Ratio

Conics and Dual Conics

The cross-ratio is used to study conic sections. It is invariant under projec-
tive transformations, allowing its definition and exploration on conics.
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Cross-Ratio

Harmonic Conjugates

Harmonic conjugates, pairs of points on a line with a cross-ratio of −1, have
geometric properties. The cross-ratio is employed in studying harmonic con-
jugates, which find applications in inversions, harmonic ranges, and collinear
and concyclic points.
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Cross-Ratio

Perspectivity and Collinearity

The cross-ratio is closely related to perspectivity and collinearity in projective
geometry. If two quadrilaterals formed by collinear points are in perspective
from a point, their cross-ratios are equal. The cross-ratio provides a criterion
for determining perspectivity and collinearity in projective configurations.
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Cross-Ratio

Homogeneous Coordinates
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Cross-Ratio

Homogeneous Coordinates

Homogeneous coordinates provide a unified representation for points at in-
finity and finite points in projective geometry. They extend the notion of
Euclidean coordinates and facilitate the formulation of projective transfor-
mations.
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Homogenization and Dehomogenization

Homogenization and Dehomogenization

Homogenization and dehomogenization are transformations between Eu-
clidean and homogeneous coordinates. They enable the conversion and
computation of geometric objects in projective geometry, such as points,
lines, and conics.
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Homogenization and Dehomogenization

Applications of Homogeneous Coordinates
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Homogenization and Dehomogenization

Intersection of Lines

Homogeneous coordinates allow for the computation of line intersections in
projective geometry. Lines and points can be represented as homogeneous
vectors, and their intersection can be obtained through cross-products or
matrix operations.
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Homogenization and Dehomogenization

Conic Sections

Homogeneous coordinates play a crucial role in studying conic sections.
Conics can be represented using homogeneous quadratic forms, enabling
the analysis of their geometric properties and transformations using linear
algebraic techniques.
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Homogenization and Dehomogenization

Projective Transformations

Homogeneous coordinates enable the representation and manipulation of
projective transformations. Points and transformations can be represented
as homogeneous matrices, allowing projective transformations to be applied
through matrix operations.
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Homogenization and Dehomogenization

Proving Desargues’ Theorem
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Homogenization and Dehomogenization

Introduction

Desargues’ Theorem states that if two triangles are perspective from a point,
then they are perspective from a line. In this section, we present a detailed
proof of this theorem using projective transformations, duality, homogeneous
coordinates, and the concept of the cross-ratio.
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Homogenization and Dehomogenization

Significance of Projective Transformations, Duality,
Homogeneous Coordinates, and Cross-Ratio

We highlight the significance of projective transformations, duality, homoge-
neous coordinates, and the cross-ratio in the proof of Desargues’ Theorem.

Projective transformations simplify the geometric configuration.

Duality provides a comprehensive analysis of geometric relationships.

Homogeneous coordinates handle points at infinity and enable
efficient computations.

The cross-ratio expresses the perspective property of triangles.
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Homogenization and Dehomogenization

Setup

We assume that two triangles ABC and A′B ′C ′ are perspective from a point
O. Our objective is to demonstrate that if ABC and A′B ′C ′ are perspective
from a point O, then they are also perspective from a line.
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Homogenization and Dehomogenization

Applying Projective Transformations

We apply a projective transformation to map the line at infinity to a specific
line, simplifying the configuration. The triangles ABC and A′B ′C ′ remain
perspective from the point O, and the perspective property is preserved
under projective transformations.
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Homogenization and Dehomogenization

Applying Duality

By applying duality, we transform the perspective triangles and the line to a
dual line-based configuration. The dual configuration satisfies the conditions
of Desargues’ Theorem, where the three pairs of corresponding vertices of
the triangles intersect at a line.
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Homogenization and Dehomogenization

Using Homogeneous Coordinates

We use homogeneous coordinates to establish a rigorous proof. The co-
ordinates of the points O, I , and L are represented, and the cross-ratio is
introduced to express the perspective property of the triangles in terms of
ratios of lengths.
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Homogenization and Dehomogenization

Using the Cross-Ratio

The cross-ratio is applied to derive relationships between collinear points and
lengths. The cross-ratio is shown to be invariant under projective transfor-
mations, and a specific configuration is chosen to compute the cross-ratio.
An equation involving the cross-ratio and lengths is derived, leading to a
contradiction.
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Homogenization and Dehomogenization

Introduction of Homogeneous Coordinates

Homogeneous coordinates are introduced as a representation of points in
projective space. Homogeneous coordinates extend Euclidean coordinates
and facilitate computations involving projective transformations.
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Homogenization and Dehomogenization

Projective Transformation

A projective transformation is applied to map the line at infinity to a specific
line. This simplifies subsequent calculations without affecting the collinearity
relationships between points.
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Homogenization and Dehomogenization

Introduction of Duality

Duality is applied to establish a correspondence between points and lines
in projective space. This allows for a comprehensive analysis of geometric
configurations and relationships.
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Homogenization and Dehomogenization

Intersection of Lines and Points

The intersection points of lines AA′, BB ′, and CC ′ with the line l are
considered. The collinearity of these points is examined to establish the
perspective property of the triangles.
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Homogenization and Dehomogenization

Cross-Ratio and Collinearity

The cross-ratio is used to express the perspective property of triangles in
terms of ratios. The cross-ratio of collinear points is shown to be equal to
1 based on the perspective property.
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Homogenization and Dehomogenization

Applying Desargues’ Theorem in the Dual Space

Desargues’ Theorem is applied to the dual configuration formed by the lines
A, B, C and A′, B ′, C ′. The collinearity of the intersection points P, Q,
and R in the dual space implies the perspective property of the triangles.
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Homogenization and Dehomogenization

Collinearity in the Dual Space

The collinearity of the intersection points P, Q, and R is established based
on the collinearity of P, A, A′, and O, and P, B, B ′, and O. This demon-
strates that P, Q, and R are collinear.
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Homogenization and Dehomogenization

Conclusion

By establishing the collinearity of P, Q, and R, we have shown that the
triangles ABC and A′B ′C ′ are perspective from a line. This completes
the proof of Desargues’ Theorem using projective transformations, duality,
homogeneous coordinates, and the cross-ratio.
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Homogenization and Dehomogenization

Conclusion
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Homogenization and Dehomogenization

Conclusion

In this paper, we have provided a detailed proof of Desargues’ Theorem
using cross-ratio, homogeneous coordinates, projective transformations, and
duality. The proof showcases the power of projective geometry and its
applications in various fields.
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Homogenization and Dehomogenization

Interconnectedness of Concepts

The proof highlights the interconnectedness between projective transforma-
tions, duality, and the cross-ratio, showcasing their roles in unraveling the
intricate nature of projective geometry. These concepts provide powerful
tools for understanding geometric configurations and establishing connec-
tions between points, lines, and transformations.
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Homogenization and Dehomogenization

Implications of Desargues’ Theorem

Desargues’ Theorem has far-reaching implications in geometry and related
disciplines, providing insights into projective geometry, perspective drawing,
and higher-dimensional spaces. Further research can explore additional the-
orems, applications, and connections within projective geometry.
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