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Important Theorems in Model Theory

Completeness

Completeness Theorem (Godel)
o If T = ¢, then T F 6.

@ A theory is consistent iff it is satisfiable.
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Completeness

Completeness Theorem (Godel)
o If T = ¢, then T F 6.

@ A theory is consistent iff it is satisfiable.

If T is satisfiable, then if T |= ¢, T [~ —¢. Therefore T t/ {¢, ¢} for any
sentence ¢, and T is consistent.

Assume T is not satisfiable. Then T |= (¢ A —¢). Thus, T {¢, ¢}, and
T is inconsistent.
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If every finite subset of a theory T is satisfiable, then T is satisfiable.
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Important Theorems in Model Theory

Compactness

Compactness Theorem J

If every finite subset of a theory T is satisfiable, then T is satisfiable.

Proof: Suppose T is not satisfiable. Then T is inconsistent, so we should
be able to find T F {¢, —¢}. Since this proof has to use finitely many
formulas from T, there exists an inconsistent finite subset of T, by
Completeness, also unsatisfiable.
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Groups, Rings and Fields

@ A group G is a set in which you can perform one operation *, and for
any x,y € G, xxy € G (i.e. it is closed). Also, it has an identity
element, and an inverse for every x € G.
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Groups, Rings and Fields

@ A group G is a set in which you can perform one operation *, and for
any x,y € G, xxy € G (i.e. it is closed). Also, it has an identity
element, and an inverse for every x € G.

@ A ring is a group which is closed under two operations, and is abelian
under one of them (i.e. x *xy = y % x). It also has the associative and
distributive properties.

@ A field F is a ring which is abelian under two operations if the
identity of one of them is removed from F. Fields can be infinite or
finite. In this last case, the cardinality of it will be in the form p”,
meaning the n-th power of the prime p.
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Algebraically Closed Fields

Definition
An algebraically closed field is a field F in which any non-constant
polynomial with all coefficients in F has at least one root in F.
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Algebraically Closed Fields

Definition
An algebraically closed field is a field F in which any non-constant
polynomial with all coefficients in F has at least one root in F.

Example
The field of real numbers is not algebraically closed, but the field of
complex numbers is.
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Algebraically Closed Fields

Definition
An algebraically closed field is a field F in which any non-constant
polynomial with all coefficients in F has at least one root in F.

Example
The field of real numbers is not algebraically closed, but the field of
complex numbers is.

Definition

The characteristic of an algebraically closed field is the least number p,
such that x + P fimes 4 x — 0 for all x in such field (it is actually a bit more
general than this, but this is the case we are interested in). If such p does
not exist, we say the field has characteristic 0.
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ACF,

We will focus our attention in the theory of ACF. Notice that ACF is not
complete, since there is no way of deducing its characteristic.
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We will focus our attention in the theory of ACF. Notice that ACF is not
complete, since there is no way of deducing its characteristic. Consider the
sentence 1), for p a prime number. Let 9, be:

p times

Vx(x+...4+x)=0.
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ACF,

We will focus our attention in the theory of ACF. Notice that ACF is not
complete, since there is no way of deducing its characteristic. Consider the
sentence 1), for p a prime number. Let 9, be:

p times

Vx(x+...4+x)=0.

Since neither v, or =), are implied by ACF, we add them as axioms. Let
ACF, be ACF plus v, (ACFy will be ACF plus =1, for every prime p).
We will be able to show ACF, is complete, which will be very useful later
on.
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Completeness of ACFp, and a Useful Corollary

Completeness of ACF, and a Useful Corollary J
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1
Vaught's Test

Definition
Two structures are isomorphic if you can bijectively "translate” the
elements of one to the other, and they do not lose meaning.
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1
Vaught's Test

Definition
Two structures are isomorphic if you can bijectively "translate” the
elements of one to the other, and they do not lose meaning.

If two structures are isomorphic, then a sentence is true in one iff its
translation is true in the other.

Definition

We say a theory T is k-categorical if any two models of T with cardinality
K are isomorphic.

Theorem (Vaught's Test)

Let T be a satisfiable £-theory with no finite models that is x-categorical
for some infinite cardinal x > |£|. Then T is complete.
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Completeness of ACF,

Algebraically closed fields are determined up to isomorphism by their
characteristic and transcendence degree (cardinality of the set of
non-algebraic elements of the field). The cardinality of an algebraically
closed field is max{\, No}, where X is the transcendence degree.
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Completeness of ACF,

Algebraically closed fields are determined up to isomorphism by their
characteristic and transcendence degree (cardinality of the set of
non-algebraic elements of the field). The cardinality of an algebraically
closed field is max{\, N}, where X is the transcendence degree.The only
algebraically closed field of characteristic p and cardinality  is the one of
transcendence degree k.Then two models of this theory with cardinality x
are isomorphic.

Hence, ACF, is k-categorical. By Vaught's Test, ACF, is complete.
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Lefschetz Principle

Lefschetz Principle

Let ¢ be a sentence in the language of rings. The following statements are
equivalent:

(i) ¢ is true in the complex numbers.

(i) ¢ is true in some algebraically closed field of characteristic 0.

(iii) ¢ is true in every algebraically closed field of characteristic 0.
)

(iv) There are arbitrarily large primes p such that ¢ is true in some
algebraically closed field of characteristic p.

(v) There exists m such that ¢ is true for all ACF,, with p > m.
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Completeness of ACFp, and a Useful Corollary

Lefschetz Principle

Lefschetz Principle

Let ¢ be a sentence in the language of rings. The following statements are
equivalent:

(i) ¢ is true in the complex numbers.

(i) @

(i) ¢

(iv) There are arbitrarily large primes p such that ¢ is true in some
algebraically closed field of characteristic p.

(v) There exists m such that ¢ is true for all ACF,, with p > m.

is true in some algebraically closed field of characteristic 0.

is true in every algebraically closed field of characteristic 0.

Part of the proof: (i)-(iii) are equivalent by completeness of ACFp,.
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Lefschetz Principle

Lefschetz Principle

Let ¢ be a sentence in the language of rings. The following statements are
equivalent:

(i) ¢ is true in the complex numbers.

(i) @

(i) ¢

(iv) There are arbitrarily large primes p such that ¢ is true in some
algebraically closed field of characteristic p.

(v) There exists m such that ¢ is true for all ACF,, with p > m.

is true in some algebraically closed field of characteristic 0.

is true in every algebraically closed field of characteristic 0.

Part of the proof: (i)-(iii) are equivalent by completeness of ACF,.You will
have to believe me for the rest of the statements.
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Ax-Grothendieck Theorem

Ax-Grothendieck Theorem
Let f : C" — C" be an injective polynomial. Then, f is surjective. }
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Ax-Grothendieck Theorem

Proof for the Theorem
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Ax-Grothendieck Theorem

Proof for the Theorem

@ Construct a sentence ¢ that states the theorem.
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Ax-Grothendieck Theorem

Proof for the Theorem

@ Construct a sentence ¢ that states the theorem.

@ Show that some algebraically closed fields imply ¢.
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Proof for the Theorem

@ Construct a sentence ¢ that states the theorem.
@ Show that some algebraically closed fields imply ¢.

© Use the Lefschetz Principle and prove the theory of complex numbers
implies ¢.
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Ax-Grothendieck Theorem

Constructing a sentence

Suppose the theorem is false, and that there exists a counterexample with
degree at most d. We make the sentence ¢, 4.
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Ax-Grothendieck Theorem

Constructing a sentence

Suppose the theorem is false, and that there exists a counterexample with
degree at most d. We make the sentence ¢, 4. ¢ g4 will read as “If an

n-dimensional polynomial complex function with degree at most d is
injective, then it is surjective”.

Matias Wolosiuk Model Theory and the Ax-Grothendieck Theo July 11, 2022 17/23



Ax-Grothendieck Theorem

Constructing a sentence

Suppose the theorem is false, and that there exists a counterexample with
degree at most d. We make the sentence ¢, 4. ¢ g4 will read as “If an
n-dimensional polynomial complex function with degree at most d is
injective, then it is surjective”.Let us see an example for ¢ .
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Ax-Grothendieck Theorem

Constructing a sentence

Suppose the theorem is false, and that there exists a counterexample with
degree at most d. We make the sentence ¢, 4. ¢ g4 will read as “If an
n-dimensional polynomial complex function with degree at most d is
injective, then it is surjective”.Let us see an example for ¢ >

v5«’1,(o,o)Val,(o,1)V31,(0,2)V31,(1,0)V31,(1,1)V31,(2,0)
Va3 (0,0)732,(0,1)V22,(0,2) Va2,(1,0)Va2,(1,1) V22,(2,0)

[VX1VX2VY1VY2<<Z 31,(,'1,,-2)Xfx£2 — Z a1, (i) y1 1% /\Z 3.3 i) X1 Xé2 _
Z 32’(1,171_2)},1:'1),2/'2) — X1=Y1A X = )/2) —

i i i
V21VZQEIX15|X2< g a1 (ir,ir) X1 x? =2z A E (i) X1 X = z2>].
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Using Finite Fields

Notice the theorem is trivial if we change the domain and range of the
function to some finite field.
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Using Finite Fields

Notice the theorem is trivial if we change the domain and range of the
function to some finite field.
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Using Finite Fields

Notice the theorem is trivial if we change the domain and range of the
function to some finite field.

Since it holds in any finite field, then it holds in any increasing union of
finite fields. Then we can prove it will hold in some algebraically closed
fields. More specifically, ACF, |= ¢ 4 with arbitrarily large p.
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Using Lefschetz Principle

Remember this was the statement (iv) in the Lefschetz Principle.
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Using Lefschetz Principle

Remember this was the statement (iv) in the Lefschetz Principle.
(i) ¢ is true in the complex numbers.

(iv) There are arbitrarily large primes p such that ¢ is true in some
algebraically closed field of characteristic p.
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Using Lefschetz Principle

Remember this was the statement (iv) in the Lefschetz Principle.
(i) ¢ is true in the complex numbers.

(iv) There are arbitrarily large primes p such that ¢ is true in some
algebraically closed field of characteristic p.

Thus, this is equivalent to saying C |= ¢, 4. Contradiction!
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The Non-Standard Method

The Non-Standard Method }
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The Non-Standard Method

Whenever we have a theory and a model, we can find another model of
that theory, non-isomorphic to the initial model.

This is known as a non-standard model, and it may help us to prove things
in easier ways in certain theories.
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The Non-Standard Method

Whenever we have a theory and a model, we can find another model of
that theory, non-isomorphic to the initial model.

This is known as a non-standard model, and it may help us to prove things
in easier ways in certain theories.

Example

Non-standard analysis is a non-standard model. J
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The Non-Standard Method

Lowenheim—Skolem Theorems

For infinite models, Léwenheim—Skolem Theorems guarantee us the
existence of non-standard models.
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The Non-Standard Method

Lowenheim—Skolem Theorems

For infinite models, Léwenheim—Skolem Theorems guarantee us the
existence of non-standard models.

Definition

If we have structures M and N with M C N, and for all formulas ¢ made

up from elements of M, M = ¢ <= N k= ¢, then M is the elementary
substructure of A/ (and N is the elementary extension of M).
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The Non-Standard Method

Lowenheim—Skolem Theorems

For infinite models, Léwenheim—Skolem Theorems guarantee us the
existence of non-standard models.

Definition

If we have structures M and N with M C N, and for all formulas ¢ made

up from elements of M, M = ¢ <= N k= ¢, then M is the elementary
substructure of A/ (and N is the elementary extension of M).

Lowenheim—Skolem Theorems

In a language L, for every infinite L-structure M and every infinite
cardinal number k > |L|, there is an L-structure N such that |N| = k and
such that:

e if kK < M| then N is an elementary substructure of M;

e if kK > |M| then N is an elementary extension of M.
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The End

That is all, thank you!
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