SNAKE OIL METHOD

EKAM KAUR

ABSTRACT. In this paper, we introduce the Snake Oil method which is a powerful way to
evaluate sums using generating functions. This method is very useful for handling a large
variety of sums and combinatorial identities, as we will see.

INTRODUCTION

The snake oil method is powerful way to evaluate sums by turning them into generating
function double sums, evaluating those, and extracting coefficients
Suppose we have a sum of the form

a, =Y F(k,n)

for some function F' where k is the variable being summed over and n is a free variable that
is not. To evaluate this, we define

Ax) = Zanx" = Z (Z F(k‘,n)) = ZZF(k,n)x"

n>0 n>0 \k>0 n>0 k>0

We swap the order of summation to get

Alx) =Y F(k,n)a"

k>0 n>0

and evaluate this instead.

SOME COMMON IDENTITIES

Here we list some identities that we will use throughout the examples.

L+a)" =) (Z) z".

k>0
™ EN .
(1 — z)mt! - Z (m)x
k>0
1 E+m\ .
(1— z)mt! :Z< m >x
k>0

1 o%k\
\/1—435_;(15)1;
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We also list a few identities only involving either even or odd indices. These are derived
by adding/subtracting the above identities.

S @)x% _ (1+x)n-g(1 o)

k>0
I
> ()7 =% (=t o)
; <2kn+ 1) = % ((1 _i,)m o (—_3“) '
EXAMPLES

We start with the following example:

>(,5,)

k>0

Ezxample. Find

Here n is the free variable and k is the one being summer over. We let F'(k,n) = (nfk)

We define A(z) = 3, 502 50 F'(k,n)2". Now swapping the order of summation, we get

D k50 2mzo F(k,n)a™ =370 0 (nfk) z™. We want this to look like something we know
how to evaluate, and so we can write this as

S ()

k>0 n>0

1
1—x—22"

The inner sum is (1+2)*, and therefore the entire sum becomes This is the generating

function for the Fibonacci Numbers, and so ), -, (nfk) =F 4.

> ()0

What exactly is F'(k,n) here? Note that if n is fixed, then our sum depends on m which
implies that m is a free variable. So here, we instead have F(k,m) = (})(’). So

-EE (0

m>0 k=m

Ezxample. Find

We swap the order of summation and write

2 ()% ()

k<n m<k
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We evaluate the inner sum as (1 + z)¥. So the expression becomes
n) k

S )a+a)k

k<n <k

Thisis (1 4+ (1 +2))" = (2 + x)™
Now we extract coefficients by expanding

(2+2)" = (g) 2" + (T) 2"y 4 (n?i 1) 22" + (Z) z".

Therefore, our desired sum is (:l) n—m,

Now let’s look at another example.

n+k\
Z( o )2 :
k>0

We let F(k,n) = (":F)2"* and define A(z) = Y ons0 2kso F(k,n)z". Again, as we did

earlier, we swap the order of summation and get

S¥ ("5 )

k>0 n>0

Ezrample. Find

We want to write the 2" %2™ term as something nicer. We can either group out the 27% or
the 2% term, both of which work. We group out the * term and get

DD (”2;’“) (22)"*.

k>0  n>0

Z Lk Z ((n — §/1+ 2k) (20)"*,

k>0  n>0

Then we see that this is

The inner series is something we know how to evaluate. Thus, we simplify the sum as

2k+1
E " 1 .
1—2x

k>0

We write this as

1 —12352 ((1 —x2x)2>k‘

k>0

This sum is a geometric series which we can write as
1 1

1—2x1—

=
We simplify this:

1 1 1 -2z 1 -2z -2 23 13
1—-221— (1—4zx)(1—2) 1—4xz 11—z

(1—22)2—2 1—bz+4a2
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This gives the desired sum as
22n+2 +1
3

Next, we see another use of the Snake Oil method. Suppose we have two fairly complicated
sums, and we want to show that they are equal. One way we can do this is by showing that
their generating functions are equal. Let’s see an example of this:

=)L) X0
We first look at the first sum. We have
SSRGS LIGOR

We take out an 2% term to get

=)z ()

k

Ezxample. Show that

We know that the inner sum is # Therefore, we get

m

Z <7:> x_k(1 —m;)mﬂ T _xx>m+1 ; @?) 7k,

k

This sum is (1 + %)m So we get
A(x)zm—(prl) :((1+—$>‘

(1 _ $>m+1 T 1— .fl?)erl

Now we look at the second sum. Here, we have

=22 () () =2 () ()

202

We know that the inner sum is # So we get

> ()2 e = S () e

k

We write this as

We take out a factor of ﬁ and get

1 Z m 2 k: 1 |+ 2z m: (l—i-x)m.
l—ze=\k l—x l1—x 1—x (1 — x)m+1
We see that the two generating functions are equal and thus, the sums must be equal too.
Let’s see another example of this.
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Z 2n+1\ (m+k\ (2m+1
k on ) 2n )’
k
We look at the left sum. Here, we take m as our free variable. The generating function
for this is

=23 () () =22 () (M)

We take out the (2”; 1) and rewrite as

2n+1 m+k\ .. _k m+kE\
> ()2 ()T ()
We know that the inner sum evaluates to % Therefore, we have

2n+ 1\ _, 2 B " 2n+ 1\ _,
;( 2% )x (1—x)2"+1_(1—x)2”+1; o )"

To make this nicer, we write

Example. Show that

zn 2n+ 1Y\ /oy 2k
WZ< ) @

We know that
9 1 1 1\ 2+ 1\ 2nt!
() e s (e m) (-m) )
- 2k 2 VT NS

1 2n—1 1 1
Az) = 5(\/5) <(1 — /o) (1 ﬁ)2n+1> .

Now we look at the right hand side of the given example. The generating function for this is

Az) =Y (2”;: 1)xm e ; (2””;: 1) (a2

m

Therefore,

This implies that

x) = V2 (I1/2)2n 1 _(_1\2n 1
A( )_ [ 2 ((1_x1/2>2n+1 ( 1> (1+I1/2)2”+1)]7

which we can rewrite as

1 2n—1 1 !
Alr) = 5(\/5) <(1 — Vo)t (14 \/5)2n+1) :

We see that the generating functions are equal, and thus we are done.
Finally, we see a harder example where the Snake Oil method doesn’t directly work.

Example. For given n and p, find

jg: 2n+1 p'+'k
—~ \2p+2k+1 k)
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We assume that n is our free variable. For convenience, we take r = p + k. Then the

desired sum is
Z 2n + 1 T
—\2r+1/\p ‘

Since the binomial coefficient contains the term 2n + 1, it turns out to be easier to take
A(x) =3, apz®tt We have

2n+1 " 2n+1 "
228 (1)) - () ()
We write this as
T 2n+1 n
E)E )

T

Now we see that

Z 2n + 1 oIn+1 I2T+1 1 i 1
—\2r+1)" T2 \@T-wpe @ra)r)

Therefore we get

o= 5w 2 () (755) () ()

We write this as
x? P x? P
z ((1—1)2> T <(1+93)2>

1 1
Alx) = = = .
(:E) 9 (1 _ I)2 ] 2 \PT! 2 (1 + :E)2 ] 2 \PH
- (1-2)? - (1+e)?
We have
1 2p+1 1 2p+1 2p+1
Ax)= g =T = (4 20) P (1 —20) ).

2(1— 2zt " 2(1 422t 2

After some algebra, we find our desired sum to be

2” -Pp 22n—2p
2n — 2p '

Lastly, we consider the following example:

() - ()

(2

Ezxample. Prove that

Note that this doesn’t seem to work by our usual method since there are many occurrences
of the free variable. However, we can generalize the above as

()"

7

allowing more free variables, which we can then use the Snake Oil Method on.
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