HARDY-LITTLEWOOD CIRCLE METHOD

GRACE HOWARD

ABSTRACT. The circle method was first used by Hardy and Ramanujan in a paper on the
partition function. The goal is to approximate the coefficients of a power series. Originally
this was with the use of contour integrals near the unit circle. As a result, it is called the
circle method. The goal of this paper is to examine the Hardy-Littlewood circle method as
it is applied to Waring’s problem.

1. INTRODUCTION

The circle method first was used in a paper by Hardy and Ramanujan about partitions.
It was further developed by Hardy and Littlewood, and as a result it is referred to as the
Hardy- Littlewood circle method. The method has been modified for use to study numerous
problems in additive number theory. An important advancement of the method is due to
Vinogradov. It replaces the infinite power series originally used by a finite exponential sum.

An early application of the method was on Waring’s problem. In 1770, Edward Waring
conjectured that “Every integer is a cube or the sum of two, three, ... nine cubes; every
integer is also the square of a square, or the sum of up to nineteen such; and so forth.” [VW02]
This led to the following:

Question 1.1. For k € N with k > 2, what is the least integer s = s(k) such that for all
n € N, there exist € = x1,...,xs € NU{0} such that

n:xlf_i_.._i_x];?
Let g(k) denote the least s such that the above equation holds for all n € N.

In 1770, Lagrange proved that g(2) = 4. The question was then altered somewhat to be
of more interest.

Question 1.2. For k € N with k > 2, what is the least integer s = s(k) such that for all
n € N sufficiently large, there exist x1,...,x, € Z* such that
n=ab+. . a2
Let G(k) denote the lest s such that the above equation holds for all n € N.
It is the statement in Question that leads to the following theorem.

Theorem 1.3. Suppose that k > 2 is a fized integer. Suppose additionally that s > 2F 4 1.

Then there exists an M such the for every n € N with n > M, and there exist non-negative

integers x1, ..., Ty such thatn = % + ... + aF.

Notably this is not the best possible. See [VWO02] for additional bounds.
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2. THE CIRCLE METHOD OVERVIEW

The application of the circle method is as follows:
e Construct a generating function that represents the problem.
e From this generating function, find an integral representation of the function.
e Separate this integral into the integral over the major 91 and minor m arcs,

/Olf(x)dx:/mf(x)dx%—/mf(x)dx

= main term + error term.

e Evaluate the value of the integral over major arcs.
e Bound the minor arc.
e Gather information about the problem.

The goal will be to apply these steps to Waring’s problem.
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4. BACKGROUND

For clarity, the following notation will be defined as follows:

e (a,b) = ged(a,b).

Example: Numbers a,b € Z with (a,b) = 1 are coprime.

e |z] is defined as the largest integer y such that y < z.

Example: |8.67| = 8.
o {z} =x—|z]
Example: 8.67 — [8.67] = {.67}.

e The notation f(z) = O(g(X)) means that there exists a C' > 0 and some x, such that
|f(x)] < Cg(x)Vx > xo which will be denoted here as f(z) < g(x) or g(x) > f(z).
Example: 422 + 92 < 22,

e The notation f(z) = o(g(x)) means that lim,_ ., % — 0. In other words, f(x) is of
smaller order than g(z).

Example: 9z = o(z?).

o If f(z) = g(z) + o(g(x)), the value of f(z) depends on the first term asymptotically

because the second term is negligible.
Example: 422 + 9z ~ 422,

5. INITIAL STEPS

/01 e(ma)da

)1, ifm=0
0, ifm#0°

Firstly, suppose m € Z. Then,
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Considering R(n) = #{x1,...,7, € N* : n = z¥ + ... ¥} and using the above integral, if

n,a¥ ... 2% € N, then
1
/e(a(xlf+---+xf—n))da
0
)1, ifn=af 442t
o, ifnAak g ah
so that

1
(5.1) R(n) = Z e Z/ e(a(zh + -+ 2% —n))da.

) Ts 0
Additionally, since n = z¥ + - - 2% it can be observed that z; < n+ and thus

(5.2) Rin)= Y - > /()e(a(x’f+---+xf—n))da

1<z <nl/k 1<zs<nl/k
1
= / Z " Z e(azh) - --e(ar®)e(—an)da
0 1<z <nl/k 1<z <nl/k

1

Il
S~

Z e(az®) | --- Z e(az®) | e(—an)da

1<z <nl/k 1<z <nl/k

where

with N = [2'/*]. Then, one can write

(5.3) R(n) = / ff(a)e(—an)da +/ f?(a)e(—an)da.
m m
Here, 91 and m are two disjoint sets with 99T U m being a unit interval. For every a,q € N,
with 1 <a < ¢ < N¥ and (a,q) =1, let
M(q,a) = {a €R:|a—a/q < N"F.

These intervals 9M(q, a) are called the major arcs. Thus,

M = U Ui)ﬁ(q,a).

q<N¥ a=1
Let
U=(N""N"*+1]
and
m=U\M.
These m are the minor arcs.
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6. MINOR ARCS

The goal here is to show that
/ fi(a)e(—an)da = o(n*/*1).
Firstly, consider that

/mfs(a)e(—om)doz g/m\fS(a)\dag (ig’f(aﬂ)s_% /Ol‘f(aﬂzkda_

The results will need the following three theorems. The proof of Theorem and Theo-
rem will be later in the paper.

(6.1)

Theorem 6.1. Suppose a,q € N satisfy (a,q) = 1. Suppose as well that o € R satisfies
ja— 4| < g% Then

F@)] < NT(g™ 4+ N71 4 gN )7,

Theorem 6.2. Suppose o € R. Then for every real number X > 1, there exist a,q € Z
satisfying (a,q) =1 and 1 < ¢ < X such that

a
o — —

_ 1
q| — ¢~

q

Proof. Looking at the [X] numbers
{at} = at — [at] with t =1, .., [X]
and [X] + 1 intervals

{ J—1 J
[X]+ 17 [[X] + 1]
if one of the {at} lies in the interval I or Ijx)41 then the theorem holds with ¢ = ¢. If this
is not satisfied, then by the pigeonhole principle, one of the [X] — 1 intervals must contain
two of the [X] numbers. In other words, there exist t1,t, € Z with 1 <t; <ty < [X] and an
integer ¢ = 2,...,[X] such that {t;a}, {tz2a} € I; so that

) for j=1,..[X]+1,

1
t — 1t < < —
(taa} — {10l < g <
and subsequently,
1
|(t2 = t1)a — ([t2] = [t10])| < X
With that, ¢ =ty — ¢, and a = [taa] — [t1a]) will work. -
Theorem 6.3. For every j =1,...,k,
1 , .
(62) | 7@ da < v
0

Supposing that @ € m, using X = N*N~ in Theorem , there exist a,q € 7Z with
(a,q) =1and 1 < g < N*N~" such that
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Considering « € m C (N*7* 1 — N*7%), 1 <a < ¢q. By (6.1),

(6.3) [f(@)] < NY(q '+ N7 4+ gN /K
< N1+e(<Nu)—1 —|—N_1 _i_Nufl)l/K
< ]\]1—&—5—1//[(7

where K = 2871 for all @ € m. Combining (6.1))-(6.3)),

(1+e—v/K)(s—2%)N2" ke s/k—1—6
(6.4) <N <«n .

—an)do

7. MAJOR ARCS

The goal here is to show that

/ fi(a)e(—an)da > n*/*L,
Define
"1
(7.1) v(B) = m"e(Bm)
m=1
and
g am®
(7.2) S(q,a) = e (—) .
m=1 q

Theorem 7.1. Suppose a,q € N satisfy (a,q) = 1 and 1 < a < g < NY. Additionally,
suppose that o € IM(q,a) and

(7.3) V(eg.a) =g~ S(g a)ola— ).
Then,

fla) =V(a,q,a) + O((N")?).
Proof. Write g = a — 2. Then,

fa)= ¥ e (et

1<z <nl/k q

n

= > atme () etom),

where
1, ifmisak — th power,
a(m) = . .
0, if m otherwise.
It follows that
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where

e <%> — ¢ 'S(q, a)%ml/’“—l, if m is a k- th power,
—
—q'S(q, a)gm!/*

otherwise.
By partial summation,
> ame(Bm)
m=1
= e(Bn) ) am — 2mif / e(By) (Zm) dy
m=1 0 m<y
where
axk 1 I 4
_ = Lo1/k-1
San= X (") oS Y g
m<y x<yl/k m<y
Firstly,
Ly =
25"
m<y
Y1
:/ —xl/k_ldm+0(1)
1k
= y"F+0().
Additionally,

=y"*¢71S(q,a) + O(q).

Z Am = O(Q)

m<y

From this, it follows that

Considering that |8] < NV7F,

n

> ame(Bm) < (14 |Bln)g < (1+ PN ~*n)P < P

m=1

where P = N”. From this, it follows that,

fla) =V(a,q,a) + O(P?).
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8. PARTIAL SUMMATION

Let 21, 29, 23,... be a sequence of complex numbers. Suppose further that the function F'
has continuous derivatives on the interval [0, X|. Then,

(8.1) > znF(m) =F(X) Y zm— /F’ < )dy.

m<X m<X

Note that

Then, if o € M(q, a),
fila) =V*(a,q,a) < N°7Yf(a) = V(a,q,a)| < N*TH P2,

From this,

Z Z / |fs Vs(a7 q, a)|da < Ns—k:—lp5 < ns/k—l—l/kzp5 < ns/k—1—5

q<P(l l(a q)=

for some fixed ¢ depending on . Now it can be written that

(8.2) Z Z / (o, q,a)e(—an)da

q<P(l l(a q)=1 m

then

(8.3) / fi(a@)e(—an) = r(n) + O(n*/*-179),
m

With the use of (7.3 and (| .,

(8.4) -y Z / [ @Sy S(a—ﬂ) e(—an)da

q<Pa=l(4 4 q

—zz/w MRy,

q<Pa=1

(- q
- ZZ<qs<q a))e (——) (a ) ( (a . 5) n) da
/

R ()P

q<Pa 1(a q)=1

Q

(—=pn)dp

PN’“

= &(n, P)J"(n),

where
=> > (¢'S(g.a)e (—%)
4P a=1(o 1 4
and
PN~k
(8.5) v = [ -
_PN-—k
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9. COMPLETING THE SERIES
Consider the series &(n, P). Write

q

(0.1 Sw= Y s@aye(-2).

a=l(a,q)=1

Then by ,
S(g,a) < g' Mk
provided that (a,q) = 1. Hence,
S(g) < qlg™ "y’
and so whenever s > 2¥ + 1 and € > 0 is sufficiently small, it can be concluded that

S(g) < g "

Therefore,
(92) &(n) = S(q)
g=1
converges absolutely and uniformly with respect to n. Additionally,
(9.3) &(n,P) —&(n) <n™®
for some fixed positive number . From this,
(9.4) r(n) = (&(n) + O(n™°))J*(n) and &(n) < 1.
Theorem 9.1.

v(B) < min{n/* |8|~1/*}
where |f| < 1/2 and B € R.

Proof. Suppose that |3| < 1/n. Then,
M
v(B) <
m=1

= / %a:l/kldx +0(1) < n/*
1

ml/k1

| =

— min{n'/*, |5,
Now suppose that || > 1/n. Let M + [|5]7}], and

M n
1 _ 1 _
’U(ﬂ) = szl/k 1e(ﬁm)+ Z Eml/k 1e(ﬁm).
m=1 m=M+1
Next, let
Sm = Z e(fr)
r=1
and
Lok
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Then,
~ 1 ml/k—1
> pm ! le(Bm)
m=M-+1
- Z Cm(Sm - Sm—l)
m=M-+1
= Z CmSm - Z CmSmfl
m=M-+1 m=M+1
n n=1
= Z cmSm - Z Cm+ISm
m=M+1 m=M
n—1
= CnSn - CM+1SM + Z (cm - Cerl)Sm'
m=M+1

Since S,, < 87! and ¢, is a decreasing sequence, it follows that

n

Z ]1€ 1/k—1 (5m)

m=M+1
< epqlB]7!
< |B~"
= min{nl/k, |6]_1/k}.
From this, it follows that
v(B) < min{n/*, |g|~V*}.

Now, let
1/2
(9.5) () = / o*(B)e(—Bn)dp.
~1/2
Then,
1/2
(9.6) 3(n) - 3(n) < / -/kdp
PN—k
and
(9.7) 3(n) < / G-5/kag < nolE1,
PN—k

It follows that
(9.8) r(n) = (&(n) +0(n™°))J(n) + (&(n) + O(n™*))(J*(n) —
= (6(n)3(n) + O(n°|3(n)]) + O(|F"(n) = J
= &(n)J(n) + O(n/*17%)
for some fixed positive number §. Combining these steps,
(9.9) R(n) = 6(n)J(n) + O(n*/*-179).
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10. SINGULAR INTEGRAL

Theorem 10.1. Suppose that s > 2. Then,

1
J(n) =T1° <1 - E) rt (%) n®/k=1 4 O(n/k-1/E=D).

The proof of this depends on the following:
Theorem 10.2. Suppose that A, B € R satisfy A> B >0 and B < 1. Then,

Proof. See |[Chel3].

Proof. (Proof of Theorem [10.2)). The function #%~!(n — 2)4~! will have no more than one
stationary point in the interval (0,7n). As a result, the interval (0,7n) can be divided into the
intervals (0, X) and (X, n), so that 2571(n — )~ is monotonic in each interval. Hence,

n—1 n
mel(n . m)Afl — / :L,Bfl(n . x)Afldx + O(nAfl + nB+A72)
0

m=1

1
_ nB+A1/ y871<1 _ y)Afldy + O(nAfl + nB‘l’A*Q)
0
=I(B)IN(ATHB + An™=1 + O™
as required.

Definition 10.3. The gamma function is defined for ¢ > 0 by

I(t) = / e "2t dr.
0
Theorem 10.4. For every A, B > 0,

(10.1) [(B)T(A) =T(A+ B)/O yP1 (1 — y) Ny,

['(B)I'(A / e TP 1d:)3/ x4 dy

= lim // 7(:1:+y B 1 A 1dl'dy,
M —o0 SIW

where Sy denotes the square [0, M]?. Let Ty; denote the triangle with vertices (0,0), (M, 0),
and (0, M). Using the substitution x = v and y = v — u and then writing u = vy,

// —(@ty) p Bl A= 1dxdy—/ (/ e_”uB_l(U—u)A_ldu> dv
Ty 0

1
_ / 6—1} B+A— ld'U/ yB_l(l - y)A_ldy‘
0 0

Proof. Firstly,



HARDY-LITTLEWOOD CIRCLE METHOD 11

Considering also that Sy;2 € Tar C S,

// e*({Eer)xBflyAfldxdyS // e(w+y)xBlyAldxdy§// e*(ery)xBflyAfldxdy.
Shiy2 T Sar

It follows that u .
/ e_”vB+A_1dv/ yP1(1 — ) tdy — T'(B)['(A)
0 0
as M — oo. Also,

M
/ e Pt dy 5 T(B 4 A)
0

as M — oo. The identity (|10.1)) follows immediately.

11. THE SINGULAR SERIES

Noting that

5(%@)226(#)

the goal is to study the behavior of the series

&(n) =Y S(q).

q=1

The goal is to show that S(n) > 1. This with and Theorem [10.1} will show that
R(n) > 0 for all sufficiently large n € N.

Definition 11.1. For every prime p, let
T(p)=>_ S".
h=0

The goal is now to reduce the examination of the series &(n) to the study of the series
T(p) for finitely many p.

Theorem 11.2. Suppose that s > 28+ 1. Then for every prime p, the series T (p) converges
absolutely, the infinite product [[,T(p) converges absolutely with

S(n) =[[7()
P
and there is a positive C' € R, depending on k such that

%<HT(p)<;.

p>C
Then the study of the series &(n) is reduced to the study of the series T(p) forp < C.

Proof. Remembering that S(q) < ¢~'=2 ", T(p) converges absolutely. Additionally, if S(q)
is multiplicative such that S(qr) = S(q)S(r) whenever (¢,7) = 1, then

[Mzw) =1]>_st"

p h=0
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= H (1+S(p Z S(q
follows as a result of the absolute convergence of &(n). The first step is to show that if
(a,q) = (b,r) = (¢,7) = 1, then
(11.1) S(qr,ar + bq) = S(q,a)S(r,b).

Considering (q,r) = 1, as t runs through a complete set of residues modulo ¢ and u runs
through a complete set of residues modulo r, tr 4+ uq runs through a complete set of residues
modulo ¢gr. Hence,

S(qhawbq):ie(@”“*—bq) ZZ (ar+bq tr+UQ))

m=1 t=1 u=1

ar + bq) (tFrk + ukg*) atkrk bu’“qk
=3y () e ()

t=1 u=1 t=1 u=1

-3 () 3 (M55 - stawstonn)

u=1

Next, note that as a and b run through sets of residues modulo ¢ and r respectively, ar + bq
runs through a reduced set of residues modulo gr. Then due to (11.1)),

Star) = X () Starmye (-

m=1 qr
(m,qr)=1
= X () Slarar +bgye (LM
a=1 b=1 qr
(a,g)=1 (b,r)=1
d an ! bn
= > swaye (-2) 3 sty (-2
a=1 q b=1 q
(a,9)=1 (b,r)=1
= S(q)S(r)

The next step is to show the connection between T and the number M, (q) of solutions to
mlf+---+mfzn mod g, 1<my,...,ms <q.
This requires the following result.
Theorem 11.3. For every prime p,

T(p) = lim pp(lfs)Mn(p”).
pP—>00

Consider the following, where Theorem [11.3]is the case when ¢ = p” as p — oco.

Theorem 11.4. For every q € N,

> 5(d) = ' My(q).

dlp
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Proof. Consider that

q q q k k
1 u(my +---+mi —n
M) = 3 3 Ty (M ')
mi=1 ms=1 q u=1 q
1L q k k
S22 () () (F)
q u=1mp=1 ms=1 q q q
1 & ( I (umk>>s < un>
q u=1 \m=1 q q
Suppose that
q

Then writing ¢ = u/(u,q) and noting that every m = 1,...,¢ can be of the form dy + z
where y =0,...,q/d—1and z =1,...,d giving

Now for every uw = 1,...,q, there exists a unique d|q such that (11.2)) holds. For this value
of d, the condition(|11.2)) is equivalent tot the condition (a,d) = 1. It follows that

M) ==Y S (a5l a))e (-=)

d a=1
19

S Y Y @ sy () < Y s

a=1 dlq
a =

as required.
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Looking at
(11.3) mi4 -4+ mf=n mod p”, 1<my,...,ms <p’

for all sufficiently large p € N. The goal is to estimate the value of M, (p”) for larger values
of p by using estimates of M, (p”) for smaller values of p. In other words, the goal is to find
a value v so that the congruence is solvable for p = v with the condition that (m,p?) = 1.
This additional criteria makes it simpler to obtain lower bounds for M, (p”) when p > ~. It
is helpful to recall some things about k—th power residues.

Definition 11.5. Suppose that p is a prime and p € N. A number a € Z is said to be a
k—th power residue modulo p” if p{ a and the congruence z*¥ = a mod p* holds.

The number of k—th power residues modulo p” is the number of integer a € Z such that
1 <a < pand ais a k—th power residue modulo p”. Additionally, the number v(p”) of
k—th power residues modulo p” satisfies

0" ifp>2or p=1orkis odd,
v(p’) =

(k,0(p?))’

2r—2

Ty if p=2and p> 2 and k is even.

Suppose T € Z satisfies

p'lk
and
pr+1fk.
Define
T +1, ifp>2o0r7=0,
_{7—1—2, ifp=2and 7> 0.
Then

pT+1

o) = 2D
(k, ¢(p7))

Additionally, the number of solutions to the congruence

k:

x a mod p’

when p f a is either 0 or p?~ "1 (k, ¢(p™)). Lastly, if a is a k—th power residue modulo p7,
then it is a k—th power residue modulo p? for every p € N. For every natural number g € N,
let M (q) denote the number of solutions to the congruence

mlf+m§5n mOdCL 1§m17"‘7mSSQ7(m17q):1‘
Theorem 11.6. Suppose that M (p”) > 0. Then for every p € N with p > ~,
M,(p") > p(pfv)(sfl)_

Proof. Suppose that

wh=n—af - — 2% mod p,
where 1 < zy,...,25 < p? and p{ ;. For every j = 2,...,s there are precisely p*~7 integers
y; satisfying 1 < y; < p” and y; = z; mod p?. It follows that for each pf the ple=7(s=1)
choices of (s — 1)tuples (ys,...,¥s), the number n — y¥ — ... — ¢* is a k—th power residue

modulo p?, and so a k—th power residue modulo p”. Hence there exists a y; satisfying
1 <y, <p”and pty; such that

F=n—gys— - —y* mod p.
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The result follows immediately.
It follows from Theorem [11.4)and (11.6)) that if M (p?) > 0, then
T(p) = lim pp(l_S)Mn(pp) > p—v(s—l)'
p—00

Then, if this inequality is used for every prime p < C', then it follows from Theorem [11.2
that &(n) > 1. It now remains to prove the following.

Theorem 11.7. Suppose that
ik pT(p—1)), ifp>2,
s> Q272 ifp=2and k > 2,
D, ifp=2and k = 2.
Then M} (p") > 0 for every n € N.

The case when p = 2 and k£ = 2 is easy. If p = 2 and £ > 2, then s > 27 and the
congruence

m’f+---+m’§5n mod 27, 1<my,...,ms <27,2¢my,

can be satisfied by taking m; to be 0 or 1. When p is odd, make use of the following result.

Theorem 11.8. Suppose that
X ={x,...,;x.} and Y ={y1,...,ys}

denote r and s incongruent residue classes modulo q respectively. Also suppose that 0 € Y
and that (y;,q) = 1 for every j = 1,...,s satisfying y; 0 mod q. If X +Y denotes the
set of residue classes of the form

T +y+ 7, 1=1,...,7,5=1,...,s,
then #(X +Y) > min{q,r + s — 1}.

Proof. See |[Chel3].

12. PROOF OF WEYL’S INEQUALITY AND HuA’sS LEMMA

The forward difference operator is as follows. Suppose that ¢ is a real valued function of
a real variable. For any x, h; € R, write

Ar(o(x); ) = ¢(z + M) — ().
Now denote the jth iterate of the forward difference operator A; with A;. This means to
write
A (P(x);hay .o hji) = A(Aj(d(x); hay ooy hy); hyga).
Then for any natural numbers j < k, the jth iterate A; of the forward difference operator
satisfies |
Aj(z® by, hy) = Z #xmh‘fl---h?

PR
po>0,0151,.py =1 POPL "7 P
potprt+-pj=k

= hl c h]p](x7 h’17 .- '7hj)7
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where p;(x; hy,...,h;) is a polynomial in x with integer coefficients, of degree k — j with
- : Je!
leading coefficient T
Theorem 12.1. Suppose that
Q
T(¢) = e(d(x)),
r=1

where ¢ : N — R is an arithmetic functz’on Then for any natural number j € N,

TOF <07 Y o 3 Y edy(6@)ih, .., hy)),

lh1|<@Q |hj|<Q €}
where the intervals I; = I;(hy, ..., h;) satisfy the conditions
[1(h1) g [1, Q] and [7;(]7,1, ey hj) g ijl(hla ceey hjfl)-

Proof. The proof uses induction on j. Suppose that j = 1. Then,

Q Q
=3 eloly) -

Q Q- x_ :
=Y e(¢(x + h1) — ()
Q-1 Q—=x S
= Y oeAi(dla)h)) = Y Y e(Ai(d(x); ),
h1=1-Q =€l |h1|<Q €1

where I; = [1,Q] N [1 — hy, Q — hy]. Suppose now that the conclusion of the theorem holds
for some 7 € N so that

T@) <7 Y - > > e(Aj(d(x); ha, .., hy)).

h|<Q  |hyl<Q €L

Then by Cauchy’s inequality,

T < Q)* " 422Q -1 Y - 3 D e(Aj(é@):ha,. .. hy))

lhil<@  |h;|<Q |z€I;
Then,

D e(Dj(d@)ihn, )| =D ) e(Ai(d(y)i s hy) = Aj(d(x); ha, . hy))

z€l; z€l; yel;
= > > e(Dj(@la+h);ha, . hy) = Aj(@(x) b, )
|h|<Q x€ljp1
Z Z J+1 hl:""h]);h>7
|h‘<Q1’€IJ+1

where [;1 = I; N {z : x + h € I;}. This gives the conclusion with j replaced by j + 1.
Now considering the Theorem in the deduction of Theorem [6.1]
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Theorem 12.2. Suppose that X,Y, o € R with X,Y > 1. Suppose further that |a — a/q| <
q 2 with (a,q) = 1. Then,

. o1 q
—1 —1
x§<X min{ XY ", [|az|| 7'} < XY (E +5t ﬁ> log(2X q),

where || ]| = min,ez |8 — n| denotes the distance of B to the nearest integer.

Proof. Write
S=> min{XY", [Jax||""}.

<X

Every natural number x < X can be written in the form ¢j + r, where j,r € 7Z satisfy
0<j7<X/qand 1 <r <gq. Hence,

L[ XY
S < Z Zmln{qj+r

0<j<X/qr=1

Hlales + rml} |

One can write

. . ar a
OZ(QJ‘FT):QQJ‘F?‘F(OZ—;)T

_ed?s) 4+ {ad?s} Lo (P — qa)r

q q 7
_ lag®j] +ar  {ag’j} | (o —qa)r
= + + .
q q q
Suppose that 7 = 0 and r < ¢/2. Then

ar (¢« — qa)r

alg)+r)=—+
( ) . 7
and
2, _
'(q a 261@)?” << i'
q T 2q
Thus,
1 1
(g +0)ll > |5 - o= > 5|5
q 2¢ ~ 2| ¢
Additionally, it is always true that
2 2. 1 2
lag’j} | (o 2(1@)7’ <lyro?
q q q g q

For every j satisfying 0 < j < X/q, as r runs over a complete set of residues modulo ¢,
|ag?j| + ar also runs through a complete set of residues modulo g. It follows that for any j
satisfying 0 < j < X/q, there are at most 7 values of r for which the inequality

lag?j| + ar
q

. 1
fotai + 111> 3|
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fails to hold. Additionally note that ¢j +r > q(j + 1) if j # 0 pr r > ¢/2. It follows that

XY d lag®s | +arl||”
S _ E & J1 e
< 2 Z q(j +1) " ‘ q
1<r<i 54 0<j<X/q r=1
atlag?s]+ar
XY 1 X R\ !

<= > —+ TR Y (=

q =, J+1 q
0<j<X 1<h<1iq

XY
< e log(2X) + (X + ¢) logg.

From this, the theorem follows immediately.

Proof. (Proof of. Apply Theorem with j = k — 1, Q = N, and ¢(z) = az® to

obtain
|f(a)|K 2N ek Z Z Z Ak 1 ax® hla---7hk—1))'
[P1|<N  |hg—1|<N z€ljp_1
This gives
h h—
Ap_i(az® by, o b)) = Klahy .. gy <x—|— 51 I ’;1> :
so that

< @V<E S S S (k'ahl <+%+ hz))

|h1|<N |hp—1<N z€lp_1

The terms with hy - - - hy_1 = 0 contribute << N*~! to the sum. Hence,

EINE—1
(I < NP [ NN S minN, ok}
h=1
EINE-1
< NE—kte [ yh-1 4 Z min{k!NkhflyHahHil} ’
h=1

where the term N°€ is an upper bound on the number of solutions of the equation
]{J!hl"'hk_lzh, 0<|h1|,...,|hk_1|<N.
Now apply Theorem with X = kIN*~! and Y = N to obtain

kINF-1
1 1
ky—1 1 k k1
h%l min{k!N*h=" ||ah|| 7'} < N ( ~ N’“) log(N"""q).

This gives
()" < NFF2(g7 + N7 gNTh)

if ¢ < N*. Note that the result is trivial if ¢ > N* so the proof is complete.
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Proof. (Proof of [6.3). This proof proceeds by induction on j. Suppose that j = 1. Then the

integral
1
[ 17(@)pda
0

is equal to the number of solutions of the equation z* —y* = 0 in natural numbers z,y < N.
There are precisely N solutions. Suppose now the inequality (6.3) holds for some j € N
satisfying 1 < j < k. Applying Theorem with @ = N and ¢(x) = az® to obtain

F@ <@N)PE YT 3T Y Te(Ayaakshy, . hy)),

<N |h|<N z€l;

where

Aj(Oé.Z’k; hl, e hj) = Oéhl cee hjp](l', hl, Cey hj),
where p;(z; hq,...,h;) is a polynomial in x of degree k — j with integer coefficients. Hence,
(12.1) F@)P < NS crelah),

heZ

where for every h € Z, ¢, denotes the number of solutions of the equation

hq "'hjpj(l';hl,...,hj> = h, ’hll,...,’hj’ < N,fﬂ S [j>

Note that ¢y < N7 and ¢;, < N€if h # 0. Additionally, one can write
j i—1 -1
(12.2) [f(@) = (f(a)* (f(-a))?
= the(—ah),
heZ
where, for every h € Z, b, denotes the number of solutions of the equation
g xh s — oy — s =1 1<, .., @25-1, Y1, .+, Yoi-1 < N.

Hence,

th = |f(0))” = N?”.
heZ
Then by the induction hypothesis,

1 ) o
bo = / |f(@)|” da < N¥ 9T,
0

It follows from (|12.1)) and (12.2)) and Parseval’s identity that

/0 (@) dar < (2N) 1Y

heZcyby,

Now note that .
> " enbn < cobo + N> by < NIN? 774 4 NN,
heZ h£0

so that

| 1@ da < §
0

This completes the proof.
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