DIOPHANTINE APPROXIMATIONS

LEO OUYANG

ABSTRACT. In this mathematical paper, we will introduce Diophantine Approximations.
We will explore the upper and lower bounds of Diophantine Approximations, and mainly
focus on its applicability to algebraic numbers and the accuracy to which one cam approxi-
mate it using rational numbers by proving Dirichlet’s Approximation Theorem, Liouville’s
Theorem, and Thue-Siegel-Roth’s Theorem.

1. INTRODUCTION

Diophantine Approximations, named after Diophantus of Alexandria, an Alexandrian
mathematician and author of Arithmetica, are the approximations of real numbers using
rational numbers. Throughout history, there are numerous mathematicians, some of whom
will be mentioned throughout this paper, whose works improved the upper and lower bounds
of Diophantine Approximations.

Section 2 explores the upper bound of Diophantine Approximations and proves Dirichlet’s
Approximation Theorem. Section 3 focuses on the lower bound of Diophantine Approxima-
tions and proves Liouville’s Theorem. Sections 4 — 8 contain theorems that will be used in
the proof of Thue-Siegel-Roth’s Theorem. Section 4 discusses and proves theorems regard-
ing Polynomials. Section 5 introduces and proves theorems regarding Wronskians. Section
6 considers and proves theorems regarding the indices of polynomials. Section 7 proves a
combinatorical lemma. Section 8 proves the theorem that is referenced in Thue-Siegel-Roth’s
theorem. In Section 9, the proof of Thue-Siegel-Roth’s Theorem will be given.

2. UPPER BOUND OF DIOPHANTINE APPROXIMATIONS

Definition 2.1. We say a € C is an algebraic number if it is a root of a polynomial with a
finite degree and integer coefficients.

Theorem 2.2 (Dirichlet’s Approximation Theorem). Let o be an irrational number. There
exists a fraction p/q, where p € Z and q € N, such that

(2.1)
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Proof. Let n > 1 be an integer. Let {z} be the fractional part of x. Consider the n + 1
fractional parts of {0-a},{1-a},...,{n-a}, which are all within the interval of [0,1). The
interval [0, 1) can be split into n sub-intervals:

pa) [on) - [55),

Since there are n + 1 fractional parts and n sub-intervals, by the Pigeonhole Principle, it
implies that there exist two integers 0 < j < k < n such that {j - a} and {k - o} belong in
the same sub-interval. Thus, there exists some integer p that satisfies:

, 1
(k= j)a—p| < o
Setting ¢ = k — j and dividing by ¢ on both sides, we get

a_fz\<

1 1
_3_2.
q

ng g

Corollary 2.3. There are an infinitely many irreducible fractions p/q such that

P 1

a—=| <.
a ¢

Proof. According to Dirichlet’s Approximation Theorem, for any irrational «, any N, there

exists p, q integers 1 < ¢ < N such that

q
Since « is irrational, you can take the sequence Ny going to infinity such that

=l <
Thus, the sequence g, also has to go to infinity in order for |g,o — p,| to approach 0. If ¢,
is bounded, then you will always have finite values of |g,a0 — p,|, regardless of whether p,, is
bounded or not. Since « is irrational, it means |g,« — p,| # 0 can never approach 0. Thus,

it is important that ¢, goes to infinity, resulting in an infinite number of solutions. U

This was the first major result that was achieved for the upper bound of Diophantine
Approximations. Later on, another mathematician by the name of Adolf Hurwitz was able
to strengthen this theorem with a constant.

Theorem 2.4 (Hurwitz’s Theorem). Let A be a constant satisfying 0 < A < /5. If a is
irrational, then there are infinitely many rational numbers p/q satisfying

P 1
a__

al  V5¢*
The proof of this theorem can be found in [Hur91]. The constant in this theorem cannot be
further improved without excluding some irrational numbers.

<
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3. LOWER BOUND OF DIOPHANTINE APPROXIMATIONS

We will now move to the lower bound. In the 1840’s, Liouville obtained the first lower
bound for Diophantine Approximations.

Theorem 3.1 (Liouville’s Approximation Theorem). If « is an irrational algebraic number
of degree n > 1, there exists a constant c(«) such that

c(a)

qn

e
q
for all rationals §, where p € Z and q € N. x

Proof. Let f(z) = ap+ajz+---+a,2z" be the minimal polynomial, a polynomial with integer
coefficients of smallest degree, having « as a root.
Let

(3.1) M= sup |f'(2)].

|z—al<1

Then let p/q be a rational number such that ‘75’ — Oé‘ < 1. By the Mean Value Theorem,

]f (2) - )| = o

where ¢ is a real number that lies between v and p/q.
Since f(z) does not have any rational roots,

n ann+an— n—1 ++a nfl_‘_a’ n
O#f(zg):an(zg) b bag = TP Wt g 0q"
q q q
Since agqg™ is a nonzero integer, the numerator has an absolute value of at least 1. Thus:

p

—) = f(a
() -
Combining and (3.2), we get:
1

E—Q‘SM’]—?—Q
q q

(3.2)

> .
q q

B ‘f (1_7) ‘ Capp" Fanap" g+ apg" T Fagg" 1
q

1
—SMa—E‘:> Soz—]z’-
q" q Mq» q
Writing ¢! (a) as M, we achieve:
c(a) <oz Q“
q" q
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This result allowed Liouville to discover the first proven example of a transcendental
number, the Liouville constant.

107" = 0.110001000000000000000001000.. ...
i=0
More can be found on [Lio44].

According to Liouville, there is an obvious limit to the accuracy with which algebraic
numbers can be approximated by rational numbers.

Say « is an irrational algebraic number of degree n > 2. Then there are infinitely many
rational numbers p/q that satisfy the inequality

Thue, Siegel, and Dyson would be some of the mathematicians that improved the value of
k and the accuracy of Liouville’s Theorem.

< _|_
K 2n .

Theorem 3.3 (Siegel’s Theorem, 1921).
n

s+1
Theorem 3.4 (Dyson’s Theorem, 1947).
K < V2n.
In 1955, Roth would prove Siegel’s conjecture.
Theorem 3.5 (Roth’s Theorem, 1955).
Kk < 2.
All of this would finally lead to the Thue-Siegel-Roth’s theorem.

K <s+

fors=1,2,...,n—1.

Theorem 3.6 (Thue-Siegel-Roth’s Theorem). There exists a positive constant c(c, €) such
that

holds for every rational number p/q.

In this paper, we will prove the Thue-Siegel-Roth’s Theorem. This proof will be similar
to LeVeque’s in [LeV56, Chapter 4].
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4. POLYNOMIALS

Let P(z) = ag+a;z+---+a,z" be a polynomial with complex coefficients. We start with
some definitions.

Definition 4.1. Let P be the polynomial above. Then ||P|| = max{|ao|,|a1],...,|an|}
Furthermore, if « is algebraic over Q with its minimal polynomial f(z) over Q, we define
the height H(a) = ||f]] .

Theorem 4.2. Let

h
o) =1]](z= M)
k=1
where [\, € C fork=1,... h. Then

h
(4.1) T+ D <61z

k=1
Proof. Tt is obvious that [ can be excluded. Then, we can arrange the complex number
ALy ..., A in such a way that [A\;| < 2 fori=1,...,t and |\;| > 2 for ¢ > t. Say 2 is the
(t + 1)th root of unity. For each k =t + 1,...,h, we can divide 1 + |\g| with |29 — Mg/,
achieving:

1+ [Ag < A I S 14 2 14 2 _4
|ZO_)\I<:| |/\k:|_|20| |/\k|_1 |/\k|_1 2—1
Thus,
h h
(4.2) IT @+l <3 T (20 — M)
k=t-+1 k=t+1
For the remaining £ = 1,2, ...,¢ we can say

[T+ M) < @+2) =30

Assuming that |f(zp)] > 1, where f(z) = [[,_,(z — \x) and z is the previous (¢ + 1)th root
of unity, we obtain

t
[T+ <3 <3
k=1

Combining this with (4.2)), we get

h
H + [Ax])
k=1

11 -

h
HZO—)\k
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Since f(zo) < [|L|| (20" + -+ + 1),

[T¢z0 =20

To prove that |f(zo)| > 1 does exist, we first let € be the (¢ 4+ 1)th root of unity. Set

3" < 3"[ILI| (|20]" + -+ 1) = 3" ||L|| (b + 1) < 6" L[]

t

f) =) w2, =1

Then

Zevf(ev) _ <6v Mrevr) _ Z (MTZGU(T+1)> )

r=0 v=0

Focusing on >\ _, "V if (t + 1) | (r + 1) this sum clearly equals ¢ + 1. Since 0 < r < ¢
this is only true when r =¢. If (¢t 4 1) 1 (r + 1), then the sum reduces to
t v Zn+1 -1 0
UZOZ oz —-1
Thus,
t
Do) = mt+1) =t+1.
v=0
Hence
t t t
DA =D () = | D f(e)| =t +1.
v=0 v=0 v=0

Therefore, there exists a root of unity zo € {1,¢,€%,...,€'} such that |f(z0)] > 1.
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Now we move to some more theorems that will be useful later on.

Theorem 4.3. Let f(z) and g(z) be complex polynomials of degree n and m respectively.
Suppose the coefficient of z™ in g(z) has an absolute value greater than or equal to 1. Then

1] < 6™ | fygll
Proof. Let
fE)=a(z—=X) - (z—\)
9(2) =bo (2 = Ans1) -+ (2 = M) -
Then

n

< lagbol - [T (1 + [Ael)
b

A1l <

ao [T (= + [ M)
k=1

n

< |aobo| - H (1+[Al),
k=1

and we get our desired result using Theorem (4.2}

Theorem 4.4. Let f(z) be polynomial of degree n, having real coefficients. Then

A < (mn+ 1) 1]
See [LeV56, Theorem 4-4] for the full proof.

We now turn to some definitions.

Definition 4.5. Let « is an algebraic number of degree n, with corresponding minimal
polynomial p(z). Then the roots, oy = o, ag, ..., a,, of p(z) are called the conjugates of «.

Definition 4.6. Let P(z) be a polynomial with algebraic coefficients ¢y, ca, ..., ¢.. Also let
C; equal the maximum of the absolute values of the conjugates of ¢;. Then we define ‘P !

as |P| = max{Cy,C5,...,C,}. If o is algebraic we also define [a| as the maximum of the
absolute values of the conjugates of a.
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Theorem 4.7. If fi(2), fa(2), ..., fi(z) are polynomials with algebraic coefficients, then

15 <TJa+ des ) I]I7-
v=1 v=1 v=1

Proof. Suppose, without loss in generality, that deg f; > deg fo > --- > deg f;.

Each coefficient of f; fo will be a polynomial the sum of products of a coefficient f; and a
coefficient of f5. The number of sums of products will be at most def f, + 1, so we achieve:

|fife] < (degfe + 1) [Ai] | o]

Then we can also say that

|Fifefs] < (1 +deg) f3 | fife] | f3] < (14 deg) (1+degfo) [ fi] | 2] | F5]

and so on.

0

Theorem 4.8. Let p and r be positive integers with 1 < r < p. Suppose that F' (z1, ..., 2,), G (z1,. ..

and H (%41, ..., %) are polynomials with coefficients in an algebraic number field K, those
of ' being integers. Also suppose that

F(z,...,2p) =G (21, 20) H (241, -0, 2p) -

Then if v is any coefficient in F, there is a factorization v = af in K such that the coefficients
in oH and G are integers in K.

Proof. Let the coefficients in G be aq,...,a,, and those in H be f1,..., 3, in some order.
Since the variables in G and H are disjoint, that means that the variables in F' are simply
the products «;(3;. Since the coefficients in I’ are integers, the products «o;f,. .., ;8 and
Bjai, ..., Bja, are also integers. But these two sets of numbers are just the coefficients in
a1 H and 31G.

O

7ZT)7
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5. GENERALIZED WRONSKIANS

Now we turn our attention to Wronskians. The results from this section will be needed in
the next one.

Throughout this section fo(z1,...,2p), ..., fi_1(#1, ..., 2p) are polynomials in an algebraic
number field K.

Definition 5.1. fy,..., f;_1 are said to be linearly dependent if

kofo+ -+ k_1fioa=0,k € K foreachi=0,...,1 -1,
if there exists some linear combination, where the constant coefficients are not all zero,

vanishes identically. Otherwise, ko, ..., k;_1 are said to be linearly independent.
If p =1, then we define the Wronskian as
%fo(z) éfl(z) %flfl(z)
1./0(2) 1.f1(2) T /1 (2)
W(z) = ; ; . ;
I-1 -1 -1
25 A Ve ZhL )
1 a+
= det <m@fv(2)) , My, U= 0,1,...,[— 1.
For convenience’s sake, we include the factors i, pw=0,...,0—1

The Generalized Wronskian deals with all the cases p > 1. Let A, ..., A;_; be differential

operators of the form
1 o \" 9 \”
e (2 (2)
gl \ 02 0z,

such that the order j; + ---j,, of A, does not exceed p for any p = 0,...,1 — 1. Then we
can define the generalized Wronskian as

20]80(2) ﬁofl(z) T ﬁOfl—l(Z)
o) = 1{0(2) 1f:1(2) 1fl:—1(2)
Al—1fo(2) Al—1f1(2) Al—lfl—1<z)

Since there are several different A,’s for each p, there is not just one generalized Wron-
skian. The number of different A,’s are (p + 1)*.

We now turn to two theorems that will be needed later. Due to the length of their proofs,
they will not be included in this paper. For full proofs see [LeV56, Chapter 4].
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Theorem 5.2. (a) If fo,..., fi_1 are | polynomials over K in the single variable z, whose
Wronskian W (z) vanishes identically, then they are dependent of K.

(b) If fo,..., fiux are I polynomials over K in the variables zi,...,z,, for which every
generalized Wronskian Gi(z1, ..., z,) vanishes identically, then they are dependent.

Theorem 5.3. Let R(z, ..., 2,) be a polynomial in p > 2 variables, with integral coefficients
i K such that

0<|R|<B.
Let R be of degree at most rj in z;, for j =1,...,p. Then there is an l in Z with

1<i<r,+1,
there is an integer 3 in K, and there are differential operators Ao, ..., 1 on the variables
21,...,%p—1 of orders at most 0, ..., — 1 respectively, such that if

1 v
F(zl,...,zp):ﬁdet<Aua<a%> R), v =0,...,01—1,
- P

then (a) F' has integral coefficients in K and is not identically zero; (b) a decomposition

F(z1,...,2p) =U(21,...,2p-1) V (2p)
holds, where U and V' have integral coefficients in K, U is of degree at most lr; in z; for
j=1,....p—1, and V is of degree at most lr, in z,; (c) the following bounds holds:

[F] < {4+ 1) (rp + D22 B2
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6. THE INDEX

In this section we will mention the theorems with indexes. Their proofs can be found
in [Ish08, Section 4].

We say P(#1, ..., %) is a non-zero polynomial, while @, = (o, ..., a,) and 7, = (r1,...,7p)
are lists of complex numbers and positive numbers, respectively.

Now, expand the polynomial P(a; + y1,...,a, +Yp) I Y1, ..., y,, Le.,

P(a1+y1,...,ap+yp):Z---Zc(jl,...7jp)y{1...ygp.

j1:0 jp=0

Definition 6.1. The index 6 of P at point @[] relative to 7, is

1 Tp
where the minimum is extended over the set of nonnegative integers ji,...,j, for which
c(ji, .-, Jp) #O.
Theorem 6.2. Let P(z,...,2,) and Q(z1,...,2,) be non-zero polynomials that do not van-

ish identically. If we consider the indices at the same point o, relative to the same list of
numbers T, then the following relations hold:

index (P + @) > min (index P, index @),

index PQ) = index P + index Q.

Let K be an algebraic number field, B > 1 and consider the set R,, = R,,(B;7,) of
polynomials R € K|z, ..., z,] with the properties:
(i) R is of degree at most r; in z;, for j =1,...,m,
(i) and |R| < B.
Let (1, ..., (n be algebraic numbers in C of heights ¢, . . . , ¢, respectively. Let §(R) denote
the index of R(2; ..., 2y) at the points {,, = (Ci, ..., () relative to 7,,. Now we will proceed
to create definations which will be useful later on.

Definition 6.3. We say

O (B; Gy T = sup{0(R)}

is the supremum or the upper bound that is iterated over all R € R,, and all list {,, with
elements of heights ¢, ..., qmﬂ

To find an upper bound for ©,,(B;,,;Tm), we will use induction on m and proceed with
the theorem that will be used later in the case m = 1.

*Note that we refer to @, as a point here.
e HC) =qu,.. ., HCm) = G-
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Theorem 6.4.

01 (B;q;T1) <

3N(N+1) NlogB
+
log q1 rilog qq
where N = [K : Q).

With this, we can find a recurrence relation between ©,, and ©,,_1.

Theorem 6.5. Let p > 2 be a positive integer, let ry,..., 1, be positive integers such that
(6.1) ry> 1001 N S 57 forj =2, p,
Tj
where 0 < 6 < 1, let ¢1,...,q, be positive integers. Then
(6.2) 0,(B;q,; Tp) < 2 max(® + @2 + §2),

where the maximum is taken over integers | satisfying

1<i<r,+1,
and where

D = O1(M; qp; Irp) + @p—l(Mﬁp—l;ﬁp—l)
and

M = (ry + 1)*2*P1 12 B,

3N(N+1)

f we only consider the index of a polynomial at the point @, of real numbers, then the term Tog 71

could be neglected. This was what Roth did in his original proof. See [Rot55].
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Now, we use Theorem [6.4] and [6.5] for the main theorem in this section.

Theorem 6.6. Let m be a positive integer, and suppose that

(6.3) 0<d< !
' m2m(N + 1)
Let ri,... 1y be positive integers such that
(6.4) T > 105_1,E >0, forj=2,...,m.
T
Let g1, ..., qn be positive integers such that
(6.5) logqi > 26 'm(2m + 1),
(6.6) rjlogq; > rilogqi, forj=2,....m,
(6.7) logqi > 36 'N(N + 1),
Then
(6.8) O(¢)" ;i ) < 10752

7. A COMBINATORICAL LEMMA

In this section, we will mention the Combinatorical Lemma. Due to its length, we will not
go over the proof. The proof can be found in [Ish08| Section 5].

Definition 7.1. Let r,..., 7, be positive integers, and A > 0. Let (j1....,Jn) be a list of
integers such that

(71) Ogjlgrlv-"aogijTm
and

jl ]m 1
7.2 LI < (m - A).
( ) r1+ +rm_2<m )

If A is the set of all such lists of integers, then A,,(\) is defined as
Am(A) = [A]

Theorem 7.2. If .1,...,7r, and X\ are as in the above definition, then

(7.3) AN <2¢/mA Ny 4+ 1) -+ (1 + 1).
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8. THE APPROXIMATION POLYNOMIAL

In this section, we will prove the theorem which is the only one referenced in the proof of
the Thue-Siegel-Roth theorem.

Let a be an algebraic integer of degree n > 2 over K. Let wq,...,wy be an integral basis
for K, and put

|al =b; > 1, max ([wq],...,|wN]|) = be.
That wy,...,wy is an integral basis for K mean that every element Ok can be written
uniquely as a linear combination of {wy, ..., wy} with coefficients in Z.
We will later choose the variables m, d, q1, (i, ., Gy Cny T15 - - - T, 10 the given order just
specified, such that they satisfy the following conditions:

(8.1) 0<d< ma

(8.2) 10m5)™ 4 2(1 + 36)ny/m < %

(8.3) ro > 10671, % >0 forj=2,...,m,
j

(8.4) 6*logqr > 2m + 1 +mlog(by + 1) + 4by N,

(8.5) rjloggq; > rilogq, for j =2,...,m,

(8.6) logq > 36 'N(N +1).

Below are some variables that are defined to simplify later calculations:

(8.7) A = 4(1 4 38)ny/m,
(8.5) p=glm =),
(8.9) n=10m5E",

(8.10) By = [q)"].
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Theorem 8.1. Suppose that the conditions - are satisfied, and suppose that
01, ...,0m are algebraic numbers of heights q1, . .., qn, Tespectively. Then there exists a poly-
nomial Q € Klz1, ..., zy] with integral coefficients in K and of degree at most r; in z;, for
7 =1,...,m, such that

(i) the index of Q) at the point (c,...,«) relative to ry,...,ry, is at least p — n;

(ili) for all derivatives

1 o \" o \™

where i, .. .1, are non-negative integers, the inequality

|Qirnevion (s -+ 2m)| < B (L4 [ )™ (L )™
holds, and the corresponding inequality also holds if the coefficients in () are replaced
by their respective field conjugates.

Proof. Let C' be the set of integers of K of the form

Clwy + -+ cNWh,
where ¢y, ..., cy range over all non-negative integers not exceeding B;. If we put

(I47r)--(L+ry,) =r,
then there are |C|" = (1 + B;)"" distinct polynomials

T1 ™m
P(z1,...,2m) = Z---Z'y(sl,...,sm)z‘fl---zfnm
Sm

s1=0

whose coefficients (s, ..., sy,) € C. If we put

1 o (51 o im
Pil...im(zly--wzm):m(a—m) (@) P(Zl,...,zm)

"1 I r r
_ E E 1 m\ _s1—j1 Sm—Jm
— e 7(817"'58m)<.)“'<-)21 ...Zm ,

51=0 Sm=0 J Im
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then

1Py | <27y BN < by N2™ By < byN B,
since
(8.11) )7(31, . sm)‘ < byBIN,

1 1
mrylog2 < rifm(1 +log /b + 1] < 571 [2m + Imlog(b; + 1) + 4byN|< 5527“1 log g1,

Jk
and ¢2"' < By. Also, since, by 1'

P T < omT < (b 1) < BY,
we obtain the bound

(8.12) 2

P (... ,a)‘ < b2NB11+6Tb7£1+"'+rm
< byN Bt
Let 9 be a primitive element of L, so that L = Q(JJ). Order the conjugates of ¥ so that

t,..., 0, arereal and ¥p, 1, = Up,1p,+0 are complex conjugates forv =1,...,pa, Pj, . (a, ...
where j1, ..., J, satisfy the given inequalities
. . jl jm
(8.13) 0</ii<r,....08jm <1y, =+ +—=<p
1 T'm

Then £ can be written as a polynomial in ¥, with rational coefficients, with the field conju-
gates £ forv=1,...,nN,ie., if

f = Qq + (l1191 + -+ an_ﬂ?”N_l,
where a; € Q, for i =1,...,nN, then

€W = ag+ arll + -+ a3V
is a field conjugate, where ¥, is one of the conjugates of ¥¥. We can define n/N real numbers
&1, ..., &N by the equations

€U:€(U)7 fOI"U:L...,pl,
£v+igv+p2:€(v)7 fOI"U:pl—f-]_,...,pl +p2
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Fixing the coefficients y(s1, . . ., $;n), we can then arrange the &,’s in a fixed order and each of
these numbers can be viewed as coordinates of a point. Doing this for all ji, ..., j,, satisfying

(8.13)), we get, by Theorem

M < 2nN~+/m\~'r
coordinates. Furthermore, from (8.12)) we see that each of the coordinates have absolute
values smaller than |b,NBI | + 1 = t. Thus all points for various v(s1,...,s,) € C lie in

a cube of edge 2t in M-dimensional space. We can divide the cube into (3t) subcubes of
edge % If

(8.14) IC)" = (14 B)"" > (3t)M,

then there exists more points than subcubes and thus the points corresponding to two dif-

ferent polynomials P*(z1, ..., z,) and P**(z,..., z,) lie in the same subcube. If we put
F — P* o P**,

then the point fjl,m,jm(a, ...,a) is in one of the 2™ subcubes closest to the origin, thus

P 2
‘le,.,.,jm(a,...,og) < V2 x 3 <1,

for all jq, ..., 7, satisfying . But, since fjh._,,jm(a, ...,) is an algebraic integer, this
can only be true if it equals zero. Since this is true for all jy,..., j,, satisfying , the
index of P at (a, ..., ) relative to ry,...,r, must be greater than . The coefficients of P
are the differences of two elements of C'; and thus it is not hard to see that the inequality

(8.11)) holds for them.
We now verify that (8.14) indeed holds, so that the above conclusions are valid. Notice

that by (8.4])

@™ > 4by N,
SO

By > 4byN,
BN > (4b,NBy)="",
BN" > (30, NBI+ 4 3)sNr(1+30) 7"
(1+ B)N" > (3t)M,
where the third inequality follows from the fact that B; > e® > 3.
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Now, P € Rm(q‘f”;m), its index at ((y, ..., Gy) relative to r,...,r, must be less than
n, by Theorem [6.5] Hence there exists a different operator

k1 km
A=t (9N (9
]{51! cee k’m‘ 821 8zm

with
Q(zla azm) - AkP7

so that if

kl m

— =+ +— <1,

L] m
then

Q1 -, Gm) # 0.

The index of @ at the point (a, ..., «) relative to rq,...,r, is at least g — n. Notice that
by (8.2) i —n. Thus (7) and (ii) are satisfied.
From (8.11)) and the inequality r < B?,

Q| < 2n Tt mb,NBy < 2™y NBy < byNB{+,
and hence

}Qi1,...im| < 2T1+W+Tmb2NB11+5 < ngBll+26.
Finally,

Qi i (21, 2) | < B NBI P [ J(L o Jz] 4[] ™)

v=1

< b NBIP T+ [z

v=1

< BIF T+ =),
v=1
where the last inequality follows since by N < B¢ by (8.4). The same inequality holds if the
coefficients are replaced by their respective field conjugates, and thus we are done.
O
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9. PROOF OF THE THUE-SIEGEL-ROTH’S THEOREM

Theorem 9.1 (Generalization of the Thue-Siegel-Roth’s theorem). Let K be an algebraic

number field of degree N, i.e., [K : Q] = N, and let o be algebraic of degree n > 2 over K.
Then for each k > 2, the inequality

(9.1) la—(| <

[H(¢)]

has only finitely many solutions for ¢ in K.

Proof. We will prove this theorem by assuming it is false and achieving a contradiction.
Let the monic defining polynomial of a be p(2) = 2"+a,_12" '+ - -4a1 2+ao Furthermore,

let a equal the least common multiple of the denominators of the rational coefficients of p(z).

Then ¢(z) = a™p (i) has integral coefficients, is monic and irreducible. aa is a root of the

equation, implying a« is an algebraic integer. Suppose ( is a solution of (9.1)). Then

ar{N-ﬁ-l

!
<

[H(Q))* — [H(aQ))*

where the last inequality follows from the fact that ¢, and viz. a(, can be at most of degree

N, thus H(a¢) < a™H(¢). Hence, for arbitrary € > 0, and for all solutions ¢ with H(()

sufficiently large,

lace — al| <

o
[H (aQ)]" =

and e can be chosen so small that xk — e > 2. Thus we can assume that « is an algebraic
integer. We also realize that can ignore the (’s for which H(()) is not sufficiently large since
K is an algebraic number field, and thus a finite extension, resulting in only a finite amount
of cases. We also note that we only need to prove the theorem for primitive elements ( in K.
This is because the number of subfields of an algebraic number field is finite and each element
of K is a primitive element in such a subfield, thus the proof can be repeated. Choose m to
be a rational integer so that m > 4n./m and

laae — al| <

2m
9.2 ——— < K.
(92) m — 4ny/m "
By first inequality, the right-hand side of 1D is positive and —2 = 2asm — o0

Thus, there exists an m since « is strictly greater than 2. Furthermore, for sufficiently small
0, we have

m — 4(1 + 36)ny/m — 2n > 0,
where 1 was defined in . This inequality is the same as the one in (8.2]). We choose §
to satisfy this, (8.1) and the inequality

2m(1 4 9) + 26N (2 4 59)
m —4(1 + 30)ny/m — 2n
which is possible because of (9.2). Using and (8.8)), we can write this inequality as

(9.3)
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1+0)+dN(2+ 50
(9.4) m(1+9) +oN@2+5)
H—=n
We now choose a primitive solution ¢; of (9.1) such that ¢ = H((;) satisfies (8.4) and
(8.6)). Then, we choose further primitive solutions (s, . . ., (,, of heights go, . . ., ¢, respectively,

such that for j =2,...,m,

log ¢
log gj—1
We now let r; be any rational integer such that

(9.5) > ;

101og g
9.6 2
(56) "7 Sloggy

and define r;, for j =2,...,m, by
rlogg - _milogq

log ¢; log g
This satisfies (8.5)). Notice it gives us

(9.7) +1.

log q; log q; log ¢, )
L0840 gy O8% gy O8Um gy O
rilog g1 r1log g r1log g 10
where (9.5)) is used for the second inequality and for the third. The conditions ([8.3))
are satisfied since

9.8)

> 1 log g,

> 10671,
log ¢,

by (9.7) and (9.6), and
ri-1 >( log ¢ ><T1 logql> _ logg; ( r1log 1 )
T r1log q1 +log g; log q; 1 log q;—1 \r1logq +logg;
log ¢; logg; \7' logg; s\ !
o) 12
log q; 1 1 log g1 log qj—1 10

2 s\t 2
S+ 2>t
()2

Let Q(z1, ..., 2n) be the polynomial as in Theorem 8.1l Let (i,...,(yn € K be zeros of
irreducible polynomials of degree NV with relatively prime coefficients in Z, and the coefficients
in 2V being ki, ..., kn, respectively. Then the number

¢ =Q(C,- - Cm)
is in K. If the field conjugates of ; are (j,(/,..., for i = 1,...,m, then Nog/g(¢) is a sum

of products of powers of the Ci(j ) with integral coefficients from K. In each such product, the
factor Q(] ) oceurs to the power 7; at most. It can be shown that the product of k; and any



DIOPHANTINE APPROXIMATIONS 21

set of distinct conjugates of Qz-(j ) is an algebraic integer. For each ¢, the field conjugates of (;
are distinct, because ¢; is a primitive element of K. It follows that k7" - - - k7" Nog/g(¢) is an
algebraic integer, and since it is also rational it is a rational integer, hence

(9.9) |k ki Nog g (¢)| = 1.
From (7) in Theorem we have that the terms in

T1

Q(Cla <o 7Cm) = Z o Z Qil:'--vim(a7 . "a>(Cl - Oé)il e (Cm - a>im

il =0 i"L:O

are equal to zero whenever

For the non-zero terms we have

(G =) (G — @)™ | < (gt gim) ™"

i1/T r2/T1\i9 /7 rmrimrmirln
= [ab e yarm gy

i1/r i /Tm Tk
§<q11/1__.qm/ )

< ql—n H(u—n)’

where the first inequality follows from our assumption of (3, ..., (,, as solutions to (9.1}, and
the third inequality follows from (8.5). By (i7i) in Theorem

(6 < (ri+ 1) (1 + DB+ by)™mgy M
< B%+55q1—7‘w(u—n)

Y

and by using it once again together with Theorem we get

...M(N)‘ < B%+55q1—rm(u—n)B§N—1)(1+55)

)

- Bi\/(1+55)q1*7"1'€(lt*77) H(6Nq1')”-

i=1

[k K Norgya(@)] < k' -+ ki 6] ¢/

C(])

In proof of Theorem [8.1] it was shown that

Qrittrm Bf,

so 6Nt trm) < 8N and by combining all terms we get
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‘k;l . k;mNOK/Q(QS)l < q(lser(1+55)+5N7’1+mr1—r1n(u—n)

< q(15N7"1 (2458)+mr1 (146)—r1x(p—mn) '

This together with implies that

IN(2+55)+m(1+0) > r(pu—n),
or

SN(2 + 58) + m(1 + 6)

K< )
K=
which contradicts (9.4]). This proof is thus completed.
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