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Abstract

The functors Ext and Tor provide valuable information pertaining to sequences
of modules and their interactions with the functors Hom and ® respectively; this
exposition provides an elementary (non-category theoretic) definition of Ext and
Tor, as well as the basic sequence extending properties of each functor.
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1 Introduction

The functors Hom and ® fail to be exact; Ext and Tor measures the failure
of these functors to be exact and in fact characterizes the cases in which they
succeed to be exact, related to the notions of projective and flat modules—both
of which are of great importance in fields such as algebraic geometry. The
exposition begins with a brief overview of the preliminaries, then moves into
the discussion of elementary homological algebra, afterwards defining Ext and
Tor. We discuss the independece of these functors from choice of projective
resolution in their construction, as well as their sequence extending properties
and their classification of projective and flat modules.

2 Preliminaries

2.1 Groups

Definition 2.1 (Group). A group is a set G equipped with a binary operation
*x: GXG — G (where axb denotes *(a, b)) that satisfies the following properties:

There exists an eg € G such that gxeqg =eg*xg =g for all g € G.

ax(bxc)=(a*b)xcforallab,ced.

1 1

For all g € G, there is a g~ ! such that g*x g~ ' = g~ ! x g = eg.

A group is said to be abelian if * is commutative.

1

eq is said to be an identity element of G, and g~ is said to be an inverse

element of g.
Remark. When there is no risk of confusion, eq will be abbreviated to e.
Examples.

e The integers under addition form a group, as addition is associative, 0
acts as an identity, and inverses exist. In particular, the integers are an
abelian group.

o The set of all n x n matrices of nonzero determinant with coefficients
in a field F form a group under multiplication, as matrix multiplication
is associative, matrices of nonzero determinant are invertible (given the
coefficients are from a field), and the identity matrix acts as an identity.
This group is denoted GL,,(F).

e The set of permutations of n points forms a group, denoted S,,. Consider
the elements of S,, to be bijections from the set of n points to itself, and
the satisfication of the group axioms follow.

Remark. The group operation is often ommitted when writing down expres-
sions, such that a x b is reduced to ab. Repeated operation of an element to



itself is also abbreviated to exponential notation, such that aa...a = a™. This
—

n times
1s well-defined because of the assumed associativity of .

Theorem 2.2. Inverses and identities are unique.

Proof. Suppose e and €’ are two identity elements in a group G. Then, e¢’ = e,
but ee’ = €', so e = ¢/. Now suppose b and c are two inverses of a. Then
cab = ce =e, but cab =eb=1>, so c = b. O

We will henceforth refer to e as the identity element of G, and g~! as the inverse
of g.

Definition 2.3 (Subgroup). A subgroup of a group G is a subset H of G
containing the identity such that hh' € H for all h,h’ € H. A subgroup is
denoted H < @.

Proposition 2.4 (The subgroup criterion). Let G be a group, and let H be a
nonempty subset of G. H is a subgroup of G iff vy~' € H for all z,y € H.

Proof. Working in the forward direction, the identity is in H, as for any h € H,
set t =y = hand zy~ ' = hh~! = eis contained in H. Observe that H contains
inverses, for if x = e and y = h € H, then zy~! = ey~! = y~! is contained
in H. Finally, H is also closed under x, for if a,b € H, set £ = a, y = b1, such
that xy~! = ab € H (note that (z71)~1 =z for all z € G).

The converse is clear. O

Definition 2.5 (Group Homomporhism). Let G and H be groups, and ¢ :
G — H a set map. The map ¢ is a homomorphism if ¢(zy) = p(x)p(y) for all
z,y € G.

G is said to be the domain of ¢, H is said to be the codomain. If ¢ is bijective,
p is said to be an isomorphism. Essentially, this means G and H have the same
structure, i.e., any group-theoretic fact about G carries over to H. In this case,
we write G = H. Any isomorphism has an inverse that is also an isomorphism,
and if a homomorphism has an inverse, it is an isomorphism. Compositions
of homomorphisms are homomorphisms, and compositions of isomorphisms are
isomorphisms.

Remark. When there is no danger of confusion, group homomorphism will be
abbreviated to homomorphism.

Definition 2.6 (Image, Kernel). Let G, H be groups and ¢ : G — H a
homomorphism. The kernel of ¢ (denoted ker ¢) is the set

{reG|o@)=en}

i.e., the set of all z € G such that ¢(x) is the identity in H.



The image of ¢ (denoted im ¢) is the set

{h € H | there exists g € G such that h = p(g)}.
Proposition 2.7. Let G, H be groups and ¢ : G — H a homomorphism.

kerp < G. imp < H.

Proof. Suppose z,y € ker¢. Then, p(zy) = o(x)p(y) =
ry € ker p. We have p(rz™ 1) = pleg) = ey = p(x)p(z™1) = ege(z™1), so
r71 € ker .

€Egeg — €y, SO

The second statement follows from the fact that im ¢ must be a group, but ¢
is not guaranteed to be surjective. O

Definition 2.8 (Coset). Fix a group G, and a subgroup H. A left coset of H is
the set of all elements of H “shifted on the left” by an element g of G, denoted
gH.

H={hy, ha,...}

gH = {ghlvghQa s }
Right cosets are defined analagously.

We denote the set of all cosets of H in G by G/H.
Theorem 2.9. Elements of G/H partition G.

Proof. We first observe that all elements of G must be contained in some element
of G/H, as H contains the identity.

Next, suppose gH,g'H € G/H have nontrivial intersection, say ghy = ¢'hs.
Then, ghihy ' = ¢'. Multiplying by h' € H, g(hihy 'h') = g'h’, such that every
element of ¢'H is an element of gH. A symmetric argument shows gH C ¢'H,
sogH =g¢'H.

Since G = U,cq 9H and gH = g'H if gH Ng'H # 0, it follows that elements of
G/H partition G. O

We wish to define a group structure on G/H by t HyH = xyH. This operation is
well defined iff v H = Hzx for all z € G, equivalent to the condition tHx~! = H,
ie. zha~' € H for all h € H.

Definition 2.10 (Normal Subgroup). Let N < G. N is said to be normal if
gNg~' = N for all g € G, denoted N < G.

Definition 2.11. Let G be a group. If N is a normal subgroup of G, then G/N
(with group operation gNg’'N = gg'N) is said to be the quotient group of G
by N.



Proposition 2.12. Let ¢: G — H be a homomorphism. Then, ker ¢ < G.

Proof. We have already proved Proposition 2.7.

We now show the normality of kerp. Let x € keryp, g € G, and consider

©(grg™1). This expression reduces to p(g)¢(971) = ¢(9)(9)~ = ey, such
that grg~! € ker ¢. O

Theorem 2.13 (First Isomorphism Theorem). Let G, H be groups and ¢: G —
H a homomorhpism. Then, imp = G/ker p. In particular, if ¢ is surjective,

H = G/kero.

Proof. Let f: G — H be a surjective homomorphism, and K = ker f. We
show that the map f': G/K — H defined by f'(¢K) — f(g) is a well-defined
isomorphism, which proves the theorem—for an arbitrary homomorphism g, the
statement G/ kerg = img follows by defining ¢': G — img, observing ¢’ is
surjective.

If K = gK, then g7 1¢’K = K and g~ !¢’ € K. Thus, we have ey = f(g71¢’).
Rewriting, ez = f(g9) "1 f(¢’), and we achieve f(g) = f(g’), showing the well-
definedness of f/. The surjectivity of f’ follows from the surjectivity of f,
so we now seek to show the injectivity of f’. Suppose f'(¢K) = f'(¢'K).
Then, f(g9) = f(¢'), and em = f(9)"'f(g') = flg")f(g') = flg7'9), thus
g '¢ € gK, and ¢K = gK. O

Example.

The group 5Z is an additive subgroup of Z, with cosets 0+5Z,1+5Z,...,4+57Z.
Because n + 5Z — n = 5Z for all n € Z, 5Z is a normal subgroup in Z, and we
can construct the quotient group Z/5Z, the integers modulo 5.

2.2 Rings and Modules
2.2.1 Basics

Definition 2.14 (Ring). A ring is a set R equipped with an abelian group
structure + (ring addition) and an operation *: Rx R — R (ring multiplication)
such that for all a,b,c € R,

ax (b+c¢) =ab+ ac,
ax(bxc)=(axb)*c.

When * is commutative, R is said to be a commutative ring. When there exists
an identity for * (some 1 € R such that 1 %7 =r«1=r for all » € R), R is said
to be unital. It is not required in general for the % operation to be commutative,
or have an identity. In this paper, we will consider all rings to be commutative
and unital.



The identity element of the operation + is denoted O.

Definition 2.15 (Module). A left R-module is a set M that is an abelian group
under + (module addition) together with an operation *: R x M — M (scalar
multiplication) such that for all m,m’ € M and r,7’ € R,

rx(r'xm) = (rr') xm,

(r+r)ysm=r+xm+r'xm
rx(m+m)=rxm-+rxm,
lg*m=m,
Or*xm = 0py.
It is said that M is a module over R.

Remark. The x symbol will often be ommitted, so it is important that the reader
keep in mind the distinction between ring multiplication and scalar multiplication
on module elements. When the ring R is clear from context, R-modules may be
referred to simply as modules.

Examples.
Rings.

e Consider the set Z equipped with integer addition and multiplication.
This set is a ring. Note that multiplicative inverses do not exist for all
elements.

e Consider the set of all n x n matrices with entries in some ring R, denoted
M, (R). Notably, this ring is not commutative.

Modules.

e Every ring is a module over itself, as ring multiplication satisfies the axioms
of scalar multiplication, and all rings are groups under addition.

e Vector spaces are modules over fields.

e The zero module, 0, is a module over every ring-its underlying group is
the trivial group, consisting only of the identity.

Theorem 2.16 (Z-modules). Every abelian group is a Z-module and vice-versa.

Proof. Let M be a Z module. By definition, M is an abelian group, so the

backwards direction is shown. By the module axioms, (a + b)m = am + bm

for all a,b € Z, m € M. Define a *x m as m+---+m. In particular, take
a times

a =0b=1¢€ Z. Note that elements of Z can be written uniquely as a sum of

1’s, and the statement follows. O



Definition 2.17 (Submodule). A subset N of M is said to be a submodule of
Mif N<Mandrn € N forallne N, r € R.

Definition 2.18 (Module Homomorphism). A set map ¢: M — N between
two left(or right) R-modules is said to be a module homomorphism if for all
m,m' € M and r € R,

p(rm +m') = re(m) + o(m').

Such maps may also be called R-linear maps, or just as linear maps when the
ring R is understood. If ¢ is bijective, ¢ is said to be an isomorphism, and
we write M = N. Note that all module homomorphisms must be group homo-
morhpisms.

The kernel and image of a module homomorphism are as the definitions for a
group homomorphism.

Proposition 2.19. Let p: M — N be a module homomorphism. Then, ker ¢
is a submodule of M, and im ¢ is a submodule of N.

Proof. This follows almost directly from Proposition 2.7; all that remains to be
shown is the closure of ker ¢ under scalar multiplication.

Take = € ker p, r € R. Then, p(rz) = rOy = Oy, so rz € ker .

The second statement follows from the fact that im ¢ is a module, but ¢ is not
necessarily surjective. O

Observe that modules are groups, thus we can take their quotients. We wish to
define a module structure on these quotient groups.

Definition 2.20 (Quotient Module). Let M be a module, N be a submodule
of M. Construct the quotient group M /N, which is possible due to the assumed
commutativity of M under 4. Define r * (m + N) (for some m + N € M/N,
r € R) as r *+m + N. This is well-defined because N is closed under scalar
multiplication. This is the quotient module M/N.

Theorem 2.21 (First Isomorphism Theorem for Modules.). Given a module
homomorphism @: M — N, imp = M/ker . In particular, if ¢ is surjective,
N = M/ ker ¢.

Proof. Let f: M — N be a surjective homomorphism, and K = ker f. Like
before, we show that the map f': M/K — N defined by f'(m + K) — f(m) is
a well-defined isomorphism, and the statement M/ ker g = im g for an arbitrary
lienar map g follows similarly to the proof of Theorem 2.13.

Ifm'+K =m+K,thenm'—m € K, and Oy = f(m'—m) = f(m')—f(m), so [’
is well-defined. The surjectivity of f’ follows from the surjectivity of f. Suppose
f'(m+K) = f'(m'+K) so f(m) = f(m'), and Oy = f(m)—f(m) = f(m'—m),
thusm’ —m' e K,and m+ K =m' + K. O



2.2.2 Sums, Hom, and Free Modules

Definition 2.22 (Direct Sum). Let A, B be R-modules. The direct sum of A
and B, denoted A @ B, is the set of all ordered pairs (a,b) where a € A and
b € B. For an arbitrary direct sum @,_; M;, we require that only finitely many
elements are nonzero.

iel

Intuitively, we consider A, B to be submodules of a larger module A & B such
that every element can be written uniquely as a + b for a € A, b € B, which
justifies the condition on infinite direct sums.

Note that A B~ B® A.

Definition 2.23 (Hom). We denote the set of all homomorphisms from two R-
modules A to B by Hompg(A, B). When the ring R is clear, we write Hom(A, B)
instead. We can define an abelian group structure on Hom(A, B) by (f+g)(a) =
f(a) + g(a) for f,g € Hom(A, B), a € A.

Proposition 2.24. Let A, B,C be R-modules.
1. Hom(A, B® C) =2 Hom(A, C) ® Hom(B, C)
2. Hom(A @ B, C) = Hom(A, C) @ Hom(B, C).

Proof. (1) Let m; be the natural projection from B@® C — B, 7y be the natural
projection from B&C — C. If f € Hom(A, B&C), then w0 f and mao f give ele-
ments of Hom (A, B) and Hom(A, C). The map f + (710 f, w0 f) is a homomor-
phism, as f + g (110 (f + g),m2 0 (f +9)) = (T1 0 [+ 71 09,720 f +m209)
= (m o fymyo f)+ (m o g,m3 0g). We wish to show this map is in fact an
isomorphism, so we now construct an inverse mapping. Given (f1, f2) with
f1 € Hom(A, B) and fo € Hom(A4,C), define f € Hom(4,B & C) by f(a) =
(f1(a), f2(a)) for a € A. This defines a homomorphism from Hom(A, B) @&
Hom(A,C) to (Hom(A, B & C)), which is an inverse to the map constructed
before.

(2) Let f € Hom(A @ B,C). Then, define a map f — (f omy, f oms), where
71, W are natural projections from A® B to A and B respectively. This map is a
homomorphism, and its inverse is the map (f1, f2) — f := f(a) = (fi(a), f2(a)),
thus, the isomorphism is shown. O

Definition 2.25 (Free Module). Let F' be an R-module. F' is said to be free, or
be a free module, if there exists a basis for F. That is, there exists a set £ C F
such that every f € F can be written as an R-linear combination of elements
of F, and if riey +---+ 16, = 0 for r; € R, e; € E, then r; = 0 for all i.
Consequently, every f can be written uniquely as an R-linear combination of
elements of F. It is said that F' is free on E.

Examples.

1. Modules over fields are called vector spaces, and are all free.



2. For any ring R, R is a free module over itself.

Theorem 2.26. Given a basis A, there is a free R-module on the elements of
A F(A) with the property that given an R-module M and a set map p: A — M,
there is a unique ®: F(A) — M such that the following diagram commutes.

A —— F(A)

N

M
Proof. For nonempty A, define F(A) to be the set of all set maps A — R
with finite support. We define for f,g € F(A), a € A, r € R, (f +g)(a) =
f(a) + g(a) and (rf)(a) = r(f(a)). Then, F(A) is a module, and ¢ sends a to
the function that is 0 at all inputs but a. We can consider elements of F(A)
to be linear combinations of the ¢(a), abbreviated a for simplicity. the Define
O by &> ra) = > re(a). We observe @ is well defined by the uniqueness of
the linear combination representation of F(A), and by definition ® restricted

to A is ¢. Given that F'(A) is generated by A, a homomorphism on F'(A) is
determined by its values on A, proving uniqueness. O

2.2.3 Bilinear Maps and Tensor Products

Definition 2.27 (Bilinear Map). An R-bilinear map is a map of the form
p: Ax B — C (where A, B, C are R-modules) such that the maps a — ¢(a,b’)
and b — p(a’,b) are module homomorphisms for all «’ € A, b’ € B. When the
ring R is clear from context, ¢ may be referred to as a bilinear map.

Proposition 2.28. Let A, B be R-modules. Then, there exists an R-module T
and a bilinear map t: A x B — T such that for any R-module C and bilinear
map f: A X B — C, there is a unique module homomorhpism f': T — P such
that f = f' ot. This module T is unique up to unique isomorphism.

Proof. We first show the uniqueness of the module 7. Using notation from
the proposition, Let 77 be another module with the same property, and ¢’ be
the corresponding bilinear map. Then, there is a unique j: T — T’ such that
! =jog,aswell asa j': T — T such that t = 7' ot’. Each of joj’ and j' o j
must be the identity, thus j is an isomorphism and uniqueness is proved.

We now show the existence of such a module. Let F' be the free R-module on
elements of A x B. Let D be the submodule of F of all elements of the forms:
(:E + 33/72/) - ($7y) - (xlvy)

(z,y+y) = (z,y) — (2,9)
(mc,y) - T(x’y)
(z,ry) = r(z,y)



forx,a’ € A, y,y € B,r € R. Let T = F/D, and let  ® y denote the image of
(z,y) € Cin T. Then, T is generated by elements of the form z ® y, and from
the definitions this quotient map is bilinear (all elements of D are killed in T
eg (z+2)YQ@yu=2zy+a' Qy).

Any linear map f from A X B into another module P extends linearly to another
linear map f: F — P. Suppose f is bilinear. Then, f vanishes on the generators
of D, and thus on D, and induces a well-defined linear map f’ of T into P such
that f'(z ® y) = f(x,y). The map f’ is uniquely determined, thus, T' together
with the map g: A x B — T where g(x,y) — x ® y satisfies the conditions
specified in the proposition. O

Definition 2.29 (Tensor Product). In the notation of the above propotision,
the module T is said to be the tensor product of A and B, denoted A ®p B, or
A ® B when the ring R is understood.

Let f: A— A’ and g: B — B’ be linear maps. Then, there is a unique map
f®g: A® B — A’ ® B’ such that (f ® g)(a ®b) = f(a) ® g(b) for all a € A,
be B.

Remark. The remainder of this paper concerns modules over a fized ring R.

3 Basic Homological Algebra

3.1 Definitions

Definition 3.1 (Cochain Complex). Let {C®,d*} be a sequence of modules
module homomorphisms:

dn72 On—l dn—l C’n dn Cn+1 dn—l
This sequence is called a cochain complex if d, 41 o d,, = 0 for all n, that is,
dpt1(dn(x)) =0 for all x € C),. Equivalently, imd,, C kerdy, ;1.

This concept can be dualized by reversing all of the arrows in the diagram,
leading to the notion of a chain complex. In this case, the indices are denoted
by a subscript ({C., de}).

Definition 3.2 (Exact Sequence). A sequence is said to be exact at C™ if
imd®~! = kerd”. A sequence is exact, or is an ezact sequence, if it is exact at
every term.

In particular, if
0—— M —L M

is exact, f is injective, and if

N%N’%O
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is exact, f’ is surjective.

A short exact sequence is an exact sequence of the form

0 A B C 0.

If B= A& C, the above sequence is said to split, or be a split exact sequence.

Definition 3.3 (Homology, Cohomology). The cohomology module of a co-
chain sequence {C*,d*} at n (denoted H"(C), H,(C) for homology) is defined
to be kerd"/im d"~! (kerd,,/imd, 1 for homology).

Definition 3.4 (Homomorphism of Cochain Complexes). A homomorphism
between cochain complexes {C*,d“*}, {D*® dP*} is a family of module homo-
morphisms f;: C* — D? such that the following diagram commutes.

Cn—1 C,n C,n+1

J{fn lfﬂ+1

. D s pntl L.
dD,nfl D dD,n D dD,n+1

Symbolically, f,4+1d“™ = d”-"f, Homomorphisms are defined analagously for
cochain complexes.

Proposition 3.5. A homomorphism between (co-)chain complexes induces ho-
momorphisms between their respective (co-)homology groups.

Proof. We first show f maps ker d®" to kerd”™. Let x € kerd®™. Then,
frn1d9™(z) = 0 because f,1 maps 0 to 0, and f,,11d“"(z) = dP" f,(x) = 0,
so fn(ker d®™) C ker dPm.

We now show f maps imd®"~! to imd”"~!. Note that d"~1(C"™') =

imd® "', and dPn=1(D"1) = imdP 1. Because f,_1(C""1) C D" ! we

observe dD’n_lfnfl(Cn_l) C im dPn—1, Then, dD’n_lfnfl(Cn_l) — fndC,n—l(Cn—l) —
fn(imd9 1) CimdP "~ so f maps imd“" ! to imdP"— L.

Thus, f induces a map from H"(C) to H"*(D).

This proof is analagous for chains. O

Definition 3.6 (Short Exact Sequence of Cochains.). A sequence of cochains
0— {A*} = {B*} = {C*} =0
is a short exact sequence if each
0—>A"—=>B"—-C"—=0

is exact.

11



3.2 The Snake Lemma and the Long Exact Sequence of
Cohomology

The following theorems play a major role in the importance of Ext and Tor,
namely in the extension of sequences that fail to be exact under Hom and
K.

Theorem 3.7 (The Snake Lemma). Consider a commutative diagram

ALty 0
| d |
0 B — B — B
f 9

with exact rows. Then, there exists an exact sequence
kerd — kerd — kerd” —%— cokerd’ — cokerd — coker d’

Proof. The individual sequences ker d’ — ker d — ker d” and coker d’ — coker d —
coker d” are easy to understand, and exactness follows from the hypothesized
exactness of the diagram.

We construct § as follows: consider an element z € ker d” and select y € A such
that g(y) = . We observe do ¢'(y) = d” o g(y) = d’(x) = 0, so d(y) € kerg'.
By exactness, we find z € B’ such that f/(z) = d(y). The element z is unique
by exactness, and we can define §(z) = z +imd’ € cokerd'.

We first show § is well-defined. Suppose instead of y, we chose y’ with ¢g(y') = .
Then, gly —y') = 0, y — ¥’ € kerg = im f, so we can choose a € A’ with
(y —y') = f(a). By exactness, there are unique b,b’ with d(y) = f'(b) and
d(y') = f'(t'), and we observe f'(d'(a)) = d(f(a)) = d(y —y') = f'(b=V).
Since f’ is injective, b — b = d'(a) € imd, so b+ imd — §(z) = b+ imd'. O
Theorem 3.8 (Long Exact Sequence in Cohomology). Let

0— {A°} > {B*} > {C*}—0

be a short exact sequence of cochains. Then, there exists an exact sequence

0 —— H°(A) —— H°B) —— H°(C)

N

H'(A) —— HY(B) —— H'(C)
5{

Where the maps between H™ are the induced maps on cohomology modules. The
0n are called connecting homomorphisms.

12



Proof. Consider the diagram

A”/imdAJL—l N Bn/imdB,n—l N Cn/ide,n—l 0

l | l

0 — kerd* —————— kerd®" ——————— kerd“"
We observe that (in the notation of the snake lemma) the kernels are the nth

cohomology groups of the respective sequence, and the cokernels are the n —1th
groups. Then, the sequence exists and is exact by the snake lemma. O

4 Ext(—,D)
4.1 Definitions

Proposition 4.1. Suppose we have an exact sequence

0—s A1 B 2,0 0.

and a module D. Then, there exists an eract sequence

0 — Hom(C,D) —’—s Hom(B, D) —_ Hom(4, D)

with ¢ == p— pog, f' ;== — o f for p € Hom(C, D), ¥ € Hom(B, D)

Proof. ¢’ is injective because g is surjective, meaning kog = k’og implies k = &/,
so the induced map is injective.

We wish to show ker f/ Cimyg’. Lett € ker f',sotof =0. Ifa € A, t(f(a)) =0,
so f(a) € kert (because a is an arbitrary element of A, this means f(A) C kert,
and in fact, ker g C kert). Note that C = B/f(A). Let t': B/f(A) — D such
that t/(b+ f(A)) — t(b). This map is well defined because if b+ f(A) = '+ f(A),
ie.b—b € f(A), then t(b—b") =0 =1t(b) — ¢(b') and t(b) = ¢(b'). Let ¢ denote
the canonical isomorphism from B/f(A) to C. Observe t =t 0o p~! o g, and we
have shown that if ¢ € ker f/, there exists a map ¢’ o ¢ such that ¢'(¢' o ) = t,
showing ker f’ C img’.

Reverse contaiment follows from the fact that f/ o ¢’ = 0, which in turn follows
from the observation that go f = 0.

O

Note that neither the map A — Hom(D, A) nor A — Hom(A, D) completely
preserve exact sequences.
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Definition 4.2 (Projective module). Let P be a module. P is said to be
projective if for every surjective linear map f: A — B and every linear map
g: P — B, there exists a (not necessarily unique) linear map h: P — A such
that foh = g. Pictorially, this can be represented by the commutative diagram

where the row is exact.
Proposition 4.3. The following are equivalent:
1. P is projective.
2. Bvery exact sequence 0 - A — B — P — 0 splits.

8. There exists an M such that P ® M is free.

Proof. (1)—(2) Consider the diagram

P
y}d
BgP

where the row is exact. Let b € B. Then, b—h(g(b)) € ker g, so M = ker g+im f;
that is, every element of B can be written as a sum of an element of ker g and
an element of im f. This is a direct sum, because if b = k + 4 with k € ker g and
i = f(a) € im f for some a € A, g(b) = a. Then, a is uniquely determined by b,
and so is 4, and so is k. Then, B = ker g @ im h, and the sequence splits.

(2)—(3) Let F be the free module on elements of P, and let f: F — P be
the “evaluation” homomorphism (rp as an element of F' is mapped to rp as an
element of P, with » € R). Then, the sequence

A

f

0 ker f F 7 P 0

is exact, and we can apply (2) to split F' into a direct sum with P.

(3)—=(1) Suppose P ® Q = F where F is free with basis S. Let 7 denote the
natural projection F' — P. In the notation of (2), gow is a map F — B. Define
bs = f(n(s)) for s € S and a, as any element of A such that f(as) = bs. There
is a unique @: F' — A with ¢(s) = as, and by definition fop(s) = f(as) = bs =
fom(s). Define ¢': P — A by ¢'(p) = ¢((p,0)). Then, fop' =g.

O
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Definition 4.4 (Projective Resolution). A projective resolution of a module A
is an exact sequence

0 A Py Py

such that all P; are projective.

We now ivnestigate the failure of Hom(—, D) to preserve exact sequences. To
do so, we will define Ext.

Definition 4.5 (Ext). Let A be a module, fix a module D, and let

0 A+—~—— B
be a projective resolution of A. Form the sequence {P%} =

0 —— Hom(A, D) —— Hom(Py, D) —2— Hom(Py, D) —2— ...

and note that while not necessarily exact, this sequence is still a cochain com-
plex. We define
Ext(A, D) = H"(P})

forn > 1, and
Ext%(A, D) = kerd;.

Equivalently, Ext’z (A4, D) are the cohomology groups of Hom(P$, D) with the
Hom(A, D) term removed.

Proposition 4.6.
Ext"(A, D) = Hom(A4, D).

Proof. By Proposition 4.1, the term Hom(A, D) in the diagram of the defini-
tion of Ext is exact, so kerd; = ime = Hom(A, D). O

4.2 Independence

We now wish to show that this construction is independent of the particular
choice of projective resolution {P4}. We first observe a "lifting” property for
homomorphisms of projective resolutions.

Proposition 4.7. Given projective resolutions of A and A’ and a map f: A —
A/
dy

Py

A
\
;
+

A

e By P

di

15



There are lifts fn: P, — P), of f such that the following diagram commutes.

0 At P po®
| | |
f fo f1
g ~ ~
i / !
0 A Pyt Pl

Proof. [DF03]. Since Py is projective, we can lift foe to fo: Py — P} such that
the square commutes, and we may inductively continue this process to achieve
the remaining f,. O

Proposition 4.8. We refer to the second diagram of Proposition 4.7. For
every n, there is a homomorphism ¢, between the Ext groups of each resolution,
and these maps depend only on f, not on the lifts f,.

Proof. [DF03]. The induced maps are clear. The second statement of the propo-
sition is seen to be equivalent to the statement that the zero map between A
and A’ induces the zero maps as ¢,. Suppose f = 0. We define s,,: P, — P},
such that

frn=d 1108+ Sp_10dp.

Applying Hom(—, D) preserves the properties of the s,, (with the induced maps,
arrows reversed as always).

0 \—) Hom(A, D) —— Hom(Fy, D) —— Hom(P;, D) —— ---
s-1 }\ \50 J:;) \51 J?; r\sz
| |

o~ ~ ~
0 —— Hom(A’, D) —— Hom(F}, D) —— Hom(P{,D) — ---

Note that this diagram is not necessarily commutative.

Given the maps and the relations with s,, we can see that the induced maps
are (0, proving the propostition. O

Theorem 4.9. The groups Ext" (A, D) are independent of particular projective
resolution.

Proof. [DF03]. Consider the diagram

0 —— Hom(A4, D) —— Hom(Fy, D) —— Hom(Py,D) —— ---
‘ fo i
~N ~N

| |
90 g1
~ ~ ~

0 —— Hom(A4, D) —— Hom(Fy, D) —— Hom(P;,D) —— ---

f
~
0 —— Hom(A’, D) —— Hom(F}, D) —— Hom(P{,D) — ---
|
g

16



With A = A') f =ida 4/, g = ida— 4. These maps induce maps ¢, : Ext" (A, D) —
Ext"(A’, D) and ,,: Ext"(A’, D) — Ext"(A, D). The maps gy, o f,, are seen to
be lifts of id 4, which is seen to induce maps ¥, o ¢,, which is the identity, and
reversing the roles of A and A" as well as f and ¢ allows us to deduce that
and ¢ are two-sided inverses of each other, and thus are isomorphisms. O

4.3 Projectivity and Extending Exact Sequences Under
Hom

We have shown Ext to be independent of choice of projective resolution. Now
we seek to show the extending property of Ext.

Lemma 4.10. A direct sum of two projective modules is projective.
Proof. Let P, P’ be projective modules. Since there are modules @, @’ such
that P ® Q and P’ @ Q' are free, direct sums commute, and the sum of a free

module with a free module is free, we observe PO P $QPQ' X PO QOP o Q'
is a free module. O

Lemma 4.11. Let

0 —— {A*} —— {B°*} {C*} 0
be a short exact sequence of cochains. If {A®},{C*} are exact, then so is {B*}.
Proof. Using Theorem 3.8, we observe an exact sequence
+——0—— H"(B) — 0 —— -~

The only way for this sequence to be exact is for H"(B) to be zero, thus {B*}
is exact. O

Proposition 4.12. Let

0 A B C 0

be a short exact sequence of modules, and let A and C have projective resolutions
P,, and P! respectively. Then, B has a resolution given by P, & P., and the
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following diagram is commutative with exact columns, and split exact rows.

0 0 0

Proof. [DF03]. The middle column is projective via Lemma 4.10. The maps
to make each row exact are the appropriate inclusion and projection maps.

We define pi: P) — B as a projective lift of the map Pj — C, which by definition
commutes with the appropriate arrows. Define A as the composition of maps
Py - A — M (it may be helpful to recall the informal characterization of
the direct sum to see why this map commutes with the relevant arrows), and
m: Py® P} — M such that 7(p,p") — A(p)+p(p’). This process can be extended
inductively to produce the relevant (commutative!) grid. The exactness of the
middle column follows from Lemma 4.11. O

Theorem 4.13. Let

0 A B C 0

be a short exact sequence of modules. Then,

0 —— Hom(C, D) —— Hom(B, D) —— Hom(A4, D)

Js

Ext'(C, D) —— Ext’(B, D) —— Ext'(4, D)
J
18 a long exact sequence.

Proof. [DF03]. Removing the row A, B, C' and taking homomorphisms into D,

18



we observe a diagram

% i ﬁ

0 —— Hom(Py, D) —— Hom(P, @ P{,D) —— Hom(P{,D) —— 0

I I I
0 —— Hom(Py, D) —— Hom(P, ® P}, D) — Hom(P}, D) — 0
| | |
0 0 0

with split rows by Proposition 2.24. Then, by Thorem 3.8, we observe the
desired exact sequence. O

Theorem 4.14. Let P be a module. Then, P is projective iff Ext" (P, A) = 0
for all modules A and n > 1.

Proof. 1t is clear by Proposition 4.3 and Theorem 4.13 that P is projective
if the higher Ext groups vanish. To show the converse, we note that P has a
projective resolution

0 P« 3 P 0
from which we derive
0 —— Hom(P, A) —9 Hom(P, A) 0 0
and we deduce the vanishing of Ext”. O

In this sense, Ext(—, D) measures how “close” D is to being projective.

5 Tor(D® —)
5.1 Definitions
Proposition 5.1. Given an ezxact sequence of modules

0—s AL B 2y0c_— 10

we have an exact sequence

DA peB 2 Do — 0.
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Proof. [DF03]. Given that g is surjective, we note that D ® C' is generated by
simple tensors of the form d ® ¢ for d € D, ¢ € C. Thus, ¢ = g(b) for some
beB,and 1® g(d®b) =d® g(b) = d® b shows 1 ® g is surjective.

We have im 1® f C im 1®g because (129) (Y. d® f(a)) = Y. d®gof(a) = 10 =
0. There is a projection 7: D®B/im(1® f) - D@ B/ker(1®g) = D®C. The
composite projection with the natural projection (D® B — D ® B/im(1® f)),
D®B—-D®B/im(1® f) = D®C is just the map 1 ® g. We seek to show
that 7 is an isomorphism.

Define 7': D x C — D ® B/im(1 ® f) so that n’(d,c) — d x b for any b € B
where g(b) = ¢. This is well defined because any other element & mapping to ¢
differs from b by an element of kerg = im f, so b’ = b+ f(a) for some a € A,
and d® f(a) € im1® f. We observe ©’(rd, ¢) = 7'(d, rc), which induces a map
T:DxC— D®M/im(l® f) where T(d®c¢) = d®b. Thus, Tom = 1 because
Tom(d®b) =7T(d® g(b)) =d®b. Likewise, m o T = 1, so 7 is an isomorphism
and exactness is proved. O

We note ® does not necessarily preserve exact sequences, but there are some
cases in which it does—in this case, the module D is said to be flat.

Definition 5.2 (Tor). Let D, B be modules. Form a projective resolution { B }
of B
0 B Py

€

Py

di da

and apply D ® — to achieve {D ® B,}.

This is still a chain complex by an argument in the proof of Proposition 5.1,
and we define
Tor,(D,B) = H,(D ® B,)

for n > 1, and
Tory(D,B) = H,(D® Py/im1®dy).

Proposition 5.3.
Toro(D,B)2 D® B

Proof. See Proposition 5.1. O
Proposition 5.4. Tor is independent of choice of projective resolution.

Proof. The same argument used in the proof of Theorem 4.9 applies to Tor.
O
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5.2 Flatness and Extending Exact Sequences under ®

We now seek to prove an analagous property of ”extending sequences” for Tor
and ®.

Proposition 5.5 (Long Exact Sequence in Homology). Given a short exact
sequence of chains

0 —— {A} —— {B.} {C.} 0

there is a long exact sequence

|s

Hi(A) —— -+
Proof. Apply Theorem 3.7 to

A,/imdpy, — By/imdny, — Cn/imdyy — 0

l | |

0 — kerd,y; — kerd,,y; — kerd, 41

Lemma 5.6.
(ApB)@C=2ACa®B®C.

AR (BOC)2A®BdA®C.

Proof. Consider the map (A® B) x C - A® C @ B ® C where ((a,b),c) —
(a ® b,a ® ¢). This map is bilinear, so by the definition of the tensor product
there is a unique homomorphism ¢: (A®B)RC — ARCHBRC so t((a,b)®@c) =
(a®e,b®c).

Now consider the maps A x C — (A @ B) ® C where (a,c) = (a,0) ® n and
Bx(C — (A® B) ® C where (b,c¢) — (0,b) ® n. These maps are bilinear, so
there are maps f1: AQC — (A®B)®C s.t. fi(a®c) = (a,0) and fo: BQC —
(A®B)®C s.t fo(b®c) = (0,b). Then, we define F': AQCe®BRC — (A®B)®C
st. Fla®ce,b@c) = fila®c) + f2(b® ¢) is an inverse to t. O

Theorem 5.7. Given an exact sequence

0 A B C 0
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there is an exact sequence

b
Tory (D, A) —— Tor1(D, B) —— Tor; (D, C)

Js

D®A—D®B —D®C —— 0

Proof. Form projective resolutions of A, B, and C as in Proposition 4.12

and apply D ® —. By Lemma 5.6 we have a short exact sequence of chain
complexes, and we can apply Proposition 5.5 to observe the desired exact
sequence. ]

Theorem 5.8. Let D be a module. Then, D is flat iff Tor,(D,B) =0 for all
modules B and n > 1.

Proof. See Theorem 4.14. O
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