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ABSTRACT.
In this paper, we introduce the machinery to define integration on manifolds. We first
consider differential forms, and then understand how to integrate forms over manifolds.

1. INTRODUCTION

Manifolds allow us to abstractly define different kinds of surfaces and forms, which help
us to rigorously generalize various properties to more abstract shapes. In particular, we will
look into how integration can be generalized to arbitrary manifolds. Because of the definition
of manifolds in terms of charts, we can define our operation over each individual chart in a
parametrization of our manifolds.

As a result, one of the challenges is to make sure that the definition of integration is
independent of the choice of charts used. To ensure that the definition holds regardless of
the charts used, we define integration in terms of oriented charts.

2. DIFFERENTIAL FORMS

We first provide some useful definitions related to manifolds, so that we can develop the
notion of differential forms.

Definition 2.1. Let M be a manifold. We define a covector to be a linear functional on the
tangent space T, M at a point x € M. We define the cotangent space T, X to be the vector
space consisting of all covectors at a point x € M. For an arbitrary vector space V, we define
a covector to be a real-valued functional on V. The space of all covectors on V' is denoted
V* and is called the dual space of V.

Definition 2.2. The tangent bundle T'M of a manifold M is the disjoint unions of all tangent
spaces at all points of M. Similarly, the cotangent bundle T*M is the disjoint union of all
cotangent spaces at all points of M.

We introduce the concept of multilinear algebra in order to understand the behavior of
tensors and rigorously define differential forms.

Definition 2.3. Let Vi, ...,V and W be finite-dimensional vector spaces. We say a function
f:Vix...xVy — W is multilinear if it is linear in each variable. We write L(V3, ..., Vi W)
for the set of multilinear maps from V; x ... x V} to W.

Definition 2.4. Let F(V] x ... x Vi) be the free vector space formed by all finite linear
combinations of k tuples (vy,...,v;) such that for 1 <i < n, we have v; € V;. Additionally,
let R be the subspace of F(Vi,..., V) spanned by vectors of the forms

(01, v+ U o) — (U1, U k) — (Vg U V)
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and
(U1, v, 0k) — a(Ur, . Uy V).
Definition 2.5. We define the tensor product of the spaces Vi,..., V. to be the quotient
space given by
Vid..eoVi=FWV x...xV)/R.

We denote the equivalence class of an element (vq, ..., vg) such that v; € V; forall1 <i <k
by v1 ® ... & vp = H(vy,...,vx), where IT : F(Vi,..., Vi) = V1 & ... D V, is the natural
projection.

Note that we want the tensor product to satisfy linear properties, so we form an equivalence
class over scalar multiplication and addition.

Proposition 2.6. If Vi,...,V, are finite-dimensional vector spaces, there is a uniquely-
defined isomorphism

Vie... oV 2LW,...,VisR).
Proof. Consider amap ®: Vi & ... &V, — L(V4, ..., Vi; R) such that

D(wyy ..o ywr) (V1 ..y vk) = wi(vr) . wi(vg).
®(wy,...,wg) is linear in each variable v;, so D(wy,...,wg) € LV, ..., VisR). As a result,
we can uniquely define a map ® that takes Vi* @ ... &V to L(V4,...,Vi; R) satistying

Ow & ... 0w)(v1,...,0) =wi(vy) ... wr(vg).
then ® takes the basis of Vir@. .. @V, to the basis of L(Vi, ..., Vi; R), so it is an isomorphism.
[ |

This isomorphism allows us to use whichever definition is most convenient for each par-
ticular case.

Definition 2.7. Let V be a finite-dimensional vector space. A covariant k-tensor on V is
an element of the product V* @ ... @ V™. This is generally a real-valued function
—_———

k times
t:Vx..xV—=R.
—_——

k times

We let T%(V') be the vector space of covariant k-tensors on V, and we call k the rank of ¢
for any t € T*(V).

We denote the vector space of all k-covectors on a vector space V by AF(V*).

Definition 2.8. We say a tensor is symmetric if it is invariant under any change of indices,
and we say it is antisymmetric or alternating if it changes sign under any change of indices.

In other words, if an alternating tensor is permuted, it should be multiplied by the sign
of the permutation.

Definition 2.9. We define the projection Alt : T#(V*) — A¥(V*) to satisfy
1
(Alt ) (v, ..., v) = i Z (sgn o) (Vo(1)s - - -, Va(n))

ocESk

where Sy is the symmetric group of size k.
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The idea of Alt is to create a map that takes non-alternating tensors to alternating tensors,
and alternating tensors to themselves. By multiplying by the sign of the permutation for
each permutation, we ensure that the result is alternating.

Definition 2.10 (Wedge Product). We define the wedge product of x € A¥(V*) and y €
AY(V*) to be
(k4 1)!

TNy = T Alt(z @ y).

The wedge product preserves multilinearity, and the wedge product of two tensors on
different dimensions is another tensor on the cross product of those dimensions, so we can
use the wedge product to extend tensors to multiple different dimensions. This property will
be useful in discussion about integration, as it will allow us to integrate independently in
each chart.

Definition 2.11. Let M be a smooth n-manifold (possibly with boundary). Consider the
subset
AT M = | | AMT; M)
peEM

of the bundle of covariant k-tensors on M consisting of alternating tensors. We call a section
of A*T*M a differential k-form. We say k is the degree of the form.

The vector space of smooth differential k-forms is denoted by Q*(M). We can define
integration naturally over differential forms on manifolds, which will allow us to extend our
definition of integrals.

The final piece of machinery that we will need to develop before defining integration will
be an operation called the pullback. This operation will allow us to define an analog to the
antiderivative in terms of the differential.

Definition 2.12. We define a rough vector field to be an arbitrary map X : T'M — M such
that z — X, satisfying X, € T,,M.
Note that this definition is similar to that of a vector field, except the map is not necessarily

continuous.

Definition 2.13. Let F': M — N be a smooth map between manifolds, and let x € M be
a point. We call the linear map
dE} - Tip(z)N = Th M

the pullback by F at x. If w is a covector field of N, we say the pullback of w by F' is the
rough vector field given by
(F*w)y = dF; (Wr(@))-

3. INTEGRATION

In order to define integration on manifolds, we first define integration on simpler forms
and then extend our definition to incorporate the various structures that we wish to integrate
over.

Definition 3.1. A domain of integration is a bounded subset of R" such that its boundary
has n-dimensional measure zero.
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Definition 3.2. Let D C R" be a domain of integration, and w be a continuous n-form on
f. Then w can be written as fdx; A ... A dx, for some continuous function f: D — R. We
define the integral of w over U to be

/w:/de:/fda:l/\dxg.../\dxn.
D D D

To extend our definition from domains of integration to arbitrary open sets, we need to
first restrict the kind of differential n-form that we are working with.

Definition 3.3. Let U C R" be open and let v be a vector field on U. Its support is the set

supp(v) = {g € U | v(q) # 0}.
We say v is compactly supported if supp(v) is compact.

Definition 3.4. Let U C R" be open, and suppose w is a compactly supported n-form on

U. Then
/, w—/

for any domain of integration D such that supp(w

Essentially, we cover our open set as closely as pos&ble with a domain of integration, and
then integrate over the domain.

To extend our integral to arbitrary manifolds, we need to consider the concept of orienta-
tions.

Definition 3.5. If F'is a smooth map that restricts to an orientation preserving or reversing
isomorphism, let orient(F') be —1 if F' is orientation preserving and 1 if F' is orientation
reversing.

Proposition 3.6. Let D and E be open domains of integration in R*. If G : D — E is a
smooth map that restricts to an orientation preserving or reversing diffeomorphism from D
to E and w is an n-form on E, then

/G*w:orient(G)/w.
D E

Proof. We consider coordinates (yi,...,y,) over E and (xy,...,x,) over D. Considering w
as fdxy A\ ... N\dzx,, we find

/Ew:[Efdvz/D(foG)ydewGuv,

where the proof of the validity of the last manipulation is not proven here but is given
in [Leel2]. We can then simplify further to find

/ (f 0 G)| det DG|dV = / (f o G) orient(G) (det DG)dV

= / (f o G)orient(G)(det DG) dxy A ... Adxy,
D

:/G*w
D
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Proposition 3.7. Let U and V be open subsets of R". If G : U — V s an orientation
preserving or reversing diffeomorphism and w s a compactly supported n-form on V, then

/w :orient(G)/ G"w. |Leel2]
v U

Proof. Consider an open domain of integration E satisfyingw C E C E C V. Then G~Y(E) C
U is an open domain of integration satisfying G~'(F) D supp G*w, so by Proposition ,
we are done. [ |

Definition 3.8. Let M be a smooth, oriented n-manifold, and w be a compactly supported
differential n-form in the domain of an oriented smooth coordinate chart (U, ¢).
We define the integral of w over M to be

/Mw = /(p(U)(wl)*w. [GH1§]

Essentially, we can integrate independently over the pullback of the inverse of each chart
at every point in the image of the chart, which allows us to define a concept of the ’oriented’
integral on a manifold. This allows integration to be independent of the choice of charts
used.

4. CONCLUSION

Given this definition, we can expand multivariable calculus to apply over manifolds of any
dimension. In particular, the generalized Stokes’ theorem also holds with this definition.
Last, our definition of integration agrees with all definitions from multivariable calculus,
which makes it convenient to use generally.
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