DISCRETE VOLUME OF LATTICE POLYTOPES

RITISHA BANSAL

Abstract- In this paper, we will overview the fundamentals of the Ehrhart theory, specif-
ically Ehrhart polynomials and their associated Ehrhart series. The Ehrhart theory was
proposed by Eugene Ehrhart in 1962 who at the time was as a mathematics teacher at a
lycées. This theory shows that the number of lattice points contained by the ¢ dilate of a
d-dimensional polytope is a rational polynomial in ¢ of degree d called the Ehrhart polyno-
mial. We will examine the Ehrhart polynomials of some common polytopes and properties
of these polynomials, a proof of the Ehrhart theory and an open problem in this field.

1. INTRODUCTION

Since, Ehrhart’s original works in 1960, Ehrhart theory has developed as a key topic at the
intersection of polyhedral geometry, number theory, commutative algebra and enumerative
combinatorics. Its diverse applications are owing to the fact that it connects the worlds of
discrete and continuous mathematics in a fascinating way. Ehrhart studied the relationship
between an object’s continuous volume which is its normal or intuitive volume and its discrete
volume-a different sense of volume given by the lattice points contained inside it. In the
mathematics of lattice points, the first well-known result is Pick’s theorem which gives the
area of a convex polygon in terms of lattice points inside it and on its boundary. Ehrhart
devised a different approach to serve as a generalisation for polytopes with higher dimensions.
Ehrhart instead studied how the number of lattice points inside an object changed as the
object was scaled up in size. For this purpose, he defined the lattice-point enumerator
function Lp(t) in t of an object, which counted the number of lattice points in the object
after being scaled up by a factor of ¢ for positive integers t. The central theorem of Ehrhart
theory is theorem which says,

Lp(t) = Cdtd + Cdfltd_l + o+ Clt + Co-
Indeed, the lattice-point enumerator of a polytope P is an Ehrhart polynomial. Connecting
back to Pick’s theorem and volume, Ehrhart discovered that the leading coefficient of a
polytope’s lattice-point enumerator always equaled the polytope’s volume. Moreover, the
associated generating function for the lattice-point enumerator of P called the Ehrhart series
can be defined as,
Ehrp(z) =1+ 5 Lp(t)z".

The structure of the paper is as follows. We start by an in-depth look at Pick’s theorem in
section 2 providing a traditional proof for it. Section 3 establishes fundamentals of polytopes
and we then move on to laying out the basics of lattice-point enumeration in section 4 with
sections 5,6,7 and 8 computing the lattice-point enumerators of several common polytopes.
Continuing in section 9, we will explore the role of generating functions in Ehrhart theory
and then go on to introduce cones and integer-point transform in section 10. The main
results of Ehrhart theory are provided in section 11.Sections 12 and 13 deal with interpreting
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Figure 1. decomposition of convex polygon

coefficients and interpolation. Section 14 briefly explores Ehrhart quasipolynomials and
lastly in section 14 we explore an active area of research in this field.

2. PICK’S THEOREM

Pick’s theorem is the most famous theorem involving lattice-point enumeration and it
is fundamental to this paper as it provided the basis for developing Ehrhart theory. The
theorem named in honour of its discover Georg Alexander Pick (1859-1942) presents the
surprising fact that the area A of polynomial P can be computed simply by counting lattice
points. The theory of Ehrhart polynomials can be seen as a higher-dimensional generalization
of Pick’s theorem in the Fuclidean plane.

Theorem 2.1. (Pick’s theorem). Given a convex integral polygon P, let the number of lattice
points strictly interior to P be I, and let the number of lattice points on the boundary of P
be B. Then, the area of the polytope is-

A=1+5-1.

Lemma 2.2. Pick’s identity has an additive character: we can always decompose P into the
union of two integral polygons Py and Py by joining two vertices of P with a line segment as
shown by figure [ The validity of Pick’s identity for P follows from the validity of the Pick’s
wdentity for Py and Ps.

Denote the area, number of interior lattice points, and number of boundary lattice points
of P, by Ag, I, and B respectively, for k = 1, 2. Clearly,

A:A1+A2.

Furthermore, if we denote the number of lattice points on the edge common to P, and P,
by L, then

[:[1—|—[2+L—2 and B:B1+BQ—2L+2
Thus

B B B
I+2 - 1=L+4L+L-2+—24+2_L4+1-1.
2 2 2
By

By
=L+ = 1L+ =1
1+ 1t b+

This proves the claim. Note that our proof also shows that the validity of Pick’s identity for
P, follows from the validity of Pick’s identity for P and P,. Now, every convex polygon can
be decomposed into triangles that share a common vertex. Hence it suffices to prove Pick’s
theorem for triangles.
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Lemma 2.3. Pick’s theorem holds for all integral rectangles R whose sides are parallel to
the axes.

Proof. Let the width of R be w and the height of R be h. Then, without loss of generality
let the bottom-left vertex of R be (0, 0) and the top-right vertex of R be (w, k). So we have,

(2.1) A = wh.

The lattice points strictly inside R form a rectangular grid with bottom-left vertex (1, 1)
and top-right vertex (w — 1, h — 1), so we have,

(2.2) [=(w—1)(h—1).

The horizontal edges of R each have length w, so they contain w + 1 lattice points each.
Likewise, the vertical edges each have length h, so they contain h + 1 lattice points each.
This gives that,

(2.3) B=2w+1)+2(h+1)—4=2w+2h.

Putting together (2.1)), (2.2), and (2.3 we have,

B 2w + 2
I+§—1:(w—1)(h—1)+%h—1.
=wh—w—-h+1+w+h-—1

= wh = A.
[ |

Lemma 2.4. Pick’s theorem holds for all integral right triangles T whose legs are parallel
to the axes.

Proof. Let the legs of T" have lengths w and h. Then, without loss of generality let the
vertices of T be (0, 0), (w, h), and (w,0). Thus, we have,

_wh

(2.4) A==

Let H be the number of lattice points on the hypotenuse of T° .Then, if we use the same
definition of rectangle, we see that the number of internal lattice points of T' is half the
number of internal lattice points of R that do not lie on the hypotenuse of 7' . Thus, with 2
accounting for vertices,

(w—1)(h—1)— H+2

(2.5) I= 5

For the boundary, the horizontal and vertical legs contain w + 1 and h + 1 lattice points,
respectively. The hypotenuse contains H lattice points. Subtracting 3 to account for the
vertices gives,

(2.6) == (w+1)+(h+1)+H-3=w+h+H-1.
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Putting together (2.4)), (2.5, and ([2.6) we have,

B —1)(h—1)— H+2 h+H -1
I+__1:(w )( ) + +w+ + 1
2 2 2
_wh—w—h+1+w+h—1
— 5 )
_wh_y
2

Thus, with the above three lemmas, we can piece together the proof of Pick’s theorem.
We now go on to derive the general form of the lattice-point enumerator for all convex
polytopes using Pick’s theorem.

Theorem 2.5. Given a convex integral polygon P, let its area be A and let the number of
lattice points on its boundary be B. Then,

Ly(t) = At* + Bt + 1.
Proof. Consider tP, the scaling of P to its t dilate. Let its area be A;, the number of lattice
points in its interior be I; and those on its boundary be B;. We have,

(2.7) L,(t)=1+ B,.

Since tP is P under a dilation by a factor of ¢, we have that the area increases by a factor
of t2. This gives,

(2.8) A = A
Thus to finish, Pick’s theorem combined with and gives,
At =1 + % —1
At-]t+Bt—%—1
m_%@—%—l
Lp(t):At+%+1
Ly(t) = At* + gt +1

3. DESCRIPTION OF POLYTOPES

In this paper, we will only discuss convex polytopes. The two different ways to define
convex polytopes are the vertex description and the hyperplane description.

Definition 3.1. Using the vertex description, a convex polytope P € R? is the convex hull
of a finite set of points {v1, vy, ..., v, } in R% You cane imagine this by film wrapping around
the vertices of a polytope, then the region enclosed by the film is the polytope’s convex hull.
We denote the convex hull of P by P = conv{vy,vs,...,v,}.To be precise polytope P is the
smallest convex set containing those points; that is,
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P={MNvi+Xvg---+ X, tall \g >=0and A\ + g+ -+ A\, = 1}.

Definition 3.2. If we instead use the hyperplane description, a convex polytope P € R? is
the bounded intersection of finitely many d-dimensional half spaces and (d — 1)-dimensional
hyperplanes. A hyperplane H € R? is a (d — 1) dimensional subspace of a d-dimensional
space. A half-space H C R? is the part of a d-dimensional space that lies on a given side
of a (d — 1)-dimensional hyperplane. We call a hyperplane H a supporting hyperplane of a
polytope P if P is completely contained in one of the two half spaces H; and Hs bounded
by H such that P € H, or P € H,. For some, some a € R? and some constant b.

H:={reR:azx>b}or H:={xreR:ax<b}.

The fact that every polytope has both vertex and hyperplane description which are equiv-
alent is highly nontrivial both conceptually and algorithmically.

Definition 3.3. The dimension of the P is the dimension of the affine space spanned by P.
span P:={x+ ANy —x):x,y € P A€ R}

The face of a d-dimensional polytope can have any dimensionality less than or equal to d.
In particular, the (d—1)-dimensional faces are called facets, the 1-dimensional (line segment)
faces are called edges, and the O-dimensional (point) faces are called vertices. A convex d-
polytope has at least (d + 1) vertices. A convex d-polytope with exactly (d + 1) vertices is

called a d-simplex. Also, note that Ehrhart theory is concerned with polytopes with integer
or rational vertices i.e a rational polytope.

4. LATTICE POINT ENUMERATION

Lattice point enumerators-Ehrhart theory deals with computing the discrete volume
of a polytope by counting the number of its integer lattice points. We are interested in how
the number of lattice points differs as P is scaled up.

Definition 4.1. For a positive integer ¢, the ! dilate of P € R is tP, and
tP = {(txy,teg, - txy) : (x1,29, - ,x4) € P}.

Definition 4.2. The lattice point enumerator of P € R?, which counts lattice points inside
tP when evaluated at t is,

L,(t) = |tP NZ4.
We can think of this in another way as leaving P fixed and shrinking the integer lattice that
is,

L,(t)=|PN3Z%.
The value of L,(t) is called the discrete volume of ¢P.

Definition 4.3. The Ehrhart series is another important tool for analyzing a polytope P.
It is the generating function of the lattice point enumerator of P and can be defined as,

Ehry(z) =1+ ) Ly(t)2'

Ehry(z) = Z Ly(t)2".

t>=0
Note -The generating function for xy + x9 + - - - + 2441 is,
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T

Figure 2. 6th dilate of unit-cube

(1+Z+Z2 + "')d+1 = (1_21)d+1'

The coefficient of z* in this generating function, when expanded fully, equals the number of
ways to choose non-negative integers x1, s, ..., 411 such that o1 + 2o+ -4+ 2401 = k. We
will be using this generating function for lattice-point enumeration of a standard simplex.

5. UNIT D-CUBE

We first begin with lattice point enumeration of unit d-cube:=[0,1]? which is a generali-
sation of the 2-D unit square and 3-D unit cube. Denoted by 0O, it is the is the polytope
whose vertices are all of the points in R¢ such that every coordinate is either 0 or 1:

0= conv{(zy,9,...,24) ER:2; =0 0r 1 for 1 <=1i <=d}.
= {(z1,29,...,09) ER: 0 <=1, <=1 for 1 <=1i <=d}.
The interior of the unit d-cube is,

={(x1, 29, ,2q) ERY: 0< 2, < 1 for 1 <=1i <=d}.

Theorem 5.1. The lattice-point enumerator of unit-d cube is,
Lo (1) = (t+ 1) = X, ()1

and the lattice-point enumerator of the interior unit-d cube is,

=(t—1)%
Proof. A given lattice point (x1, 9, ,x4) can have x; = 0,1,--- t. Thus, since each of
the d coordinates had t + 1 possible values, Lo (t) = (¢ + 1)%. |

The Ehrhart series of the unit-d cube takes a special form as it can be expressed in terms of
the Eulerian number A(d, k)

Definition 5.2. The Euelerian number A(d, k) can be defined as the number of ways to
arrange numbers from 0 to d such that & numbers are greater than the previous number.
The generating function for A(d, k) is,

d_i d A(dJc)zk
Y js=0d =Dk 1-2)d+1)"
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Figure 3. 3-D standard simplex

We can now express Ehrhart series of O in terms of Eulerian numbers:

Ehio=1+ Y (t+1)%" =) (t+1)%"

t>=1 t>=0

_! Z a2t
% t>=1

B i A(d, k)z*

p (1—z)d1

The Eulerian numbers have many fascinating properties like A(d, k) = A(d,d+ 1 — k) which
provide different ways of computing Ehrhart series of 0.

6. THE STANDARD SIMPLEX

Definition 6.1. The standard simplex denoted by A in dimension d is the convex hull of
(d + 1) points ey, e, -+ ,eq and the origin. Here is e; is unit vector with a 1 in the ;%
position while the rest are 0 vectors.

A:{(I‘l;lé?”. 7Id) ERd : x1+$2+"'+xd S 1 and all Tk Z 0}
The t dilate of the standard simplex is given by,
tAN={(z1, 29, - ,7q) ER: 2y + 29+ -+ x4 <=t and all 3, >= 0}.

To compute the discrete volume of A we use a counting function as we are trying to count
all integer solutions {(my, ma, ..., mq) € Z% and (my, my, ..., my) > 0} to,

my+me+ -+ mg < t.

To translate this inequality in d variables to an equality d + 1 variables, we introduce a slack
variable mgy 1, such that mg,; € Z¢ and mgy; > 0. Thus,

my+mo+ - +mgy =t.

The counting function is,
ta € 7 = const ( Z zml) ( Z ng) Z ZMa+1 | o7t
m1>=0 mo>=0 mq+1>=0

= COHSt(m).
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Thus, we have proved that the Ehrhart series of A is Ehra(z) = W
Using the binomial series we get,

W =D k>0 (Z) 2*.

Thus, we have proved that the lattice point enumerator of A is the polynomial La(t) = (
Incidentally La () has an alternative life in traditional combinatorics as shown below.

‘4.

Definition 6.2. A Sterling number denoted by s(n.k) is the number of ways to partition
a set of n elements into £ non-empty sets. The uniqueness of these numbers is that they
are the first of the kind to be denoted as the coefficients in expansions of falling and rising
factorials.

LA(t) can be expressed in terms of the Sterling numbers in a unique way as,

A= L50 (—1)Estirl(d+ 1,k + 1)t*.

7. BERNOULLI POLYNOMIALS AS LATTICE POINT ENUMERATORS OF PYRAMIDS

We will explore the fascinating connection between Bernoulli polynomials and certain
pyramids over unit cubes.

Definition 7.1. The Bernoulli polynomials named after Jacob Bernoulli, combine Bernoulli
numbers and Binomial coefficients and are useful for series expansion of functions.The
Bernoulli polynomials B,, can be defined by the generating function,

ze®? B (x) _k
e 1 Zkzzo IR

The Bernoulli numbers are By, := By (0) and have generating function,

ze®* By Jk

i1 2uk>0 R -

Theorem 7.2. For integers d >=1 and n >= 2,
n—1
ko K — 1= 3(Ba(n) — Ba).

This can be proved using the generating functions defined above.

For a polytope Q € R4~ with vertices vy, vy, . . ., v, we define Pyr(Q) as the convex hull of
(v1,0), (v2,0),...,0m,(0,0,...,1). Given below is an example of the unit-cube.

A (d — 1) dimensional unit cube when embedded in R? forms a d dimensional pyramid by
adjoining one more vertex at (0,0,...,1). This geometric object has the given hyperplane
description,

P:{(xl,xg,...,xd) E]Rd:0<:x1,x2,...,xd,1 <1l —z4< 1}

Thus, pyramid P is contained in the unit cube and its vertices are a subset of the vertices
of the cube.
Lattice-point enumeration in integer dilates of P. The number of lattice points inside
P is given by,
{(my,ma,...,mg) €Z4:0<mp <t—my <t fork=1,2,....,d—1}.

When counting the solutions to 0 < my <t —my < t, once we have chosen my from 0 to t,
we have t —mgy+ 1 independent choices for each of the integers mq, mao, ..., mg_1. The lattice
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Figure 4. Lattice point enumeration of tPyr(Q)

point enumerator of P is the total number of solutions to the counting function. Thus,

Lp(t)=Z(t—md—|— Zk;‘“
_ L(But+2)— B

d
Theorem 7.3. the number of integer lattice points in tPyr(Q) is by construction,

Lpy@)(t) =1+ Lo(1) + Lo(2) + -+ + Lo(t).

=1 +ZLQ(J')

Proof. This is because there is one lattice point in which x4 coordinate is ¢ which is a vertice,
Lg(1) lattice points with x4 coordinate as (t — 1), Lo(2) lattice points with x4 coordinate as
(t—2) up to Lg(t) lattice points with 4 = 0 as these are the lattice points for the cube. W

Theorem 6.3 allows us to compute the Ehrhart series of Pyr(Q) from the Ehrhart series
of ):

Theorem 7.4. Ehrpyq)(2) =
Proof.

Ehrg(z)
1-2z

Ehrpy)(2) =14 Lpyg)(t)z _1+21+ZLQ

t>1 t>1
1
_ ¢ N . t
Y Y Ll - e S L)
t>0 t>1 j=1 Jj>1 t>]
() 2 _1+Zj21LQ(j)Zj
, J 1—2 1—=2
j=>1

The pyramid was constructed over the unit (d — 1)cube. Thus, using Ehrhart series of
unit-cube in terms of Eulerian numbers, Ehrhart series of pyramid is-

A(d—1,k)z A(d—1,k)z
Ehrp(z)zlszl (lz _Zkl (1zd+1
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Figure 5. 3-D cross polytope

8. LATTICE-POINT ENUMERATION OF CROSS-POLYTOPES

Definition 8.1. A cross polytope denoted by ¢ R? is also known as orthoplex and is sym-
metric about the origin. Its vertices are the d unit vectors ey, es, ..., eq and their negatives.
Its hyperplane description is-

= {(z1,20,...,74) € R |zy| + |wa] + -+ + |2y < 1}

Figure [fis a 3 dimensional octahedron.Its vertices are (+1,0,...,0), (0,£1,...,0),...,(0,0,...

A 2-D cross poltyope is always a square, 3-D a regular octahedron ans 4-D a 16 cell. A
cross-polytope’s facets are simplexes of previous dimension while its vertex figure is (d — 1)
dimensional cross-poltyope.

To compute the discrete volume of a cross polytope we use a method similar to that used
in section 6. To do this, we define a d dimensional cross-polytope as the bipyramid over a
(d — 1) dimensional cross polytope @ with vertices vy, vs, ..., v, such that ) contains the
origin.We define BiPyr(Q), the bipyramid over ) as-

conv{(v1,0), (v2,0),..., (vy,0),(0,...,0,1) and (0,...,0,—1)
Thus, the number of lattice points in tBiPyr(Q) is by construction,

Lpipyr(q)(t) =2+ QLQ(l) +2Lg(2) + -+ +2Lq(t — 1) + Lg(t).

_2+2ZLQ )+ Lo(t).

The proof of this identity is similar to the one used for pyramids.

Theorem 8.2. If Q contains the origin, then Ehrp;pyr Q)( z) = 122 Ehrg(z). The cross

poltyope in dimension 0 is the origin with Ehrhart series (=) L. Thus, the higher dimensional

1—2
cross polytopes can be computed recursively by the formula—
Ehro(z) = (1+2)7

Theorem 8.3. The lattice-point enumerator of a d-dimension cross polytope 1is,

Lo(t) = ZZ:O (z) (tilffd) forallt>1.

The proof of follows from its Ehrhart series.

1),
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Proof. Since, Ehro(z) = 14+, Lo(t)z', we can retrieve Lo, by expanding Ehre(z) into a
power series with z = 0. -

1+ 2)4 d,o Z 2"
EhTO(Z) = (( —+Z)3+1 = (Zlk_ Z()d)'H

> ()2 ()
S ()2 (h)

Using the fact that (t_lyd) =0for 0 <t <k we get,
Ehro(2) = Y0 2o (1) (757 2"
Hence, Lo(t) = i (1) ('5")- m

The counting function of cross polytopes bears a connection to the Laugerre polynomials
and the Riemann hypothesis.

—_

M=

S|

9. EULER’S GENERATING FUNCTION FOR RATIONAL POLYTOPES

We used a counting function for lattice-point enumeration of a standard simplex. We
now set up a generating function which can be used for the lattice-point enumerator of any
arbitary rational polytope.Such a polytope is given by its hyperplane description, an intersec-
tion of half-spaces given by inequalities. We can change this into an equality by introducing
a slack variable as we did for the standard simplex. Furthermore, by translation we can
assume the polytope has positive coordinates. We can describe every rational polytope P as
with some integral matrix A € Z™? and some integer vector b € Z™,

P={reR: Az = b}
Hence, lattice-point enumerator of tP is the counting function,
Lp(t) ={x € Z¢: Az = tb}

Theorem 9.1. Euler’s generating function- The lattice-point enumerator of a rational
polytope P can be computed by,

Lp(t) = const <(1_261)(1—ze;)~-(1—z€d)ztb>

We can show this by an example.

Example 9.2. Let P have vertices (0,0),(2,0), (1,1) and (0,2). Then,

Lp(t) = {(xla'TZ) €72 w1,m9 >0, 11 + 21, < 3t, T1 + T, < 275}-
= {(x17x27x37x4> € Z4 P, T2, X3, Ty Z 07 1+ 2.T2 + 23 = 3t7 T1+ Ty + x4 = 2t} .

The counting function of P is,

R 1
f(Zl, 22) T (I—z122)(1-2222) (1—21) (1—22) 25t 228
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The geometric series of this equals,

f(z1,22) 1 = 2(21722)n) 2(212722)n) (Z Zl"s) <Z zl“@) :

nl>0 nl>0 n3>0 ng>0
_ ni1+2ng9+n3—3t , ni+no+ns—2t
E <1 <2

Nn1,...,n4>0

The number of lattice points is equal to the number of solutions to (ny,ns, n3,ny) € Z4,.
That is, -

Thus,

1
LP(t) = const ((17z17;2)(1721222)(1*21)(1*22)'2131&2:2%)

10. INTRODUCING CONES AND INTEGER-POINT TRANSFORM

The Ehrhart polynomial of an integral polytope encodes the relationship between its vol-
ume and the number of lattice points contained in it. The important question is why the
lattice-point enumerator of a polytope is always an Ehrhart polynomial in the first place.
The proof of the theorem below provides a precise answer. This fundamental theorem was
proved in 1962 by the French mathematician Eugene Ehrhart who made extensive contribu-
tions to lattice-point enumeration. Thus, the Ehrhart polynomial and Ehrhart theory are
named in his honour.

Theorem 10.1. Ehrhart’s theorem- Given a convex integral polytope P € R?, the lattice-
point enumerator Lp(t) of P is a rational polynomial int of degree d which we call the Ehrhart
polynomial.

Lp(t) = cqt® + cq_1t¥t + -+ 1t + cp.
Since most proofs work like a charm for a simplex, we first dissect a polytope into simplices.

Definition 10.2. The triangulation of a convex polytope P € R? is the finite collection 7'
of (d — 1) simplices such that,

P=Uper A
AN Ay is a face common of A and Ay for every Ay, Ay €T

Theorem 10.3. Given a convex polytope P € R? it is always possible to triangulate P using
no new vertices.

This can be proved by lifting P into R4, Refer to [DLRS10] for a compete proof of this
theorem and further study of triangulations which is an active area of research.

Now we introduce the concept of cones and coning.
Definition 10.4. A cone K in R? is a set of points of the form-

k:{v+)\1w1—|—)\1w2++)\mwm>\1+)\2~|—+/\m20}
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Figure 6. tiling a cone

where v, wy,ws, ..., v, € R and there exists some hyperplane H such that H N K = {b}.
v is the vertex of K and w; are its generators. If K is of dimension d, we call it a d-cone.
The d-cone k is simplicial if k£ has precisely d linearly independent generators. Cone are
important for us for the process coning over a polytope.

Definition 10.5. Let P € R? be a convex polytope with vertices vy, vs, . .., v,. We lift these
vertices in R%*! by adding 1 as their last coordinate. So let,

wy = (v, 1), we = (vg,1),...,w, = (v, 1)
Now we define the cone over P as,
cone(P) = {\wy + Xawy + -+ + X\wy : A1, Ay, .., Ap > 0} € RIFL
This pointed cone has the origin as the vertex and we can recover our original polytope P

by cutting the cone with hyperplane x4,7 = 1. Note that like triangulation of a polytope, a
cone can be triangulated into simplicial cones using no new generators.

Definition 10.6. Integer-Point Transforms for Rational Cones- Let S be a rational
cone or polytope with S € R?. Then its integer point transform is a multivariate generating
function which encodes the information contained by the lattice points in S. The generating
function oy is,

0s(2) = o5(z1, 22, -, 24)-
= g 2™ where 2™ = ¢ 2%
meSNZd

Thus, the generating function og simply lists all integer points in S in a special form as a
formal sum of Laurent monomials.
Example 10.7. Consider a 1-dimensional cone K = [0,00). Its integer-point transform is,

m 1

US(Z) = ZmE[O,oo)ﬂZ = (1-2)"

Example 10.8. To understand obtaining the integer-point transform of a cone K by tiling,
we consider the 2-dimensional in figure [0 given by-

ko= {(1,1) 4+ Xa(—2,3) : Aj, Ay > 0} € R%
We tile K by covering it entirely with translates of the fundamental parallelogram II-
= {\(1,1) + Xa(=2,3) : 0 < A\, Ay < 1} € R
We first list all vertices of translates of II using the geometric series with (7, &k > 0) -
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Zm:j(1,1)+k(_273) 2" = (llezg)(llle—sz) :
Let (m,n) range over II N Z* = {(0,0),(0,1),(0,2),(—1,2),(—1,3) which are the lattice
points in the interior of II. Using (m,n) we generate all lattice points in K apart from its
vertices by,

Limmy = {(m,n) +5(1,1) + k(—2,3) : j,k € Zxo}
So, K is union of L, ,) and all vertices. Hence,

or(2) = (1 4+ 2+ 20> + 217 2% 4+ 217 129°) Z 2™,
m=3(1,1)+k(—2,3)
(1+ 29 + 202 + 2171202 + 217 1293)
(1 — z129)(1 — 2172293)
Theorem 10.9. Let K be an integral simplicial d-cone with generators wy,ws, . .., wq. Then
for some v € R?, the integer point transform of v + k is,

O-’U+k‘(z) = (1_Zw1)((171;g§§.),.(1_zwd) :

where II is the fundamental parallelpiped of K with hyperplane description as defined in
above example.

Proof. Let m € (v + k)N Z< be a lattice point in (v + k). By definition, we have,
(10.1) m =+ \wy; + +Aawy + - -+ + +Aqwy.
For some unique Ay, A1, ..., Ay > 0. We now decompose each \; into its integer and fractional
parts by letting \; = [\;] + {\;} for all @ with [X\;] as integral and {)\;} as fractional. Then
becomes,
(10.2)  m = (v+ {M}wi + { A fws + - + {Aq}wa) + ([M]wr + [Ao]wa + -+ + [Aglwa).
We can define p as the fractional part by,

p=v+{M}w + {A}ws + -+ {Ag}wa.
p € (v+ M) NZ%sine {\} < 1 for all i. We can thus rewrite as,
(10.3) m = p+ kiwy + kowy + - - + kqwg.

For some unique ki, ks, ..., ks € Z>o. Thus, the generating function we have whose coeffi-
cients are all m € (v+ k) NZ% is,

> A (%Zhwl>”'<kdgozm>:‘7“”(2)(1—121”)”'(1_12';“)'

pe(v+II)NZ4

UU+H(Z>
(1 —zw)(1 — zw2) - (1 — zwa)

[ |
To complete the puzzle, we need this last theorem before we can prove Ehrhart’s theorem.

Theorem 10.10. For a convex integral polytope P € R?, its Ehrhart series can be written
as,

Ehrp(2) = Ocone(p) (L, 1, ..., 1, 2a41).
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Proof. We first create cone(P) which is the cone over P. As mentioned before, the inter-
section of cone(P) and the hyperplane 4.1 = 1 is P itself. So, as a generalization, the
intersection of cone(P) and the hyperplane z4,1 = t for some positive integer t is ¢P. Thus,
we can decompose P into layers such that each layer is the intersection of P and hyperplane
of form w4y = t. Thus, we can rewrite o.ope(py in terms of the layers op’s as,

2
Teone(P) (215 22, - -, Zay1) = L+ op(21, 22, . ., 20) 2401 + Op, (21, 22, - -, 2a)Zg4y + -+
t
=1+ E op(21, %2, -+ 5 Zd) %41 -
t>1

The 1 terms corresponds to the origin for 22+1. Using the fact that, op(1,1,...,1) = |P N
Z4| = Lp(1) which is the lattice-point enumerator of P, this gives,

Ucone(P)(L 17 SRR 1; Zd+1) =1+ ZUtP(Zlu R2y 7Zd>zfl+1-
t>1

=1+ Z Lp(t)zg.1-
t>1

= Eh’f’p(ZdJrl).

11. MAIN RESULTS OF EHRHART THEORY

Now we are ready to prove Ehrhart’s theorem. Since, every convex polytope P € R¢
can be triangulated into simplices, we can simply count lattice points in simplices and use
inclusion-exclusion to address double-counting. Thus, it suffices to prove Ehrhart theory for
simplices.

Lemma 11.1. If

tho f(t)zt = (1fi§21+1-
Then f is a polynomial of degree d if and only if-

(1) deg g < d.
(2) g(1) #0.
By this lemma, it suffices to prove that,
_9()
for some simplex A € R? where g has degree at most d and g(1) # 0. Since A is a
d—simplex, it has exactly d + 1 vertices which we can denote by vy, vs,...,v411. Thus,
cone(A\) is simplicial as it will have d 4 1 generators denoted by wy, ws, ..., wy. By theorem
we have,
on(z)
11.2 cone = .
( ) (o) (P)<Z> (1—Zwl)(1—2w2)---(1—zwd+1)
Now if we let z = (1,1,...,1, z441) and have w; = (v;,1) = (v;1,vi2,...,V;iq, 1) we get that
20 = (191)(190%) - - (1%0%) (23, 1) = 2za+1. Thus, equation becomes,
(11.3)
O'H(l,l,...,l,ZdJrl) O’H(l,l,...,l,ZdJrl)
O cone 1,1,...,1, 2 = =
(A)( dH) (1 - Zd+1)(1 - Zd+1) T (1 - Zd+1) (1 - ZdH)dH
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Now since equation [11.3] and equation [11.1] have the same form, it remains to prove that
on(1,1,...,1, 2z441) is a polynomial of degree at most d and op(1,1,...,1,1) # 0. The latter
is obvious since,

on(1,1,...,1,1) = [lINZ*!|. and II contains the origin so Ly(1) can have min value=1.

Now to prove the former, we recall the definition of integer-point transform which is,

05(2) = Xmesnze 2"

We can now substitute S as II, z = (1,1, ..., z441) and m as (mq, ma, ..., mgs1), SO we get,
UH(L 1, RN 17 Zd+1) = Z (17 17 cee 1’ zd+1)(m1,m2,...,md+1).
meSNZa
= > (@) (1) (2.
meSnza
= > .
meSNZa

Thus, it remains to prove that mg.; < d for every m € I1 N Z%. Recalling the definition of
the fundamental parallelpiped we have,
II={\w +Mw; + -+ Agr1warr - 0< N\ <1 for 1 <i<d+1}.
Since, w; = (vs, 1) for all i for all m = my, ma, ..., mgy1 € 11N Z4 we have,
Map1 = A1+ g+ + Ay
Since, for all 7 0 < \; < 1,
Map1 <1+14+---+1=d+1.

Since, m is an integer its max value is d. Thus, the max degree of or(1,1,...,1, z441) is d.
Thus, finally we have proved Ehrhart’s theorem.

Ehrhart Series of an Integeral Polytope- We now build the proof of Ehrhart’s the-
orem further by studying the polynomial oy(1,1,...,1, z411) to express Ehrhart series in an
alternative form.

Corollary 11.2. Suppose /\ is an integeral d-simplex with vertices vy, vy, ..., vqy1 and let
w; = (v;,1). Then,
h*zd+h*7 zd’1+--~+h*z+h*
EhTA(Z) =1+ ZtZl LA(t)zt = d (ll—z)d+1 L 9.

where hj equals the number of lattice points with last coordinate k. This is because the
coefficient of 2% 41 simply counts the integer points in the parallelpiped II cut with the hy-
perplane x4,1 = k. This result can be used to compute Ehra of an integral simplex A very
quickly.
Stanley’s non-negativity theorem shows that hf, by, ..., h) are non-negative integers. A
full proof can be found in [BDO§|. You can also explore an extension of Stanley’s theorem
in weighted Ehrhart theory in [BDDL"23)].

We now present a formula for extracting the Ehrhart polynomial of P from its Ehrhart
series as defined above.

Lemma 11.3. Suppose P is an integral convex d— polytope with Ehrhart series-
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Rhzd+hh 237 R zHhE

EhTA(Z) =1+ ZtZl LA(t)Zt = =)@

Then,
Lp(t) = (3") +hi (757 + -+ b () + ha ().
The proof of this follows binomial expansion and can be found at [BRO7|.

Lastly in this section, we shall describe a theorem which beautifully connects the number
of integer lattice points in a convex polytope and those which are strictly inside the polytope.

Theorem 11.4. Ehrhart Macdonald Reciprocity- Given a conver polytope P € RY,
evaluating Lp(t) at negative integers yields,

Lp(—t) = (=1)%Lpo(t).
Recalling, lattice-point enumeration of the unit d cube and its interior:
Lo, () = (t+ 1)
Log(t) = (t = 1)%
Using Ehrhart-Macdonald Reciprocity, we can find Lgy(¢) directly from L, (t) by evaluating
Lp,(t) at negative integers. This gives,

Lo, (—t) = (=1) Ly (1),
Leg(t) = (=1)%. Lo, (—0).
Lo (1) = (=1)% (=t + 1)%
Ly (t) = (¢ = 1)°.

A full proof of this theorem can be found at [Mac71] and an alternate proof can be found
at [Sam09].

12. INTERPRETING COEFFICIENTS OF EHRHART POLYNOMIAL

It turns out that the coefficients of the Ehrhart polynomial encode some very important
information. We aim to decode some of them here.

From Discrete to Continuous volume- We start by presenting a very important theo-
rem which decodes the leading coefficient of an Ehrhart polynomial. The theorem provides
a fundamental connection between the discrete and continuous volume of a polytope by
enabling us to calculate a polytope’s continuous volume from its Ehrhart polynomial.

Theorem 12.1. For a given convex integral polytope P € R let its Ehrhart polynomial as
defined above be,

Lp(t) = cqt + cq_1t¥ 1 + - + 1t + ¢o. Then cq equals the volume of P.

Proof. In higher dimensions, the volume of a polytope P € R? denoted by volP can be
computed by approximating P with d-dimensional boxes that get smaller and smaller. To
be precise, if we take the boxes with side length 1/t then each have volume 1/t¢. We might
further think of the boxes as filling out the space between lattice points in the lattice %Zd.
Thus, if we take the limit as the side length of the d-dimensional approaches 0, we reach the
precise value of the continuous volume of P. This is equivalent to counting the number of
lattice points inside P on with a smaller and smaller lattice. As such,we can define,

Vol P := limy_,o0 77| P N (3 2)].
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Since shrinking the lattice by a factor of ¢ is equivalent to expanding P by a factor of t, we
can rewrite this definition as,

vol P = limy_, tld\tP N Z| = lim;_, o0 tide(t).

We now have,

gttt eyttt + 1
vol P = lim )
t—00 td
= lim (cg+ cgrt ™+ F et 4179,
— 00

= Cq-
|
We will now briefly examine the second leading coefficient of the Ehrhart polynomial.

Theorem 12.2. Suppose Lp(t) = cal® + cg_ 1tV + -+ it + ¢g is the Ehrhart polynomial
of an integral polytope P. Then,

Cd—1 = %ZFfacetofP UOZ(F)
This theorem establishes the relationship between the second leading coefficient ¢4 1 of
Ehrhart polynomial of P and leading coefficients of the Ehrhart polynomials of the facets of
P. The proof of this theorem involves using the Dehn-Somerville relations.

The constant term ¢y of the Ehrhart polynomial is the Euler characteristic of P and is
equal to 1. The reader may wonder if the middle coefficients of the Ehrhart polynomial
can be decoded as well. These coefficients are much more mysterious and an active area of
research.

13. INTERPOLATION

We know use the polynomial behavior of Lp of an integral polytope P to compute the
continuous volume volP and the discrete volume Lp from a finite data. A degree-d poly-
nomial is uniquely determined by d 4 1 distinct points. Interpolation involves finding the
lattice-point counts for dilates 0 to n which uniquely gives the Ehrhart polynomial of P for
all dilates. It is is a useful tool in Ehrhart theory because it can be simpler to just enumerate
the first few dilates of a polytope then to find some general formula. In case of an Ehrhart
polynomial Lp(t), the interpolation equation is-

Lp(Il) —1 .Til ffcll_l R A | Cq
Lp(z) —1 B R | can
Lp(zq) —1 zd lel_l e Ty 1

Example 13.1. Reeve’s tetrahedron- Let T), be a tetrahedron with vertices (0,0,0), (1,0,0), (0,1, 0)and
(1,1, h) where h is a positive integer.

To interpolate the Ehrhart polynomial Ly, () from its values at various points we deduce
the following,
4= Ly (1) =vol(Ty) +ca+c1 + 1.
9= LTh(2) = UOZ(Th).Qg + 62.22 +c1.2+ 1.
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Using the volume formula for a pyramid we know that,

vol(Ty,) = %(base area)(height) = %.

So, h + 1 = hycy — 1 which gives ¢co =1 and ¢; = 2 — %. Thus,
Ly, =3+ 2+ (2 8)t + 1.

14. EXTENDED EHRHART THEORY AND QUASIPOLYNOMIALS

The central theorem of this paper, theorem was based on the Ehrhart polynomial of
an integral polytope.In this section, we will give an extension of this theorem to study the
lattice-point enumerator of rational polytopes which surprisingly turns out to be quasipoly-
nomial.

Definition 14.1. Quasi-polynomial- The coefficients of a quasi-polynomial are periodic
functions with an integral period. Thus, we define a quasipolynomial () an expression of the
form,

Q(t) = ca(t)t" + - -+ cr(t)t + co(t).

where cg, ..., c, are periodic functions in ¢t. The degree of () is n and the least common
period of ¢y, ..., ¢, is the period of (). Alternatively, for a quasipolynomial (), there exists a
positive integer k£ and polynomials pg, p1, ..., pr_1 such that,
Po(t) if t=0mod k
p1(t) if t=1mod k
o =4 "
Pr—1(t) if t=k—1modk
The minimal suck K is the period of ) and for this minimal k, polynomials pg, p1, ..., pr_1

are the constituents of ().

Example 14.2. Consider the quasipolynomial Q(z) = 5n® + (3,2, £],n? + [1, 2],n + [2,4],..
This is a quasi-polynomial of degree 3 and the period is the least common multiple of 1,3, 2
and 2 which s 6.

Theorem 14.3. Ehrhart’s theorem for rational polytopes- If P is a convex rational
d-polytope, then Lp(t) is a quasipolynomial in t of degree d. Its period divides the least
common multiple of the denominators of the coordinates of the vertices of P.

We will call the least common multiple of the denominators of the coordinates of the
vertices of P the denominator of P. A proof of this theorem in |[MS05]. We can also prove
this theorem to be an extension of theorem [10.1] as the denominator of an integral polytope
P is always 1.

Example 14.4. We will now find the quasi-polynomial of a polytope P given by,

x>0

r<3
The vertices of P are 0 and %, thus the denominator of P is 3. Therefore, the general form
of the resulting quasi-polynomial should be,

Lp(t) = at + [B1, B, B3],

To determine «, By, B and Pz one must know some initial values of the quasi-polynomial
which are the lattice-point enumerators for some dilates of P. We find that,
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From 1,(0) = 1 we can calculate By = 1. Thus, since Lp(3) =3a+ =3a+1=2 = a =
%.Solvmg the remaining two equations gives Py = % and Pz = % Thus, the quasi-polynomial
i t of degree 1 and period 3 is,

15. EHRHART POSITIVITY

We now present an open field of research in Ehrhart theory-Ehrhart positivity. A convex
integral polytope P is said to have Ehrhart positivity if Lp(t) has all positive coefficients.
This gives the central question of this field of research-

Question 15.1. Which faimilies of integeral polytopes have Ehrhart positivity?

This turns out to be a challenging question as even though multiple families of polytopes
have shown to be Ehrhart positive, the techniques involved are different. Since there is no
standard procedure for determining Ehrhart positivity, it continues to be a fascinating area
of research in Ehrhart theory.

Products of positive linear polynomials- We present families of polytopes which can
be shown to be Ehrhart positive using the following naive lemma.

Lemma 15.2. Suppose a polynomial f(t) is either

(1) a product of linear polynomials with positive coefficients, or
(2) a sum of products of linear polynomials with positive coefficients.

Then f(t) has positive coefficients. Using this lemma we can show the two simplest families
of polytopes-unit cubes and standard simplex to be Ehrhart positive.
Theorem 15.3. The unit d-cube is Ehrhart positive.

Proof. As proved in section 5, Ln(t) = (t + 1)% Since, (¢ + 1) is a linear polynomial with
positive coefficients and d is a positive integer, (¢t 4+ 1)? has positive coefficients as well. W

Theorem 15.4. The standard d-simplex is Ehrhart positive.

Proof. As proved in section 6, La(t) = (d:lrt). . Thus, by the expansion of the binomial

coefficient we get, [ |

(d+t) C(d+t)d+t—1)---(t+1)
d d!.t!
(d+1)!

d!

Since d! is a positive constant and the numerator is also a product of linear polynomials with

positive coefficients, (dzt) written as a polynomial must have positive coefficients.
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There are many other classes of polytopes that are Ehrhart positive including the cross-
polytope; however, proving their positivity involves more complex methods. For an in-depth
study of Ehrhart positivity, refer to [Liul9]. A unique application of Ehrhart theory is in
the Voting theory.

16. VOTING PARADOX
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