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Double Integrals

Double integrals are used to calculate the area of a region, the volume
under a surface, and the average value of a function of two variables over

a rectangular region.
b pd
/ / f(x,y)dy dx
a (o

@ We can use Fubini's theorem to write and evaluate a double integral
as iterated integrals
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Double Integrals

Double integrals are used to calculate the area of a region, the volume
under a surface, and the average value of a function of two variables over

a rectangular region.
b pd
/ / f(x,y)dy dx
a (o

@ We can use Fubini's theorem to write and evaluate a double integral
as iterated integrals

@ Fubini's theorem:

/ab/cdf(x,y)dxdy:/ab Ucdf(x,y)dy] dx

@ We can use the same method with polar co-ordinates to calculate the

double integrals of some functions, as it is easier in situations with
circular symmetry.
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Vector Fields

A field which assigns a vector F(x, y) to a point (x,y), in R? or R3

@ Vector fields are important part of calculus, as they help describe the
distribution of vector quantities such as forces or velocities over a
region of plane or of space.
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Vector Fields

A field which assigns a vector F(x, y) to a point (x,y), in R? or R3

@ Vector fields are important part of calculus, as they help describe the
distribution of vector quantities such as forces or velocities over a
region of plane or of space.

@ Common applications of vector fields include: physics, engineering,
meteorology (wind flow), oceanography (ocean currents) etc.

e Vector Fields in R?

F(x,y) = P(x,y)i+ Q(x, y)j
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Vector Fields

A field which assigns a vector F(x, y) to a point (x,y), in R? or R3

@ Vector fields are important part of calculus, as they help describe the
distribution of vector quantities such as forces or velocities over a
region of plane or of space.

@ Common applications of vector fields include: physics, engineering,
meteorology (wind flow), oceanography (ocean currents) etc.
e Vector Fields in R?

F(x,y) = P(x,y)i+ Q(x, y)j

@ Vector Fields in R3

F(x,y,z) = P(x,y,2)i+ Q(x,y,2)i + R(x,y, z)k
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Line Integrals

@ Line integrals are powerful tools used to understand the cumulative
effect of a vector field along a curve

@ A line integral allows us to calculate quantities along this curve by
considering the contributions from the vector field that we encounter
as we move along the curve
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Line Integrals

@ Line integrals are powerful tools used to understand the cumulative
effect of a vector field along a curve

@ A line integral allows us to calculate quantities along this curve by
considering the contributions from the vector field that we encounter

as we move along the curve
/ f(r)ds
C

@ We can use line integrals to calculate the work done by a force along
a specific path, among other things.
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Surface Integrals

@ Surface integrals help calculate quantities over surfaces in a vector
field

@ A surface integral is like a line integral in one higher dimension.
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Surface Integrals

@ Surface integrals help calculate quantities over surfaces in a vector
field

@ A surface integral is like a line integral in one higher dimension.

/ /S £(r) dS
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Divergence and Curl

@ Divergence and Curl are operators which describe the behaviour of
vector fields.
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Divergence and Curl

@ Divergence and Curl are operators which describe the behaviour of

vector fields.
@ Divergence measures how much a vector field spreads out or
converges at each point.

div(F) =V -F
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Divergence and Curl

@ Divergence and Curl are operators which describe the behaviour of
vector fields.

@ Divergence measures how much a vector field spreads out or
converges at each point.

div(F) =V -F

@ Curl measures the rotational behavior of a vector field, quantifying
how much a vector field curls or circulates around a given point.

curl(F) =V x F
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Green's Theorem

@ The Green's theorem relates a line integral around a simply closed
plane curve C and a double integral over the region enclosed by C.

@ It is an extension of the fundametal theorem of calculus in an
additional dimension
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Green's Theorem

@ The Green's theorem relates a line integral around a simply closed
plane curve C and a double integral over the region enclosed by C.

@ It is an extension of the fundametal theorem of calculus in an
additional dimension

//R(cur/xF).dAzjch-dr
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Green's Theorem

@ The Green's theorem relates a line integral around a simply closed
plane curve C and a double integral over the region enclosed by C.

@ It is an extension of the fundametal theorem of calculus in an
additional dimension

//R(cur/xF).dAzjch-dr

o It allows us to calculate line integrals discussed earlier, by converting
them into double integrals.

Green's Theorem
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Stokes Theorem

@ The theorem was actually first developed by Lord Kelvin, who
communicated the result to George Stokes in a letter (1850)
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Stokes Theorem

@ The theorem was actually first developed by Lord Kelvin, who
communicated the result to George Stokes in a letter (1850)

@ It states that for a vector field
F = P(x,y,z)i + Q(x,y,z)j + R(x,y,z)k in R3, where P, Q, and R
have continuous first-order partial derivatives, the line integral of F
around a closed curve C is equal to the surface integral of the curl of
F across any surface S bounded by C

/F-dr://curIF-dS
C S
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Stokes Theorem

@ The theorem was actually first developed by Lord Kelvin, who
communicated the result to George Stokes in a letter (1850)

@ It states that for a vector field
F = P(x,y,z)i + Q(x,y,z)j + R(x,y,z)k in R3, where P, Q, and R
have continuous first-order partial derivatives, the line integral of F
around a closed curve C is equal to the surface integral of the curl of
F across any surface S bounded by C

/F-dr://curIF-dS
C S

@ Through this theorem, line integrals can be evaluated using the
simplest surface with boundary C.

Stokes Theorem
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Stokes Theorem continued.

@ For this talk we can use the informal proof of the stokes theorem to
understad it better.
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Stokes Theorem continued.

@ For this talk we can use the informal proof of the stokes theorem to
understad it better.

@ Let S be a surface, and D be a segment small enough that it can be
broken into square A (four sides listed below) . Using the green's
theorem, if we compute the flux of this square:

/(A/+Ad+A,+Au)-dr://curIF-NdS://curlF-dS
A A A
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Stokes Theorem continued.

@ We now approximate the flux over the entire surface (purpose of
stokes theorem) and this can be done using the green's theorem
(albeit in a long calculation!) After simplification:

//R(cur/xF)-dA

Remember

SO,

//D[—(Ry — Qz)zx — (Pz — Rx)zy + (Qx — Py)]dA
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Stokes Theorem continued.

@ We now approximate the flux over the entire surface (purpose of
stokes theorem) and this can be done using the green's theorem
(albeit in a long calculation!) After simplification:

//R(cur/xF)-dA

Remember

SO,

//D[—(Ry — Qz)zx — (Pz — Rx)zy + (Qx — Py)]dA

@ This basically equals:
// curl F - dS
S
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Proving the Faraday’s Theorem

Theorem: The voltage change around a loop is proportional to the
negative of the time rate of change of the magnetic flux through the loop.
Then, voltage V through a curve segment x is:

AV =~ E . Ax

Hence the change in voltage around the loop is:

/E-dx
c

Svanik, Garg (The Doon School) The Stokes Theorem Euler Circle 17 /18



Thank You!
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