THE WEIERSTRASS APPROXIMATION THEOREM AND ITS
GENERALISATIONS

ANIKA CHOPRA

ABSTRACT. In this paper, we present two different proofs of the Weierstrass Approximation
theorem, a method of approximating a continuous real-valued function on a closed interval,
and explore its generalisation, the Stone-Weierstrass theorem, on real and complex algebras.

1. INTRODUCTION

In 1885, German mathematician Karl Weierstrass proved that a real-valued continuous
function on a closed interval could be approximated uniformly by a sequence of polynomials.
Until then, it was thought that a function had to be infinitely differentiable in order to be
approximated by polynomials.

Weierstrass’ result, which came to be known as the Weierstrass approximation theorem,
was later simplified and generalised by American mathematician Marshall Harvey Stone in
1948. Stone proved the theorem by replacing the closed real interval [a,b] with a compact
set and the set of real-valued continuous functions with a real algebra that separates points
and vanishes nowhere.

2. PRELIMINARIES: METRIC SPACE TOPOLOGY

In this section we introduce some background information on metric space topology which
will help us define ideas about the Weierstrass approximation theorem.

Definition 2.1. (Metric space) A metric space is a pair (X, d) consisting of a set X along
with a function d, also called the distance function or metric, which satisfies the following
properties:

(1) Positive definitiveness: For z,y € X,d(x,y) > 0 and d(z,y) = 0 only when = = y.

(2) Symmetry: For z,y € X,d(x,y) = d(y,x).

(3) Triangle Inequality: For x,y,z € X, d(z,2) < d(x,y) + d(y, 2).

Proposition 2.2. The set R of real numbers along with the distance function d(z,y) = |z—y|
1S a metric space.

Proof. The absolute value function on z € R is defined as:

| = —r  x<0
I x>0

Thus, the first property holds. Further, |z — y| = |y — x| because the distance between
two points on the real line is independent of the starting point. The triangle inequality on
R with the metric d(z,y) = |z — y| will look like:
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2 — 2| < |z —y[+ |y — 2]
We can consider the numbers

a=x—y
b=y — z.
Then, we have
at+tb=r—y+y—z=x—2
and our question reduces to showing that

o+ 0] < af + |0].
We have, a +b < |a| +b < |a| + |b] and —a — b < |a| — b < |a| + |b]. From the definition
of the absolute value function, it follows that the third property holds. OJ

Definition 2.3. (Open ball) The open ball of radius r centred at a point p € X is the set

B.(p) ={qe X :d(p,q) <r}

Ezxample. The open ball of radius r centred around a point z in R equipped with the standard
Euclidean metric d(x,y) = |z — y| is the open interval (x — r,x + r).

Proof. We have,
By (x)={ye X : |z —y| <r}.
Since |z —y| <7, we have x —r <y <z +r. d

Definition 2.4. (Neighbourhood) The r-neighbourhood of a point p € X is denoted by

M,(p)={q€ X :d(p,q) <r}

Remark 2.5. There seems to be no distinction between the definition of a neighbourhood and
that of an open ball. However, a neighbourhood of p € X is a subset of X which contains a
open ball containing x.

Definition 2.6. (Open set) A subset S of a metric space X is said to be open if for each
point x € S there exist an open ball B,(x), such that B,(x) C S.

Proposition 2.7. Every open interval (a,b) in R is an open set.

Proof. Choose a point z € (a,b). We consider € = min(z—a, b—z). Then (z—¢, z+¢€) C (a,b).
Since x is an arbitrary, (a,b) is an open set.
0

Proposition 2.8. The infinite union of open sets is open.

Proof. Take U to be the union of open sets Uy,Us--- ,U,. Take x € U. By the definition
of union of sets, x must lie in at least one of the U;, which we know is open. Therefore, for

some r > 0, we have B,(x) € U;. This proves our theorem since z is arbitrary.
U

Definition 2.9. (Closed set) A subset S of a metric space X is said to be closed if its
complement S¢ is open.
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Proposition 2.10. Fvery closed interval [a,b] in R is a closed set.

Proof. [a,b] = (—00,a) U (b,00). From the previous proposition we can say that (—oo,a),
(b, 00) are both open sets and the union of open sets is also open, so [a,b]¢ is an open set.
Thus [a, b] is a closed set. O

Definition 2.11. (Sequence in metric space) A sequence (a,) in a metric space X is a
function a,, : N — X.

Definition 2.12. (Convergent sequence) A sequence (a,) in a metric space X is said to
converge to a point a if for each € > 0 there exists some N € N such that

n>N = d(a,,a) <e.
The point a is also called the limit point of (a,) and we write

a, — a.

Remark 2.13. If (a,) is a convergent sequence converging to a, every neighbourhood of a
contains an infinite number of elements of (ay,).

Proof. Let € > 0. Assume that the neighbourhood M!(a) contains a finite number of elements
of (ay), say ay,as, ..., ay,.

Let 6y = d(a,ay), 62 = d(a, az),...0m = d(a, a,,).

let 6 = min{dq,09,...,0,,}. Then, for § > 0, a; ¢ Ms(a) for i = 1,2,3,...,m,. This
contradicts the fact that a is a limit point of (a,). O

Theorem 2.14. A closed set contains all its limit points.

Proof. Consider a closed set S and a convergent sequence x,, € S. Assume, by contradiction,
that the limit z of z,, lies in S¢, which, by Definition [2.9|is open. Now, by Remark [2.13] each
neighbourhood of x contains infinite elements of (z,) € S, this contradicts the fact that S¢
is open. 0

Definition 2.15. (Pointwise convergence) A sequence of functions f,, : [a,b] — R is said to
converge pointwise to a limit function f : [a,b] — R if for all z € [a, b] we have:

lim f,(z) = f(z)

Definition 2.16. (Uniform convergence) A sequence of functions f, : [a,b] — R is said to
converge uniformly to a limit function f : [a,b] — R if for each € > 0 there exists an N € N
such that for all n > N and for all x € [a, b],

|[fn(z) = f(z)] <e

Remark 2.17. Uniform convergence can be understood by visualising an e-neighbourhood
around the graph of the limit function. For large n, the graphs of f,(z) must lie completely
inside the neighbourhood.

Definition 2.18. (Continuous function) The function f : X — Y is continuous if for each
e > 0 and each x,y € X there exists a § > 0 such that

dx(y,l‘) <0 = dY(f(y)vf(x)) <€
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Figure 1. Uniform convergence

Definition 2.19. (Uniformly continuous function) The function f : X — Y is uniformly
continuous if for each € > 0, there exists a 0 > 0 such that

dx(y,x) <0 = dy(f(y), f(x)) <eVr,ye X

Remark 2.20. Notice that in a uniformly continuous function, the choice of § depends only
on € and not on x and y.

Definition 2.21. (Boundedness) A subset S of a metric space (X, d) is said to be bounded
if there exists r > 0 such that for all (z,y) € S, d(z,y) <.

Theorem 2.22. Every continuous function on a closed and bounded interval of R is bounded.

Proof. Let us assume that f is not bounded on [a,b]. Then for each n € N, there exists
Ty € [a,b] such that |f(z,)| > n. As ,, € [a,b], so {x,} is bounded, by Bolzano-Weierstrass
Theorem, there exists a limit point of {x,}, so there exists a subsequence of {x,, } such that
T, — . Since a < x,, < b, we also have a < z < b.i.e. = € [a,b]. Since f is continuous
on [a,b], we must have f(x,,) — x. But this is a contradiction since |f((xy, )| > ng > k, for

k e N. O

Definition 2.23. (Covering) Let (X, d) be a metric space. A collection U of subsets of X
covers S C X if S is contained in the union of the sets belonging to /. If all the sets in the
covering of S are open U is said to be an open cover of S.

Definition 2.24. (Subcovering) If V and U both cover S and V C U, V is called a subcovering
of S.

Definition 2.25. (Covering compact) If every open convering of S reduces to a finite sub-
covering of .S, S is said to be covering compact.

Theorem 2.26. Fvery continuous function on a compact metric space is uniformly contin-
uous.
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Proof. Let (X,d) and (Y,d') be two metric spaces, where (X,d) is compact and suppose
f: X — Y is a continuous function.

Let € > 0. Since f is continuous on at each point z € X, then there is some 9, > 0 such
that f(B(z,5,)) C B(f(x), 5).

Now {B(f(x), §)}zex is an open cover of X, and since X is compact, there exist a finite

63 6;"). Let d(x,y) < 6. Since

x € B(xy, 6%) for some i, we get y € B(x;,0,,). Thus

subcover {B(x;, =5+)} for i = 1,2,...,n. Now consider 6 = min,(

5. 6.
d(y, z;) < dy, 2) +d(w,2;) < o + = = 0y,
Finally if d(z,y) < d, then

d(f(@). f(y) < d'(f(x). i) +d(F(:). f ) < 5+ 5 =«
]

3. WEIERSTRASS APPROXIMATION THEOREM: PROOF USING BERNSTEIN POLYNOMIALS

In this section, we provide the statement of the Weierstrass approximation theorem using
the Bernstein polynomials [Surll]

Theorem 3.1. (Weierstrass) Let f € C([a,b],R). Then there is a sequence of polynomials
pn(x) that converges uniformly to f(x) on [a,b].

In other words, Vf € CY and every € > 0, there is a polynomial function p(x) such that
YV € [a,b]:

/(@) = p(a)] <e.

The proof provided by Bernstein is by far the most well-known of all the proofs of the
Approximation theorem since it is constructive (the sequence p,(x) is explicitly defined) and
it relies only on the elementary properties of the Bernstein polynomials, which we shall see
below.

Proof.
Theorem 3.2. (Bernstein) Define the Bernstein polynomial B, f(z) of a function f(x) by

Bt =307 (5) (1)ata - ot
k=0
We have B, f — [ uniformly on [0, 1].

Remark 3.3. Notice that proving Bernstein’s theorem for the interval [0, 1] is sufficient to
prove the approximation theorem for any closed interval [a,b]. We can use the mapping

¢(x) = (b—a)x + a.
Proof. We first consider a few properties of the Bernstein polynomials:

Lemma 3.4.
B,(C)=C
where C' is a constant polynomial.



6 ANIKA CHOPRA

Proof. Using binomial expansion, we have

ZC() l-z)"*=Cle+(1-2)"=C-1"=C.

Lemma 3.5.
Bn(f(z) = C) = Bu(f(x)) — C.
Proof. Follows directly from Lemma and the definition of the Bernstein polynomial (re-
place f (%) with f (% — C’)) OJ
Lemma 3.6. For h > g,
Bn(h) > Byu(g).

Proof. h > g implies that h(£) > g(£) for all k.

Lemma 3.7. If f > 0,
Bu(f) 20

Proof. f > 0 implies that f(%) > 0 for all k.
0

First, we want to find an upper bound for |f(x) — f(x¢)| where zq is fixed in [0, 1] and
x is variable. By Theorem [2.26| f(z) is uniformly continuous. By the definition of uniform
continuity, we have for all € > 0.

[z —mo| <6 = |f(2) = flzo)| <€

for some 0 which depends on e.

Now, we fix an € > 0. We have 2 possibilities: |z — xo| < and |x — 2| > . he first case
is accounted for by the definition of uniform continuity, the bound for |f(z) — f(x)| being
€. For the second case, we use Theorem and take M = sup{f}. Using the Triangle

Inequality on |f(x) — f(zo)|
|[F(2) = fo)| < [f (@) + [f(20)| < 2M.

Now, since |z — x| > 6, 2= xo) > 1. Thus,

F(2) = Flao)| < 1F@)] + 1F (o)) < 20 < 2u E= 200

Combining this with the case where |z — z¢| < 0,

2
1) — Sl < 2 TN
Now, we use our upper bound for |f(z) — f(xo)| to find an upper bound for |B,(f
f(@0))]. By LemmaM we have | B, (f(x) — f(x0))] < Ba(2M 25222 4 ¢). By Lemma [3.5)we
have B, (2M ©=20C 4 ) = B,(2M©=20%) 4 ¢ Now, 2
the summation. Thus, we can factor it out so that B, (2M($ 20)* )+e=2B,((x—x0)?) +e.
Finally, we have

=5~ is a constant present in each term of
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()~ F(ao))| < 2 Bulle — 7)) + €

Simplifying the term B, ((z — 0)?) = Y p_ (1) 2* (1 —2)"7*(£ —20)?, we have, using some
combinatorial identities and factorisation
~ (n k nk K 2 9, 1 2
1-— - — = (x — —(z — }
> (k)a: (1= 2)" (= = w0)* = (2 = w0)* + —(w — o)

k=0
Now, we return to our main goal of finding a bound for |B,,(f(z¢)) — f(xo)|, the function
and its Bernstein polynomial. By Lemmal[3.4] we obtain that | B,,(f(x))— f(z0)| = |Ba(f(z)—

f(wo))| since f(zo) is a constant. We substitute x = z¢ and use max(zy — 2§) = ; in

2M 2M
|Bn(f(3$)) o f(ﬂfo) < ?('T - 330) + 52—(3: —x ) + €
to obtain
M
.10) o) < g +<
Now, we choose n sufficiently large for 557 < €, so we have

| B (f (o)) — f(x0)| < 2.
Remark 3.8. This proves our theorem since € is arbitrary.

Remark 3.9. Since n in B, (z) is depends only on € from our definition of uniform continuity
and M, the supremum of f(z), and not on z, we have established the condition for uniform
convergence.

U

Thus, we found that the Bernstein polynomial of a function f approximates it on a closed
interval [a, b].
O

4. WEIERSTRASS’S APPROXIMATION THEOREM: WEIERSTRASS’ PROOF
Weierstrass published a self-contained proof of the approximation theorem [Hip13].

Theorem 4.1. For a continuous real-valued bounded function f : R — R and h > 0, we
define the function Spf(x) b

Snf(z) = /_00 # (z)e” 7 du.

The sequence Sy f(x) converges uniformly to f(x) as h — oco.

Proof. The first part of this proof is similar to the proof of Bernstein’s theorem. Based on
the uniform continuity of f, we choose an € > 0 Which guarantees the existence of a d > 0
such that for |z —y| < § we have |f(x) — f(y)| < § with o,y € R. Now, we take M to be
the supremum of f(x) so that we have |f(x)] < M for all x € R.

Now, we have

/ e~ dy = VT

[e.e]
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This is known as the Gaussian integral and can be proved using polar coordinates or Laplace’s
method.

Using this, we have

hf/ )

This means we can write f(z) as
7 du.

NS

Now, we choose an hy > 0 which satisfies h < hg < eg]‘\{;?' By the Triangle Inequality, we
have

50f0) = £@)| < 1SS @) + 17 = 5= [ 1) = e T

Now, we just try and bound our expressions:

/ (@) T du< S
h\/_ 2 h\/7_T |x—u|>0

By an application of the Triangle Inequality and usmg M = sup{f},

€ 1 € 2
st— )= f@)e TV du < S+ —= 1 ()] + |f(@)]le” " du
2 hﬁ lz—u|>6 2 h\/_ |z—u|>6
€ 2M u—x\2
< o= e~ du.
2 hﬁ |x—u|>6
|$;“' = v in our expression to get
2M 2]\/[ 2Mh
‘ ‘ e dv < lvle™ dv.

2" T Jaaiss TV Dz VT Szt
Since [v|(%) > 1,

2Mh -~ e 4Mh 9 e 2Mh
]U|e”dv< + —= ve”dvz—

N N RN

h

Since we took h < hg < egﬂ\f,

2 e () (5

This proves our theorem since € is arbitrary.

O

Now we examine Weierstrass’ proof of the approximation theorem using Theorem [4.1]

Theorem 4.2. Let f € C([a,b],R). Then there is a sequence of polynomials p,(x) that
converges uniformly to f(x) on [a,b].
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Proof. We consider f € C([a,b],R). We extend f to a bounded uniformly continuous func-
tion from R — R, which we also call f. We give a piecewise definition of f as follows:

fla)(x —a+1) x€la—1a)
flxy=<¢ —fO)(x—b—-1) ze€(bb+1]
0 ré¢la—1,0+1]

There must exist a J > 0 such that f(z) =0 for all |x| > J. We fix an € > 0 and observe
that there must exist an M such that |f(z)| < M for all x € R. By Theorem {.1|there exists
an hg > 0 such that for all z € R

1 o _(u=zy2
e | e g
For |u| > J, f(u) = 0. Thus, we have

<

N |

1
ho/™
2J

We know that the power series of e~ converges uniformly on the interval [—h—o, %] Thus,
there exists an N such that

N k
LG O 3 (—DF (u—a\’
hoy/7 ho\/T — k! ho
for all |x| < J and for all |u| < J, which would imply |u — x| < 2J (triangle inequality).
Thus, we have

1 J _(uh—z)2 1 J N (—1)k u—T 2k
hoﬁ/Jf(u)e 0 du—hoﬁ df(u)z X < e )

for all |z| < J.
We define the function p(z) as:

0w [0S ()

which is a polynomial of degree at most 2NV such that

€

5"

/waw*?ﬁ%u—fu><
—J

€

S M

I
ho—ﬁe 0 p(z)

u—x\2

<

DN

for all |z| < J. Thus, we have

[f(z) = p(x)| <e
for all z € [a, b].
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5. TOPOLOGY

Definition 5.1. (Topological space) Let X be a set. A topology T on X is a collection of
subsets of X that satisfies the conditions below:

(1) T contains the set X along with the empty set ¢: X, ¢ € T
(2) The infinite union of subsets of X isin 7: If U; € T, UU; € T.
(3) The finite intersection of subsets of X isin 7: If U; € T, NU; € T for finite 1.

The pair (X, 7) consisting of X and a collection of its subsets 7 satisfying the properties
listed above is called a topological space.

Definition 5.2. (Continuous) A function X — Y from a topological space X to a topological
space Y is said to be continuous if the inverse image of an open set U in Y is open in X.

6. ALGEBRAS

Lemma 6.1. The function |z| on a closed interval [a,b] is a limit point of all polynomials
P satisfying P(0) =0 on [a, b].

Proof. By the Weierstrass Approximation theorem, there exists a polynomial Py such that

Pn(z) — |x| <€

for all x in [a, b].
U

Definition 6.2. (Algebra) A family A of complex functions defined on a set X is said to be
an algebra if the following properties are satisfied for all f, g € A and all complex constants
c:

(1) f+ge A

(2) fge A

(3) ecfe A

The properties above are called closure under addition, closure under multiplication, and

closure under scalar multiplication respectively.

Definition 6.3. (Uniformly closed algebra) An algebra A is said to be uniformly closed if
it has the property that f € A whenever f, € A and f,, — f uniformly on X.

Definition 6.4. (Uniform closure) The set B of all functions which are limits of uniformly
convergent sequences of members of A is called the uniform closure of A.

Remark 6.5. The Weierstrass Approximation theorem restated using this terminology as
follows:

The set of all continuous functions on [a, b] is the uniform closure of the set of all
polynomials on [a, b].

Theorem 6.6. The uniform closure of an algebra of bounded functions is a uniformly closed
algebra.

Proof. Take B to be the uniform closure of an algebra A of bounded functions. By the
definition of uniform closure, we have that for functions g, h € B, there exist sequences g,
and h,, in A of functions such that h,, — h and g, — g. By the properties of limits, we have
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hpn+ g, — h+g
hyngn — hg
ch,, — ch.

Now, since h + g, hg and ch all lie in B, it satisfies the condition for a uniformly closed
algebra.
O

Definition 6.7. (Separation of points) A family A of functions on a set X is said to separate
points on X if there exists a function f for each pair of distinct z,y € X such that f(z) #

f).

Definition 6.8. (Vanishing) If there exists a function f € A for each x € X such that
f(z) # 0, Ais said to vanish at no point of X.

Theorem 6.9. Let A be an algebra of functions on a set X which separates points on X
and vanishes at no point on X. Let x and y be distinct points of X and let ¢; and co be
constants. Then A contains a function f such that:

f(l’) = C1, f(y) = C2.

Proof. We have assumed that A separates points on X, so we have

9(x) # g(y).

Also, we presume that A vanishes at no point on X, so we have

h(x) # 0, k(y) 0.

We introduce v and v such that

u =gk —g(z)k,v = gh — g(y)h.
Since A is an algebra, u and v are in A. Further, we have that u(x) = gk(z) — g(x)k =0
and v(y) = gh(y) — g(y)h = 0. Also, u(y) = gk(y) — g(x)k # 0 since g(z) # g(y). By a

similar argument, we have v(z) # 0. Using these functions and the constants ¢; and ¢y we
construct a function f defined as

c1v ColU

which meets our requirements.

O

Theorem 6.10. (Stone Weierstrass theorem on real algebras) Let A be an algebra of real
continuous functions on a compact set K. If A separates points of K and vanishes at no
point of K then its uniform closure consists of all real continuous functions on K [Nic82].

Proof. The proof of this theorem requires a considerable amount of set-up and will use some
of the theorems, lemmas and definitions we have already covered. Let B be the uniform
closure of A. First, we must establish the following:

Lemma 6.11. g € B implies that |g| € B
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Proof. First, we consider g € B. For a fixed ¢ > 0, we can consider the open ball B(| - |, ¢€) €
C([a,b],R). We take a and b to be the supremum of —g and g respectively. For this open
ball, we can find a function that is € away from a given function if we select a small enough
€.
Now, we are guaranteed by Lemma the existence of a polynomial P, such that P,(0) =0
and P, C B(|-|,€). We can express P, as > ., ¢;¢" for n € N and ¢; € R. By Theorem ,
B is a closed algebra containing g, so it must also contain ¢* for all ¢ since an algebra must
be closed under multiplication. Thus, all polynomials of the form Y " | ¢;¢" are contained in
B.
Now, since P, C B(| - |,¢€), P.(9) C B(|g|,e). We therefore have that |g| is a limit point of
B, which is uniformly closed. By Theorem [2.14] B must contain all its limit points, forcing
9| € B.

O

Lemma 6.12. g, h € B implies max(g, h), min(g,h) € B

Proof. First, we have max(g,h) = 5(g + h + |g — h|) and min(g,h) = 3(g + h — |g — h|),
which can be obtained by some simple algebraic manipulation. By Lemma [6.11] we know
that these expressions must be contained in B.

Remark 6.13. This result can be extended by iteration to any finite set of functions

flv"' 7fn€8-
]

Now, we choose a function f € (C,K) and fix ¢ > 0. We can consider the open ball
B(f,e), for which f is a limit point. Thus, B(f,€) C (C, K). By Theorem [6.9 we have that
for each x € K, there exists a function g, € B such that g,(z) = f(x).

Now, we introduce a function h, = max(g,, f(x)). We know that h, is continuous since

it can be expressed as the sum of continuous functions. By the topological definition of
continuity (check definition , there exists an open set U, € K such that x € U, and
Uz C b (B(f(x)), €)-

Since this is true for all x € K, the collection of all open sets U, is an open cover of K.

Since K is compact, a finite number of these U,, U; where j < 2 must cover K. For these
U;, we have that U; C B(f(z;),€).
Now, we take the minimum of all h;. By the definition of h,, we have, for all z,

hi(x) > f(z) —e.
Thus, we have min(h;(z)) € (f(x) — €, f(x) + €) which gives us that min(h;) € B(f,¢€). By
Lemma we know that min(h;(x)) € B. Therefore, we have that f is a limit point of B.
Since B is closed, f € B, proving that B contains all real continuous functions on K. O

Unfortunately, the same argument cannot be extended to complex algebras. Thus, we
introduce an additional condition on the complex algebra which will enable us to prove the
Stone-Weierstrass theorem on complex algebras.

Definition 6.14. (Self-adjoint algebra) A self-adjoint algebra has all the properties of an
algebra (closure under addition, multiplication, and scalar multiplication) with an additional
property that whenever a function f € A, its complex conjugate f € A.
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Theorem 6.15. (Stone Weierstrass theorem on complex algebras) Let A be a self-adjoint
algebra of complex continuous functions defined on a compact set K. If A separates points on
K and vanishes at no point of K then its uniform closure consists of all complex continuous
functions on K.

Proof. Let Apr be the set of all real functions on K belonging to A. Take a function f = u-+iv
(1 =+/—1) in A with u,v € R. Now, we have

2u=f+f.
Since A is self adjoint, u € Ag. By a similar argument, we have v € Ag.

Now, for x1, 2o € K we have the existence of a function f € A such that f(x1) =1, f(x2) =
0 by Theorem Hence, u(xs) = 0 # u(zy) = 1, establishing that Ag separates points on
K.

Since A vanishes at no point of K, for each z € K there exists g € A such that g(x) # 0.
Considering both the real and imaginary components of f, we must have a function in Ag
such that both these components are nonzero. Thus, we have that Apg vanishes at no point
of K.

Now our algebra Ag fulfills all the conditions of It follows that every real continuous
function on K lies in the uniform closure of Ag, completing the proof.

O
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