FOURIER-ANALYTIC TECHNIQUES

SARAH FUJIMORI

1. INTRODUCTION

In this paper, we explain how to use Fourier analysis to prove that certain measure-
preserving transformations are ergodic. We first define Fourier series for a function f:

Definition 1.1. A Fourier series of f is f(z) =Y., a,€*™"*, where

a, = (x)e%rinxdx
R/Z

One important property of Fourier series is that two Fourier series represent the same
function almost everywhere if and only if their Fourier coefficients agree. This will allow us
to compare the Fourier coefficients of a function and a function compose a transformation
to tell whether function is constant almost everywhere.

The Riemann-Lebesgue Lemma, which tell us that the Fourier coefficients approach 0 at
+00, is useful for Fourier analysis:

Lemma 1.2. Let f be an integrable function with respect to the Lebesque measure, and let
a, be the nth coefficient of the Fourier series of f. Then lim,— o0 an = 0.

Proof. To prove that the coefficients of the Fourier series approaches 0, we prove that

lim f(z)e”™d\ =0
. Let Ay, As, Ag, - -+ be intervals, where A; = (a;,b;). Then, let s(z) = vazl ¢;14,, where N
is a positive integer and the ¢;’s are real coefficients. Then:
lim s(z)e*™d\

N

= lim () cillg,)e* ™ d\

N
= lim / 1l Aie%m”d)\

N b,
z .
= lim E G / e2™inT .
n—oo
i=1 Jai

Date: February 2019.



2 SARAH FUJIMORI

_ XN: lim o i )(627rinbi - p2mina;
—/ n—oo 27 m
=0
as desired.
Since measurable functions can be arbitrarily well approximated by simple functions, the
proof extends to measurable functions as well. ([l

2. THE STONE-WEIERSTRASS THEOREM

Theorem 2.1. Let [a,b] be an interval with real numbers a,b, and let f : [a,b] — R be
continuous. Then for every e > 0, there exists a polynomial p such that for all x € [a,b], we

have |f(x) — p(x)| < e.

Proof. We prove the theorem for a = 0,b = 1; to prove the general version, we can scale the
functions so that the theorem holds for any interval with real endpoints.
The nth Bernstein polynomial of a continuous function on [0, 1] is defined as:

Bu(a.]) = §f<§> (1) - ey

These polynomials can be used to approximate a continuous function on this interval. We
can prove some basic properties of Bernstein polynomials:

Lemma 2.2. Let f be a continuous function. Then, the Bernstein polynomials of f satisfy
the following properties:

(1) Bu(x,cf) = cBu(x, f)
(2) g(z) < f(x) for all x implies B,(x,g) < By(z, f)
(3) Bu(z, f+¢) = By(z, f)+¢

Proof. (1) We have

Since g(%) < f(%):

SWOIWECERE NS
k=0
(3) By the definition of Bernstein polynomials, we have
- k
Bula f = £(6) = 307 = ) () )ah(a o

k=0
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fg() S ’“—éf(z)(’;)xk(l_@n_k
B,

as desired. 0

Let z,2 € [0,1], and let ¢ > 0. Recall that ||f||c = esssup f = supa: (f~!(a,00)) = 0.
Let M = || f||co-

If |z — z| > 6, then |f(z) — f(2)| < 2M by the definition of M. We know that @ > 1,
so |f(z) — f(2)] < 2M((%:%)*) + 5. On the other hand, since f is continuous, we know that
there exists § such that if [z — z| < 6, then |f(z) — f(2)] < § < 2M((52)?) + 5.

Then, by Lemma 2.2, we have

Bn<$,f) - f(Z) = Bn(xmf - f(Z))

< B, 2M (=) + 5
_2M Y €

We can evaluate B, (z, (z — 2)?):
Lemma 2.3. B,(z,(z — 2)?) = (x — 2)* + = (x — 2?).

Proof. By the definition of Bernstein polynomials, we have:

Balon o2 = Yo = 2 (F)eH -

n
k=0

(%)2 (Z) 2" (1 —z) " — Z(%) (Z) 2" (1—z)" "+ ]:O 2 (Z) af (1 —z)" "

n
k=

G R RS 3l (i KR A o R

k=0

0

The first two sums can start at 1 since the 0 terms evaluate to 0O:

—Z (”_1) F(1— ) —22932( ) (1 —2)"* 4 (e + (1 — )"

Next, we shift the indices of the first two sums down:

i Uiy ( 1):ck+1(1 —z)" T -2z i (" ; 1) aP (1 =)t g 2

k=
1

O

n—

k n—1 1
Z K k+1( . n k=1 - k+1(1 _;p)”_k_l — 2z + 22
=0 n 0 n

k=
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We can do the same for the first sum:

— k. (n—1 —,1 (n—1
. - k+1 n—k—1 - k n—k—1 2
_;:1(5)( L ):1: (1—x) —i—wkgzo(ﬁ)( . ):1: (1—x) —2zx + 2

n—

—

k+1 (n—=1\ ,., nk—o , 1 2
(n )(k_1>x (1—2x) —l—n(x) 2zx + 2

3 =
= O

E+1 (n—1\ ,., nek—2 | 1 2
( - )(k_l)x (1—2x) +E(x)—2zx+z

-
[e=]

Using the same methods and manipulation, the above is equal to 22+ & (x—2?) —2zx+42* =
(x— 2%+ L(z —2?). O

By Lemma 2.3, we have

Bu(z, f) = f(2) < 25—]\243”(% (x — z)2) + %

_2M 5 1 9
52 (z —2) —l—n(:v x%)) +
If we plug in « = 2, then
2M 1
Bu(e, f) = f(2) < S (o= a) + 5

Since z — 22 < § for z € [0,1],
M €
_ < -
BTL(’ZMf) f<2)_2'n52+2

n can be arbitrarily large, so we have successfully approximated f(z) for the interval [0, 1].
]

Not all measurable functions have Fourier expansions, but all continuous functions on
R/Z can be approximated by trigonometric polynomials, and all square-integrable functions
(functions that are L? integrable) can be arbitrarily well approximated by finite trigonometric
polynomials, which is a corollary of this theorem. This happens when we send z to e2™"*:

Corollary 2.4. Let f be an L*-integrable function. Then, f can be arbitrarily well approxi-
mated by a Fourier series expansion.

3. EXAMPLES

One example of how Fourier series can be used is for the rotation transformation R, on

R/Z.

Ezample. Let X = R/Z and R, be the rotation defined by R,(z) = x + a, where a € R\Q.
Let f be a measurable and L? integrable function. Then, if the Fourier series of f is

f(ZL’) _ Zane%rinx

nez
Then the Fourier series of f o R, is:
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f(l') _ Z an€27rin(x+a)

neL

o Z (CL e27rina>627rinz
= n
neL

2mina 2mina

Comparing the coefficients, a,e = a,. Since e cannot be 1 unless n = 0, this
means that a, = 0 for n € Z,n # 0, which means that f is constant almost everywhere.
This implies that f is ergodic.

Another example is the doubling map, which uses the Riemann Lebesgue Lemma. Note
that this can be generalized to any transformation T'(x) = fx — |z ]:

Example. Let X = R/Z and let T(x) = 2z (mod 1). Suppose f is a measurable and L2
integrable function. Then, if the Fourier series of f is:

f(ﬂ?) _ Z ane2ﬂ'inx

ne”

Then the Fourier series of f o T for some nonnegative integer j is:

f(l’) _ Z an€27rin(:r:)(2j)

neL

= > nez(n() ™

By comparing the coefficients, we get a,, = as;,,. These coefficients will approach 0 as j
approaches infinity, which implies that f is constant almost everywhere. Thus, T is ergodic.
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