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ABSTRACT

Random Graphs may sound like they has special properties which show up randomly,
but it’s actually more complicated than that. Like in chemistry, these properties show up
in phase transitions. In this paper, we will explore with what probability, p, would these
properties appear. Such properties will include connectivity, perfect matching, and Hamilton
cycles.

1. INTRODUCTION

Random Graphs were first defined by Paul Erdés and Alfréd Rényi in their 1958 paper
On Random Graphs. However, their paper focused primarily on G,, ,,,, which is based on the
number of edges m in such a graph. It was Edgar Gilbert who developed one of the more
commonly studied random graph model G,, ,. This model is of great use in this paper as it
heavily simplifies the computation that would have resulted from the former model. This
field was later expanded in the 80’s by Béla Bollobéds. In this paper, most of the theorems
and lemmas arise from these mathematicians which are considered as the ”fathers” of the
field. These Random Graphs are extremely applicable to a wide variety of topics from
Ramsey Theory to Networking and can be used to answer questions about properties of
typical graphs. We first provide some background information by including preliminaries
and introducing notation that will be used in the paper. In terms of Random Graphs, we
will begin by focusing on first on the Rado Graph, which is a great introduction to the
field, before switching focus to graph properties. Graph Properties believe it or not show up
spontaneously, which we will call phase transitions. We first begin by setting a foundation
on our Random Graph models, specifically establish a connection between G, ,, and G, .
Then, we will shift our focus into specific graph properties such as connectivity, perfect
matching, and Hamilton cycles. In these graph properties, we will determine the thresholds
in which these properties will occur.
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3. PRELIMINARIES

Here is the notation and theorems needed for the rest of the paper. First, we explain
some graph notation. Let G be a graph. Then we have G = (V| E), where V is the vertex
set, F is the edge set of G with e(G) = |E(G)|, meaning the number of edges. S C E,
then eq(S) = e € E: e C S| or informally the number of edges in the subset S. We let
N(S) = Ng(S) denote the set of neighboring vertices of S or formally for some w we have:
NS)={w¢ S :3weS:{v,w} e E}, with dz(S) equal to the size of N(S5).

When we talk about Random Graphs, there are various models we will use. We let [n| =
{1,2,...,n}. 4, is the family of all graphs with V' = [n] and containing m edges. Similarly,
we have G, ,, simply be a random graph chosen from the family ¥, ,,. Another model is
G, which also has n vertices, V' = [n], but each edge is picked with probability p.

In the event we have a bipartite graph, we have G, ,, denote two disjoint vertex sets [n]
with probability p that an edge connects two vertices of different sets.

We will also use asymptotic notation to state our results so it is a good idea to familiarize
yourself with it. In addition, if something occurs with high probability (lim,,_,. P(<%) = 1),
we say w.h.p.. More notation will be defined as we get deeper into the topics.

3.1. Inequalities.

Now, we will talk about two inequalities, which will be used frequently in bounding. The
first inequality is Markov’s Inequality:

Theorem 3.1. (Markov’s Inequality) P(X > t) < @, for some random variable X.

Proof. A proof of this simply takes some indicator 4 which will equal 1 if some event occurs,
or 0 otherwise. We know X = XTix>pn + XIlixcry > Xlix> > tlix>4 as tis less than X.
As expectation is linear, we have EX > tEl x> = tP(x > t) which simplifies to our desired
result. [

A useful corollary of this occurs when we look at an integer valued random variable
that is non negative. If we simply let ¢ = 1, note that we get P(X > 1) < E(X) or
P(X > 0) < E(X). This is also known as the First Moment method and will be used
frequently throughout the paper. Another theorem that follows from Markov is Chebyshev’s
Inequality, which states

Theorem 3.2. (Chebyshev’s Inequality) P(|X — EX| > t) < YaX

$2

Note that Var is simply the variance of some random variable.Var X can also be written
as EX? — (EX)? or B(X — u)?

Proof. A proof of this follows due to Markov’s Inequality. Let some random variable Y =
(X — p)* and t = a®. Then by Markov, we see that P(Y > a®) < 2%, By the definition of
variance, we have that EY = E(X — p)? = Var X. In addition, notice how (X — u)? > a? is
the same as [z — p| > a. Thus we get that P(|z — p| > a) < 25 = ¥2X, |

Again, observe that if ¢ = EX, where X is some non-negative integer valued random
variable, then we get a neat corollary. P(X = 0) < (Y;;(g = % — 1. This is known as the
Second moment method.

A stronger version of this inequality actually results from Cauchy-Schwarz.
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Proof. We again let X be some non-negative integer valued random variable and then set
X = X - Itx>13. Then we have as a result

(EX)? = (B(X - I{x>1y)® <EIZ\EX? = P(X > 1EX?.

This results in P(X = 0) < ¥4X =1 — (%?f o

This bound is stronger as EX? > (EX)? but both bounds are both very useful and can
be applied when % — 0, or % — 1 as n — 00.These inequalities will help us discover
bounds for all kinds of graph properties.

4. THE RADO GRAPH

What if you and your friend each take a infinitely large piece of paper containing a count-
ably infinite number of vertices on it. Now with probability 0 < p < 1, both of you
independently draw a line on your own paper, connecting a pair of vertices and repeating
this for each pair of vertices. What is the probability you and your friend draw isomorphic
graphs? Believe it or not, the probability is actually 1.

To show this, we will require a lemma.

Lemma 4.1 (Extension Property). For every two disjoint finite sets of vertices, U and V,
there exist a vertex x outside of U and V that is connected to all vertices in U but contains

no neighbors of V.
X
./ / g O
@
® o
U @ vV

Figure 1. Depiction of Extension Property |[DE123|

Proof. Let there be x, vertices in U and x5 vertices in V. Then the probability some vertex
x exists is p”' (1 — p)™. Due to there being an infinite number of vertices, the probability
that no x exists is [1 — p™ (1 — p)*2|* which is 0, so some x exists. |

We will now establish a bijection between you and your friend’s graph.
Take some graph G with this property. Label the vertices 1, 2, 3, ... for both the Rado graph
and our graph G. We proceed with an algorithm alternating between GG and the Rado Graph.
First, take the smallest unmatched vertex in the Rado Graph (starting with 1).[Note that
when we say match, we are matching some vertex from the Rado graph with a vertex from
G.Then find it’s copy in G|. Then find the smallest unmatched vertex in G and find it’s
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copy in the Rado Graph. You know you can find it’s copy thanks to[d.1} Repeat this. Every
vertex will eventually be connected and we find a bijection that preserves edges which shows
that G and the Rado Graph are isomorphic. This means that there is only one Random
Graph or that G, is always the same graph.
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5. RELATIONSHIPS, MODELS, AND THRESHOLDS

In this section we will begin to introduce the asymptotic properties of Random Graphs.
First, we start by claiming a Random Graph G, , given that it’s number of edges is m is the
same as randomly picking a graph with n vertices and m edges. Formally, this is

Lemma 5.1. A random graph G,,, given that it has m edges is equally likely to be one of
the Gy, graphs.

Proof. We know that there are a total of <( >) graphs containing n vertices and m edges.

ny_,.. " 1
We also know that P(G,, = Gole(G) = m) = —2- ) )n = ((ﬁ)) . This means that
((31>)pm(1—p)(2)_m
each graph will show up with equal probabilities. [

In addition, we gain some intuition that these models are actually similar when m is equal
to the expected number of edges in G,,, or when m = (g)p especially as n grows large.
One very useful technique which will be used for many of the proofs below is known as the
"coupling technique” which generates a random graph G, , in two independent steps.
Suppose we have p; < p. We define p, by the equation

P = p1 + P2 — P1De.

Observe that this equation is actually a representation of G,, , = G,, p, UG,, ,,, with the graphs
G p, and Gy, ,, being independent. This means that we can superimpose G,, ,, and G, ,, to
create G, , by replacing double edges with just one edge. A similar idea can be applied to
G m-

Now lets shift our focus into special graph properties. Let &2 represent some special graph
property, which we formally define as the set of all subsets of graphs on our vertex set [n].
Some examples of special graph properties that we will later look at include connectivity
and perfect matchings.

m

(2)

Lemma 5.2. Let &2 be any graph property. Then when p = where m = m(n) — oo,

and (Z) —m — oo. Then for large n,
P(G,.., € 2) < 10m'*P(G,, € P)

Proof. First, we proceed with the law of total probability.

(3)

P(Gup € P) = ) P(Gnyp € P||Enyl = k)P(|Eny| = k)

k=0
Then, it follows that
PG,y € & & |E,,l =k)

P(|Enpl = k)

Then, calculating probabilities, we see that our numerator and denominator actually differ

P(Gmp S y||En,p| - k) =

by a factor of ((%)) The summation of this factor actually gives us P(G,,, € Z).

=P(G,, € P) = ZIP Gui € P)P(|Enyp| = k)
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Removing our summation and replacing k with m, we get a lower bound of
<P(Gpm € P)P(|E, | =m).

Note that the number of edges for |E, , for a random graph follows a binomial distribution
as you are choosing 2 vertices each time. This means that if we apply this into Stirling’s
Formula, we get the following result:

o= (14 0(1))(§)k ok,

Now, let us substitute this to find a rough order on our factorials. We get the following

result:
B(Ensl = m) = (&)1 = po)
Which will become
m () formypm(1 — p)(E)-m
(1 + o(1) (2) (2)p (1—p)

m™((5) — m)(g)_m27r (m((3) —m)

2 2
Simplifying the numerator and denominators, we get
=(1+o(1 —(2)
( <»¢%M@%mg

2

Now just doing some rough approximations, we get that
< 1
~ 10/m

Now let’s substitute this back into our original equation which gives us

P(G,, € 2) < 10m'*P(G,, € P).

P(|Enp

:m)

Definition 1. (Monotone Increasing) A graph property & as monotone increasing if G €
P, then no matter what edge is added, our new graph will still contain this graph property.

Examples include whether or not there is a triangle in our random graph. This is as if
there already is a triangle, we can add more edges without affecting our triangle. On the
contrary,

Definition 2. (Monotone Decreasing) A graph property to be monotone decreasing if G € &
and if we remove any edge, our new graph still contains this property.

One such example would be if a graph was not connected. Removing edges would not
make a unconnected graph into a connected one.
Now if we use our coupling argument, we observe that G,,, < G,,, and G, < Gy, for
p < p1 and m < my. Using this, we can strengthen our bound from Lemma 5.2 for monotone
increasing graph properties.
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Lemma 5.3. Let & be any monotone increasing graph property with p = 5 Then for large
n and p = o(1) such that Np,N(1 —p)/(Np)*/? = oo,

P(Gpm € &) <3P(G,,, € &)
Proof. Let p = %, where N = ("2‘) Then we have the following result from :

N
P(Gn,p € 9) = ZP(Gn,p € gZHEnH = k)PﬂEn,pl = k)
k=0
Then, to allow us to apply the coupling property, we replace our starting term to m.

N
< Z]P)(Gn,p € <gZ||En,p| = k)P(|En,p| = k)

k=m

As we know by the coupling property, when k > m, the following result is true:
]P)(Gn,k € 9) > IP)((G'n,m S 4@)

From here, due to the binomial nature of the number of edges, we get the following result:

N
P(Gyp € P) > P(Gum € P) Y P(|En,| = k)

k=m

Let uy, = (]Z)pk(l — p)V=F which is the probability our random graph has k edges. Thus,
substituting this probability in, we get

N N
P(Gum € P) > P(|Enyl =k) =P(Gpm € P) Y up).
k=m k=m

Now, we again apply Stirling’s formula which for u and simplify giving the following result:
NP1 —p)¥ o 140(1)
mm(N —m)N-m(2rm)1/2 — (27m)/2’

um = (14 0(1))
Now, an interesting result actually occurs when k = m + ¢, for some 0 < t < m!/2,

= = <ex -
up, (k+1)(1—p) e p{N—m—t m

Notice that the inequality comes from the fact 1 +x < e* and that 1 — x > e~*/(1=2)  Now

we can observe that

1+ o(1 ZN m_s_s+1>}>exp{———o(1)}

Umt = (2rm 1/2 m - (27rm)1/2

as we know that m = o(/N). Now, as a direct consequence, we can now convert this discovery
into a summation as follows:

m+m1/2 1 (1) 1
— 0 2
§ —z?/2
k=m = (27T)1/2 /0 ‘ i = 1/3

Which we can compute to find a lower bound of 1/3. Now we can simply substitute this
back into 5.18, and we are done. [ |
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These lemmas are crucial to the simplicity of this paper as it is much easier to compute
probabilities in P(G,,,) in comparison to that of P(G,,,,). This allows us to make the
observation that if P(G,,,) — 0, then P(G,,,,) — 0 for n — co. This brings us to a theorem
which is proved by Luczak which notes the specific conditions needed to be fulfilled for the
asymptotic equivalence of random graphs for G,,, and G,, ,,,.

Theorem 5.4. Let 0 < py < 1, s(n) = ny/p(1 —p) = 0o and w(n) — oo arbitrarily slowly
asn — oo

(1) Suppose that & is a graph property such that P(G,, ., € &) — po for all

me (5 )p—wmsto), (5 )+ wusto)

Then P(G,,, € &) — py as n — oo.
(2) Letp_ = p—w(n)s(n)/n* and py = p+w(n)s(n)/n?. Suppose that P is a monotone
graph property. Then if P(G,, € &) — py and P(G,,, € &) — py we have

P(Gnm € P) = 0

asn — oo and m = L(g)pj

A proof of this theorem will not be provided, though if you are interested, it can be found
here [BB98]. Now, equipped with these theorems and lemmas, lets proceed onto observing
patterns in which our properties will appear.

5.1. Thresholds. Random Graphs have a very interesting nature of when properties will
appear and disappear. They actually show up some what spontaneously and vanish in the
same regards. We will now formally define this property as a threshold.

Definition 3. A function m* = m*(n) is a threshold for a monotone increasing graph
property & in a random graph G, ,, if

lim P(G,,, € &) =

T—00

0 ifm/m*—0
1 ifm/m*—
asm — oo

We can also define this idea for p in G, .

Definition 4. A function p* = p*(n) is a threshold for a monotone increasing graph property
& in a random graph G, , if

. 0 ifp/p*—0

as n — oo
We can also have a more specific definition for a sharp threshold.

Definition 5. A function p* = p*(n) is a sharp threshold for a monotone increasing graph
property & in a random graph G, if for every e > 0

) <1 -
lim B(G, € #) = {0 TP/ S1=c
T—00 ’ 1 pr/p* >1+e€

asn — o0


https://faculty.sdu.edu.cn/_tsf/00/21/YvaIryj6ZvQf.pdf
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And again, we have a similar definition for m in G, ,,

Definition 6. A function m* = m*(n) is a sharp threshold for a monotone increasing graph
property & in a random graph G,, ., if for every e > 0

: f e
limP(GmmEL@):{o ifp/p* <1—¢

T—00

1 ifp/p*>1+e€

as n — 0o
Notice that saying p* is a threshold for a property is identical to saying that a graph does
not contain the said property w.h.p. if p < p* and will contain the property w.h.p. if p > p*

Now let’s move onto one of the most important theorems of the field proved by Bollobas and
Thomason.

Theorem 5.5. Fvery non-trivial monotone graph property has a threshold

Proof. Without loss of generality, we assume that & is a monotone increasing graph property.
Let 0 < € < 1. We will define p(e) as follows:

P(Gn’p(e) € c@) =
But why does p(e€) exist?
P(Gupe ) = 3 pFOI(1 — p)N-IEC)
Gez

is a polynomial that increases from 0 to 1 due to our property being monotone increasing.
Therefore the higher the probability i.e. the edges, the greater chance of our property
occurring. Now let us show that p* = p(1/2) is a threshold for & by the coupling argument.
Let us create independent copies of G,,, and number them from 1 to k. Then the graph of
G1UG,U...UG}, is distributed as the random graph G,, ;_(;_px. Notice that 1—(1 —p)* < kp
so therefore coupling results in

Gn,lf(lfp)k’ - Gn,kp-

Note that the contrary G, i, ¢ &2 implies that non of our independent copies contain the
graph property either as it is monotone. Thus we get the following result:

P(Gn,kp §§ 32) < [P(Gmp < (@)]k

Now, let w be a function of n, where w — oo arbitrarily slowly as n — oo, with w < loglogn.
We also assume that p = p* = p(1/2) and k = w. Then we see

P(Gpup & ) <27 =0(1)
Meanwhile, if p = p*/w, we observe that

% = PGy ¢ P) < [P(Grprj ¢ P

Then by simplification, we see that

PGy & P)] 22712 =1~ 0(1)



10 DIETER YANG

Given these lemmas and theorems, we are now ready to tackle some basic graph properties.
Arguably one of the simplest graph properties is if a graph contains an edge or not. Seems
simple enough right? We want to find out at what point is a random graph gonna have an
edge w.h.p..

Theorem 5.6. Let &2 = {non edge-less sets of labeled graphs G, ,} Then

{0 if p<n?

T—00

Proof. Let X be a random variable which counts the number of edges in G, ,. We note

that EX = (Z) p by linearity of expectation. Similarly, the variance Var X = (g) p(1—p) =

(1 — p)EX as it follows a binomial distribution. Proving the first part of our statement is

pretty easy with Markov’s inequality via the First Moment Method. In our case, we see that
2

]P’(X>O)§%p—>0

when p < n=2 for n — co. Now, if we want to show the 2nd part of our statement, we now
require the use of Chebyshev and the Second Moment Method. We will use this inequality to
show that X ~ EX w.h.p.. The reason behind this is as the probability will approach 1 when
Var X/(EX)? — 0. Thus let us observe what happens to Var X/(EX)? — 0. Substituting
gives
Var X/(EX)2 = =P ¢
-~ EX

when n — oo so this shows that our second statement is true and that % is indeed our

threshold for Gy, ,, [ |
Now that we got done with this example, let’s try and do this but with a triangle instead.
Theorem 5.7. If m/n — oo then w.h.p. G, ,, contains at least one triangle.

Proof. Let us begin with noting that a triangle is clearly a monotone increasing property.
Thus, let us prove the result first for G,,, and then use one of our past lemmas to convert
this to G, ,,,. Here, we will assume that np — oo.
Let np = w < logn, where w = w(n) — co. Let our random variable Z count the number of
triangles in our random graph. Thus we have the following result:

3

EZ = (Z)pfﬂ > (1— 0(1))‘% BN

However, just because the absolute value approaches infinity, it is not sufficient.

Now let us define 11,75, ..., Ty for M = (g) represent the possible triangles of our random

graph. We want to apply Chebyshev, so let’s try and calculate EZ? to calculate our variance.

M
EZ> =) P(T;,T; € G,,)
i,j=1

Now, let us break apart this summation into two separate summations.

M M
EZ? = ZIP’(Ti € Gnyp) ZIP’(Tj € Go,|Ti € G, p)
=1 =1
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Now notice what the first summation is.

M

> "P(T; € G,,) = MP(T} € Gy,)

i=1
This is as the probability is always the same as it is symmetric. And now notice that this
is just EZ. Now lets observe some sort of bound for the right summation. We define o; as
edges T and T share.

M
D P(T) € GuplT1 € Gry) =14+ > P(B(T) € Gp|Ti € Gp))+ Y P(P(T) € G| T1 € i)
=1 =1 jio=0

Now you may be wondering where all of these summations came from. We break it down
into 3 cases, if the triangles share 1,2, or no edges. When they share 2, then the triangle is
fixed already so we have probability 1. Now lets calculate the other probabilities and then
bound it.

3
Now, we use our definition of variance prior to get

3w
:1+3(n—3)p2—|—((n> —3n+8)p* <1+ —+EZ
n

w

VarZ < (EZ)(1 + °- + EZ) — (EZ)? < 2EZ
n

We are now ready to apply Chebyshev inequality.
Var Z 2

< — =o0(1).
Ezr S5z~ W

This means that the distribution is essentially zero and that we have proved our theorem. M

P(Z =0)<P(Z-EZ| >EZ) <

This concludes our basic intro in random graphs. We will now shift our focus into more
discrete topics.

6. PHASE TRANSITIONS

In this section we will focus on the structure of our graphs as p — 1 or m — (g) One
thing to note is that computation is much easier for G, , than it is for G, ,,,. This is why
Lemmas were established prior. This allows us to prove properties for G, , and
converting them to G, ,,, which will greatly simplify our computations.

6.1. Sub-Critical Phase. We begin our journey with Sub-Critical Phase, or the first phase
of the Random Graph. At this point, we have a relatively low p and m, and for this reason,
our random graphs consist mostly of trees and other small components. Lets begin with
some simple properties to get a feel of this first phase.

Theorem 6.1. If m < n, then G,, is a forest w.h.p..

Proof. We let m = n/w and N = (). Then p = m/N < 3/(wn). Now we define our random
variable X as the number of cycles in G, ,. Then we have

i\ (k=1 , &Knflk-1!, Knko3F 3
EX = —p < — < — =
kz:; (k:) o P = kz:; o2 U= 2k (om)kp OW™) =0
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We arrive at this result through rough approximations that allow us to cancel the numerators
and denominators nicely. As a result we are left with a result that approaches 0. Now we
may apply the First Moment Method, which tells us

P(G,,, is not a forest) = P(X > 1) <EX = o(1),
This implies that
P(G,,,, is a forest) = 1 as n — oo

Now we notice that a forest is a monotone decreasing property, so by Lemma [5.3] we see
that

P(G,,is a forest) — 1 as n — oo
The lemma here was actually to show that the probabilities they are not forests is 0 as that
is the monotone property, but we can see that the compliment would also be true. [ |

Now, let us examine the point of which G,, is consisting of single edges or isolated vertices,
i.e. no paths of length 2, w.h.p.. This theorem was first proved by Erdds in a series of mass
publications.

Theorem 6.2. If m < n'/?, then G,, is the union of isolated vertices and edges w.h.p.

Proof. We let p = m/N, m = n'/?/w and let our random variable X be the number of paths
of length two in our random graph G, ;. Now let us use the First Moment Method

n4

2N 22

}P’(X>O)§EX:3<§)p2§ 0,851 — 0

Therefore we see that
P(G,,, contains a path of length two) = o(1)
And now, since our property is monotone increasing, we can apply
P(G,, contains a path of length two) = o(1)

And we are done. [

And now it may follow from this observation that the contrary is most likely going to be
true as well.

Theorem 6.3. If m > n'/?, then G,, contains a path of at least length 2 w.h.p..

Proof. Let p =", m = wn'/? and X be the random variable counting the number of paths
of length two in G,,,. Then

n
3
However, again this is not enough to imply that X > 0 w.h.p. We must now apply the
Second Moment Method.

We define %, to be the set of all paths of length 2 in the complete graph, with X as the
number of isolated paths of length 2 in G,,,. Our objective is to now show w.h.p. G,,

contains this path.
X =) Ircc.,
PGQZQ

EX:3< )p2z2w2—>oo
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Here, the notation €; means that P is isolated. Having a path of length two is a monotone
increasing property which allows us to assume that m = o(n) and therefore np = o(1).

R 34 2
EX = 3<Z)p2(1 —p)3m=HH > (] 0(1))%%#(1 — 3np) — oc.

Now let us try and use the Second Moment Method. We observe that

XQ - Z Z ]PeiGn,pIQEiGn,p = Z ]PEiG”’p]QGiG"’p

PePy QePs PQez

The last summation is taken over P,QQ € %5 s.t. either P = QQ or P and () are vertex
disjoint. Now we are able to use the isolated paths we introduced before to calculate the
expectation.

P Q
Now notice that the expression is actually the same for all P so we can now simplify to get

EX*=EX [1+ Y PQ S GuylPuzsce.,)
QNP,2,3=0

where we have F(1,2,3) denote the path on the vertex set 1,2,3. Now notice that if we
assume that Pj 53 is a component of G, ,, then all nine edges between ) and P; 53 will be
missing. Therefore we can bound as follows:

EX? <EX(1+ 3(7;)]92(1 — )P <EX(1+ (1 —p) T EX).

Now, we can finally apply the Second Moment Method which gives:

P(X > 0) > — (EX)" — = L
EX(1+4(1—p)@EX) (1-p)-9+ [EX]"

as n — oo due to p — 0 and EX — co. Therefore

P(G,,, contains an isolated path of length two) — 1
Again recall that this is a monotone increasing property so

P(G,, contains an isolated path of length two) — 1

for m < n/? and we are done. [ |

6.2. Super-Critical Phase. We begin our next section, where we now look at the next
phase known as the Super-Critical Phase. The structure of our Random Graphs actually
become shockingly different as m is around the same order of n/2. Again due to the difficult
computation of G,,, we will be using G,,, instead where p = ¢/n for some constant ¢ > 1
and presenting these results in terms of G,,.

Theorem 6.4. If m = cn/2, for some constant ¢ > 1, then w.h.p. G, consists of a a unique

giant component, with (1 — 2 4-o(1))n vertices and (1 — i—; +0(1))S edges. Here 0 <z < 1

2
1s the solution of the equation xe™" = ce™¢. The remaining components of our graph are at
most of order O(logn).
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In order to prove this theorem however, many lemmas will be required. We will provide
the lemmas without proof, though if you are interested, click and check out the 2nd
chapter. [FK16]

Lemma 6.5. If p = ¢/n, where ¢ # 1 is a constant, then in G, , w.h.p. the number of
vertices in components with exactly one cycle, is O(w) for any growing function w.

Lemma 6.6. Let p = ¢/n, where again ¢ # 1 is a constant, and « = ¢ — 1 — loge, and
w=w(n) = oo, w=o(loglogn). Then

(1) w.h.p. there ezists an isolated tree of order
k ! (1 5l l )
_ = —(longn — =loglongn) — w
o g 9 gLong
(2) w.h.p. there is no isolated tree of order at least
1 )
ki = —(logn — =loglogn) + w
o 2

These two lemmas actually prove an interesting result that

(©) c ife<1
r=u1x(c) =
The solution (0,1) to ze ™ =ce ¢ ifc>1

This actually shows the existence and uniqueness of x as xe™ is continuously increasing as
x increases from 0 to 1. Lastly, we have

Lemma 6.7. If ¢ > 0, ¢ # 1 is a constant, and v = x(c) is defined above, then

We are now ready to dive into our theorem.

Proof. Let’s begin by defining Z; as the number of components of order k in the random
graph G,,,. Then we can bound the number of components by the number of trees with k
vertices to give us the following expected value:

NE. g k2, Crbol —chick?/m — AN 1 cick/n
?)kkk Z(E)k 16 k+ck=/ < ﬁ(cel +ck/ )k
Now let us define f; = 51(c) as some small enough function such that

celmeteP < 1,

EZy < (Z) K2R (1= )M < A(

and similarly, let Sy = fy(c) be some large enough function such that

1
(661 c+o(1))ﬁologn < ﬁ
If we choose (8, and 3, as above, then it follows that w.h.p. there is no component of order
k € [Bologn, Bin].
Now let us try to estimate the number of vertices on small components. To do this, we first
estimate the total number of vertices on small tree components.
We proceed by assuming that 1 < k& < kg, where ky = ilog n, where « is from Lemma
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[6.6] It is shown that as a consequence of this lemma, and Stirling’s Distribution that the
following is true

ko n ko Ek-1 . n k-1 i
]E(Z kXy) ~ p Z o (ce )" ~ p Z o (ce™®)
k=1 k=1 k=1

Now notice that if we bound k*~!/k! < e* and ce™ < e7! for ¢ # 1, it allows us to extend
the summation above to infinity.

Now let us substitute € = 1/logn into the following expression which arises from Chebyshev
and Lemma [6.6]

P(X, — EXy| < eBXy) < —— + 2 _ )
¥ Bl = Bk ~ eEX,  én — ¢
to get
ko 2
(log n)
Z[ 1/2=0(1) (logn)“] = o(1)
i Ao+ O

Now, if we have © = 2(¢),0 < < 1 be the unique solution of the equation xe ™ = ce™°,

then we observe w.h.p.,

ko n o= kF1 nx
~ —x\k _ "7
I S
k=1 k=1
Which is a direct consequence of Lemma [6.7, Now going back we have
Bo logn n Bologn
E < = l—c+ck/n\k _ 1—c\koy 1/2+o(1)‘
(> kXp) < - D (ce ) = O(n(ce’=¢)") = O(n
k=ko+1 k=ko+1

Now we see through Markov Inequality, w.h.p.
Bo logn

Z kEXy = o(n).
k=ko+1
Now let us consider the number of non-tree components with k vertices, which we label as
Yk, where 1 < k < Sy logn.

Bologn
E(Y k)<Y 6 logn<Z) kh1 (’“) (SY 1= S)on —k < folog nk(ce =™k = O(1)
k=1 k=1 k=1

2)'n n

Now, we apply Markov again to see that w.h.p.
Bo logn

Z kY, = o(n).

Now to summarize what we have done so far, we have shown that with high probability,
there are approximately =% vertices on components of order k, and that the remaining giant
components are at least of size fin.

To finish off our proof, we must now show that this giant component is unique.

Let us define ¢; = ¢ — 987 and p, = 4 and ppas 1 —p = (1 —p1)(1 — p2). You may see
where we are going with this, as a similar idea was brought up prior.

We have that G, , = G,,,, UG, ,,.
Now if ;67! = ¢1e™“, then z1 = z, therefore implying that w.h.p. G,,;, has no components
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with number of vertices in the range [y logn, f1n].
Now we suppose there are some components Cy, ...C;, where |C;| > fin. Here [ < 1/8;. We
will now add the edges now of our two random graphs. We have the following result

[
P(3 4,7 : no edge in G, ,, joins C; with C;) < (2) (1-— pQ)(Bl”)2 < [2ePilogn _ o(1).

Therefore, we see that G,,, has a unique component with more that 5, logn vertices and it
has ~ (1 — Z)n vertices.

Now let us consider the number of edges in . We will now switch to using G = G, ..
We suppose that the edges of G are eq,...e,, in some order. Now we will estimate that
the probability e = e,,, = {x,y} is an edge of the giant. We let G; be the graph induced
by the following edge set ey, ...e,—1. G is distributed as G, ,,,—1 and therefore, with high
probability, G; has a unique giant C; and other components of size O(logn). This means
that the probability of the edge of a giant is o(1) plus the probability that x or y is a vertex
of this giant C'; component.

We get the following result:

|Cy | |Cy| 4+ 1 x
-——)(1- )~ (2)%
n n c
Now it follows that the expected number of edges in the giant is as claimed. Now to prove
the concentration, we can apply Chebyshev. We will fix ¢,7 < m and let (5 denote the

unique giant component.
]P)(Gi, Bj Q Co) = 0(1) + IP’(ej N CQ 7é @)P(Gl N CQ 7é @) = (]_ + 0(1))1[”(61 g C())]P)(Gj g Co)

From here, we can apply Chebyshev again to show that the number of edges is concentrated
and we are done. |

B(e ¢ Col[C1] ~ n(1-=)) = BenCy = 0]|Ca| = n(1-2)) = (1

The theorem above and the results from the last section show that when m = ¢n/2 and ¢
passes the critical value equal to 1, and that the typical structure of a random graph changes
from a scattered collection of small trees into a giant component, which we call the phase
transition.

6.3. Commentary on Phase Transitions. These past two sections looked into the sub
and super critical phases of random graphs. There have been simple components in which
they contain exactly one cycle, and complex components in which they contain more than
one cycle. In the sub-critical phase, there were mainly several small, simple components.
However, in the super-critical phase, or when m > n/2, we see a giant complex component
in tandem with several simple components. It is due to this drastic change of structure in
a random graph that we call this phenomenon a phase transition. One could think about
this like in chemistry, where water freezes below 0 degrees and boils at 100 degrees Celsius.
Aside from these temperatures, there really is no difference between water appearance wise;
anything below 0 degrees would just be ice ect... If you would like to read up more about
phase transitions for random graphs, please read [KS13].

7. CONNECTIVITY

Now let us dive into one of the most well known graph properties. Connectivity, where
you can go from any vertex to another, creating a connected graph is extremely fascinating.
Our first theorem was shown by Erddés and Rényi.
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Theorem 7.1. Let m = sn(logn + ¢,). Then we have that

0 if ¢, = —00
lim P(G,, is connected) = e if ¢, — ¢ (a constant)
n—oo

1 if ¢, = 0.

Proof. We once again consider a random graph G,,,. Our plan is to show that when p =
logn+c

PG, is connected — e™¢

Then we will use Theorem to translate this to G, and use the idea of this being a
monotone property to show it for ¢, — oo

We define X}, = X, as the number of components with k vertices in our random graph.
Now we consider the complement of the event that our graph is connected. We see that

n/2 n/2
P(G,,, is not connected) = IP’(U (G, has a component of order k) U {X > 0})
k=1

We can simplify this by considering the case k = 1, which is simply an 1solated vertex. Thus
we get
n/2
P(X; > 0) <P(G,, is not connected < P(X; > 0) + Z]P’(Xk > 0.
k=2
Now observe that our summation can be bounded as follows:
n/2 n/2 n/2 n/2

n
>rn >0 Y BN <Y () )E - = Y
k=2 k=2 k=2 k=2

Now when 2 < k < 10, we see

g < ot (BT E Yt oKt 22 (4 (1)) k0= (280 i
n n
And if we look at k > 10, we have

( ) kk Q(IOgn + C)kflefk(lognJrc)/2 <n 61_0/2+O(1) logn k
k n = ni/2

Therefore combining this, we observe

up <

n/2 _ n/2
e “logn 1 _ _
1 +o(1)—k/2 _ 9] o(1)—1 ]
Zuk +o0(1)) - + ;;wn (n )

Therefore, we see that

P(G,,, is connected) = P(X; = 0) + o(1).

log n+c
n

Then, it is known that when p = , the isolated vertices is asymptotically Poisson

distributed and has probability e~ "
This proves our theorem. [ |

Now, lets create a more precise result of a random graph by using the idea that a random
graph will become connected exactly at the moment when the last isolated vertex disappears.
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Theorem 7.2. Consider the random graph process {G,,}. Let
my = min{m : 6(G,,) > 1}
m;; = min{m : G,,is connected}
Then w.h.p.

*
C

mj =m

Quick note that 6(G,,) simply means the minimum degree of some vertex. Informally this

theorem states that the minimum edges required such that the degree of each vertex is at

least 1 is equal to the minimum of edges needed for a connected random graph with high
probability.

m4+ . logntloglogn

Proof. We let my = 1/2nlogn +1/2nloglogn and py = %+ =
We will first show that w.h.p.

(1) G,,_ consists of a giant connected component plus a set V; of at most 2logn isolated
vertices,
(2) Gy, is connected

First let us show that these conditions are sufficient.

We will assume that (1) and (2) are true. Then it follows that w.h.p. m_ < mj < m} < m,.
We create G,,, by taking G,,_ and adding m; — m_ edges on random. Also the case of
equality for mj = m} occurs if none of the edges are contained by the set of isolated vertices.

1/2|V1]? 2n((logn)?)loglogn
D —
N—my — o(1) 1/2n%? — O(nlogn) o(1)

This shows that these conditions will be sufficient to prove the theorem. Now let

P(m; <m?) <o(l)+ (my —m_)

m_ _logn —loglogn
N ~ n ’
Let X, be the random variable for isolated vertices in G,,,_. Then

p,:

EX; =n(l —p )" ' ~ne "~ ~logn.
In addition,
EX; =EX; +n(n—1)(1-p_ ) <EX; + (EX,)*(1—p_) "
Thus we can now calculate the variance.
Var X; <EX; +2(EX,)%p_,
It follows

P(X; > 2logn) =P(|X; — Ex1| > (14 o(1))EX;) < (14 0o(1))(

EX, +2p_) =o(1)

Since having at some amount of isolated vertices is a monotone property, then w.h.p. G,,_
has less then 2logn vertices.
Now we will show that the rest of our random graph is a single connected component. We
again define X}, as the random variable counting the number of components with k vertices
in G,_
We will use the calculations from the last Theorem to see that

n/2

E() " Xi) =0(mn" M)



ON PHASE TRANSITIONS OF SPECIAL GRAPH PROPERTIES IN RANDOM GRAPHS 19

We let & = {3 component of order 2 < k < n/2}.
Then we see that P(G,,_ € &) < O(v/nP(G,_ € & = o(1) Which completes the proof of (1).
To prove (2), we again use We know that by simplification G,, is connected w.h.p. if

n’* —logn — oo. Therefore know that
nmy _ n(l/2nlogn+1/2nloglogn
N N

)zlogn—i—loglogn |

These ideas can also be applied to find a threshold for k-connectivity of a random graph,
which is simply that any k-1 vertices can be removed without disconnecting our graph.
However for the scope of this paper, it will not be covered. Here is a theorem, which we will
later use to help find a threshold for a Hamilton Cycle.

Theorem 7.3. Let m = sn(logn + (k — 1)loglogn + ¢,), k = 1,2, ... Then

0 if ¢ — —00
lim P(G,, is k-connected) = e@%; if cn —
n—oo

1 if ¢, — 00

The proof is very complicated so it will not be covered.

8. PERFECT MATCHINGS

Now that we established a threshold for connectivity, lets move on to another popular
graph property, known as Perfect Matchings. A perfect matching is when there exists some
matching of vertices so that each vertex is joined to precisely one other vertex. Formally, a
perfect matching is a collection of independent edges covering all of the vertices of a graph.
First let us define some notation. Let G, ,, be the random bipartite graph with vertex
bipartition V' = (A, B), where A = [1,n] and B = [n + 1,2n], with each of the n? edges
appearing independently with probability p.

Before we are able to determine any thresholds for perfect matching, we first must intro-
duce two theorems. Hall’s Marriage Theorem and Tutte’s Theorem, both of which provide
necessary and sufficient conditions for a perfect matching to exist.

Theorem 8.1. (Hall’s Marriage Theorem) Let G = (X,Y, E) be a bipartite graph with
bipartite verter sets X, Y and edge set E. Then, for any subset W of X, there is a perfect
matching from X to'Y if and only if

(W] < [Ne(W)

Informally, this just means that the size of the neighbors of any subset of vertices in X
must at least be the size of the subset itself. A proof is relatively straight forward. This
condition is necessary as follows: if we find some subset of vertices in which |W| > |Ng(W)|,
then at least one vertex in W cannot be matched to a neighbor by pigeonhole principle. A
proof for sufficiency is much more difficult and is also unrelated to our exploration of random
graphs and therefore is left out. If you are curious of a proof, both brilliant.org and wikipedia
contain good proofs of this theorem.

Another theorem crucial to our exploration of perfect matchings is an analogue to Hall’s.

Theorem 8.2. (Tutte’s Thoerem) A graph G has a perfect matching iff
VS € V,o(G\S) < |S|
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Where o(G\S) represents the number of odd components that get generated if S is removed
from G.

Again as with Hall’s, we will not provide a proof as it is somewhat complex and unrelated
to our exploration of thresholds for perfect matchings. However, if interested in a proof,
click for a great article about Tutte’s theorem. [WT01]

Now equipped with two strong theorems about perfect matchings, we are ready to find
thresholds in our random graphs. Lets begin with Bipartite graphs.

Theorem 8.3. Let w = w(n), ¢ > 0 be a constant, and p = log++w. Then

0 ifw— —o0
lim P(G,, ., has a perfect matching) = § e=2¢°  if w — ¢ (a constant)
n—oo

1 if w — 0.

Moreover,
lim, o0 P(Gynp has a perfect matching) = lim,, oo P(0(Gypyp) > 1).

Proof. We will be using Hall’s condition in order to determine whether or not our graph has
a perfect matching. We can make a minor adjustment to Hall’s below:

VS C A8 < 2, IN(S) > IS

And
VI C B|T| < 2, IN(D)| 2 |T].
The reason behind this idea is that if |S| > n/2 and |N(S)| < |S]|, then T'= B\N(S) which
is a contradiction.
We can now focus on S and 7" which should satisfy |S| = |T|+1 and each vertex in 7" having

at least 2 neighbors in S. Take some pair 5,7 with |S| 4 |T'| as small as possible. If the
minimum degree ¢ > 1, then |S| > 2

(1) If |S| > |T'| + 1, we can remove |S| — |T'| — 1 vertices from |S|, a contradiction.
(2) Suppose 3 w € T such that w has less than 2 neighbors in S. We will remove w and
its unique neighbor in |S|, a contradiction.

Now it follows that
P(Jv : v is isolated) < P(P a perfect matching)
which is
< PP(Jv : visisolated)+2P(3S C A, T C B,2 <k =S| <n/2,|T| =k—1,N(S) CTAe(S:T) > 2k-2).

Where e(S : T') denotes the number of edges between the two sets and is at least 2k — 2.
Now, let p = 1<>ng+¢ for some constant ¢. Then we define Y to be the random variable
counting the number of sets S and 7' not satisfying the conditions we listed prior. We have:

n/2

B <23 (Z) (k " 1) (’“2(: - ;))p%”u — kb
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Now if we do a bit of approximating with the binomials, we get
n/2
ne ne . ke(logn+¢) op o i
<9 neg k-1 2k—2_—npk(1—k/n)
<23 (P

And with a bit more simplification observe that it becomes

n/2 eo(l)nk/n(logn)Q TL/Q

k=2

We now break this into two cases
(1) Case 1: 2 < k < n®* We see that

k=2
(2) Case 2: n¥/* < k < n/2 Here we see that
n/2
<2 Z U = O(n_"3/4/3)
k—n3/4

Now we arrive at the conclusion that P(Jv : v is isolated) + o(1) = P(# a perfect matching)
Then if we let X, count the number of isolated vertices in G, ,, we have

EXy=2n(l—p)" ~2e°¢
Then through Principle Inclusion Exclusion, we see that P(Xy = 0) ~ ¢=2¢° If we want to
prove the case for |w| — oo, we can use the fact this property is monotone increasing and

that the value e=2¢"° approaches 0 when c is a very large negative number and infinity when
¢ is very large positive number. [ |

2e

Now you might be wondering what would happen if we had a Non-Bipartite Graph? Now
we could replace Hall’s with Tutte’s theorem, which was what Erdés and Rényi did. However,
a simpler approach was actually found by Bollobas and Frieze. The proof is very complex,
so we will leave it out, but we will provide several lemmas that make up the proof and are
good to know for the next section.

Theorem 8.4. Let w = w(n), ¢ > 0 be a constant, and let p = log"%. Then for even n,
0 if ¢, = —00
lim P(G,,, has a perfect matching) = < e=¢ " if ¢, — ¢ (a constant)
n—oo
1 if ¢ — 0.

Moreover,
lim, 00 P(Gy,p has a perfect matching) = lim, o P(6(Gppp) > 1).

The first lemma is:

Lemma 8.5. Let G be a graph without a perfect matching and let M be a maximum matching
and v be a vertex isolated by M. Then |Ng(A(v, M))| < |A(v, M)]

As a reminded, a maximum matching is a matching that contains the most amount of
edges possible.
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Proof. Suppose that x € Ng(A(v, M)) and that f = u,x € E where u € A(v, M). There
exists some y such that e = {z,y} € M, or else x € So(N) C A(v, M). Now we make the
argument that y € A(v, M). This way, every neighbor of A(v, M) is the neighbor via an
edge of M.

Suppose that y ¢ A(v, M). We define M’ to be a maximum matching that 1. isolates u and
2. is obtainable from M via a sequence of flips. Now e € M’ because if e has been flipped
out, then either = or y is placed in A(v, M). But then, we can perform another flip with
M’ e and the edge f = {u,z}, placing y € A(v, M), which is a contradiction. [ |

log n+6 log log n+w
n

Lemma 8.6. Let M = 100(0+7). w.h.p. S € [n], |S| < 551537 implies [N (S)| = (6+1)]5],
where N(S) = Ng,,, (5).

If you let p = , where w = o(loglogn), a new lemma will arise.

These lemmas and theorem will contribute a lot of ideas to our proofs of Hamilton Cycles,
the focus of our next section.

9. HaMILTON CYCLES

At first glance, you may be wondering what does a Hamilton Cycle have to do with perfect
matchings? Well a perfect matching could be viewed as half a Hamilton cycle. This allows
us to prove thresholds for the existence of perfect matchings and Hamilton cycles in very
similar fashion. A Hamilton cycle for those who do not know is a cycle that goes through
every vertex once and ends back at the start vertex.

The following theorem can be credited

Theorem 9.1. Let p = w. Then

0 if ¢, = —00
lim P(G,,, has a Hamilton cycle) =< e ¢ " if ¢, — ¢ (a constant)
n—oo

1 if ¢, = 0.

Moreover,
lim,, oo P(Gy,p has a Hamilton cycle) = lim,,_,oo P(0(Gynyp) > 2).

Proof. The second statement will not be proved in this paper. For the proof of the first
statement, we start with the assumption that ¢, = w — oo , where w = o(loglogn). Now
under this assumption we see that 6(G,,;,) > 2 w.h.p. due to . We see that for larger p,
it will follow due to monotonicity.

Now, we will set up Pésa’s lemma. We define P to be a path with end points a, b, as seen
in figure 9.1. Now, suppose that b does not have a neighbor outside of P.
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This is figure 9.1, the path of P.

Now observe that P’ in figure 9.2 is a path of the same length as P, just rotated with vertex
a fixed as the endpoint.

To be formal, we suppose that P = (a,...,x,y, vy, ...,0',b) and {b, x} is an edge where x is an
interior vertex of P. The path P’ = (a,...,x,b,V,....,y,y) is said to be obtained from P by
a rotation.

Figure 9.2, the path P’ obtained after a single rotation

Figure 9.3
Now we let END = END(P) denote a set of vertices v such that there exists a path P, from
a to v such that P, is obtained from P by a sequence of rotations with vertex a fixed as in
Figure 9.3. We let the set END consist of all the white vertices on the path drawn below in
figure 9.4.

This leads us to the following lemma

Lemma 9.2. [fv € P\END and v is adjacent to w € END, then there exists vt € END
such that the edge {v,x} € P.
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Proof. We suppose the contrary that x,y are neighbors of v on P and that v,x,y ¢ END
and that v is adjacent to w € END. We now consider the path P,. Let {r,t} be the
neighbors of v on P,. Now {r,t} = {x,y}, as if the rotation deleted {v,y} say then v or y
becomes an endpoint. But then after a further rotation from P, we see that x € END or

y e END.
/\/\/\b
‘A s

Figure 9.4 The set END

N, =

Figure 9.5: One of r,t will become an endpoint after a rotation |

One surprising cool application of this helps us determine an algorithm which searches for
a Hamilton Cycle in some connected graph G. For this case, the probability p; is above the
connectivity threshold. We take some G, ,, and this algorithm will proceed in stages and
grow it one by one.

9.1. Algorithm Pésa:

(1) Let P be our path at the start of stage K with endpoints g, yo. If 2o or yo have
neighbors outside P, then we just extend P to include one of these neighbors and we
proceed to the next stage.

(2) If this fails, we can perform rotations, where we fix zy until we get two possible
scenarios.

(a) We produce some path QQ with an endpoint y that has a neighbor outside of Q.
Now we are back at step 1.

(b) If no rotation gives us the first case, let END denote the set of endpoints our
paths produced. If y € END then P, denotes a path with endpoints zg, y that is
obtained from P by a sequence of rotations. For each y € END we let EN D(y)
denote the set of vertices z such that there exists a longest path @), from y to
z such that (), is obtained from P, by a sequence of rotations where we fix y.
Now repeat from the start of step 2. This either allows us to extend a path and
move on to the next stage, or we proceed to the next step.



ON PHASE TRANSITIONS OF SPECIAL GRAPH PROPERTIES IN RANDOM GRAPHS 25

(3) Suppose that we are still unable to extend our path and that we have constructed
all sets of END and END(y). Suppose that G contains some edge (y,z) where
z € END(y). This edge implies the existence of some cycle C' = (z,Q,, z). If this is
not a Hamilton Cycle, then as we know our graph is connected, we know there exists
some u € C' and v ¢ C, such that u,v are joined by an edge. Let w be a neighbor of
u on C and let P’ be the path obtained from C' by deleting the edge (u,w) . Now if
we connect w, P', v, we get a cycle and we can move to the next stage.

A pair z,y where z € END(y) is called a booster in the sense that if we added this edge
to Gy, p,, then it would either (1) make the graph Hamiltonian or (2) make the current path
longer. We argue now that G, ,, can be used to "boost” P to a Hamilton cycle if needed.
Now we observe that G = G,,;,, |END| > an w.h.p. due to our previous lemma with 6 = 1.
We also have |END(y)| > an for all y € END. This means we have w(n?) boosters.

For a graph G, we define A\(G) as the length of the longest path in G, where G is not
Hamiltonian and let A\(G) = n when G is Hamiltonian. Now we let the edges of G,,,,
be {fi, f2, ..., Fs} in some random order with s ~ wn/4. Now let Gy = G,,, and G5 =
Gnyp, + {f1, fo, .., fi} for @ > 1. Now due to the lemmas we had in perfect matching, if
A(G;) < n then, we have

012

PA(Git1)) > MGi) + 1 f1, for s i) 2 —

2 7
By replacing A(v) by END(v).
Now it follows that

P(G,,, is not Hamiltonian) < o(1) + P(Bin(s, a2/2) <n)=o(l).
[ |

This concludes our proof for the phase transition of a Hamilton Cycle. The technique of
rotations is pivotal to the proof and is certainly worth taking away from the proof.
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