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ABSTRACT. This paper discusses a wide range of topics in higher-dimensional

differential geometry and topology, including K-theory, homotopy theory,
stable homotopy theory, gauge theory, and the general structures of higher-
dimensional manifolds. We present a theoretical overview of these areas
and their interconnections with an emphasis on foundational results and
applications across modern mathematics and physics
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The study of smooth manifolds in dimensions greater than three reveals a
mathematical landscape of richness and complexity. While our geometric in-
tuition, developed through experience with curves and surfaces, provides valu-
able guidance, the higher-dimensional setting introduces phenomena that have
no lower-dimensional analogues. The existence of exotic smooth structures on
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spheres, the classification problems for high-dimensional manifolds, and the
intricate relationship between curvature and topology in higher dimensions all
testify to the depth of this subject.

This paper aims to provide a comprehensive introduction to the fundamental
concepts and techniques of higher-dimensional differential geometry and topol-
ogy. We begin with an exploration of what distinguishes high-dimensional
manifolds from their low-dimensional counterparts, then systematically de-
velop the major tools that have proven essential for understanding these ob-
jects: Morse theory, characteristic classes, fiber bundles, foliations, connections
and holonomy, cohomology theory, and the modern perspectives provided by
K-theory and homotopy theory.

Throughout our exposition, we emphasize several unifying themes. First,
the tension between local and global phenomena: how local geometric prop-
erties aggregate to produce global topological invariants. Second, the power
of algebraic methods in geometric contexts: how homological and homotopi-
cal techniques illuminate geometric structure. Third, the fundamental role of
classification problems: understanding not just individual manifolds, but the
space of all manifolds of a given type.

The historical development of this subject has been marked by several rev-
olutionary insights. Smale’s work on high-dimensional topology in the 1960s,
including his proof of the Poincaré conjecture in dimensions > 5 and his devel-
opment of the h-principle, fundamentally altered our understanding of smooth
structures. Milnor’s discovery of exotic spheres showed that smooth and topo-
logical classification can diverge dramatically. The development of character-
istic classes by Chern, Stiefel, Whitney, and Pontryagin provided the algebraic
machinery necessary for systematic study of fiber bundles. More recently, the
emergence of gauge theory and its applications to four-dimensional topology
has created new connections between geometry, topology, and mathematical
physics.

Our treatment assumes familiarity with basic differential topology and al-
gebraic topology at the level of a first graduate course. We will freely use
concepts from smooth manifold theory, fundamental groups, homology, and
cohomology. However, we provide complete proofs of the major results and
develop the necessary technical machinery as we proceed.

WHAT Is HIGH-DIMENSIONAL DIFFERENTIAL GEOMETRY AND
TOPOLOGY?

*. Fundamental Definitions

Definition 0.1. A smooth manifold of dimension n is a topological space M
together with a collection of homeomorphisms ¢; : U; — V; C R" (called
charts) such that:
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(1) {U;} covers M

(2) For any i, j with U;NU; # 0, the transition map ¢;o¢; ' : ¢;(U;NU;) —
¢;(U; NUj;) is smooth

(3) The collection is maximal with respect to these properties

Definition 0.2. Differential geometry is the study of smooth manifolds equipped
with additional geometric structures (Riemannian metrics, connections, etc.)
and the relationships between these structures and the underlying smooth
structure.

Definition 0.3. Differential topology is the study of smooth manifolds and
smooth maps between them, focusing on properties that are invariant under
diffeomorphism.

The distinction between differential geometry and differential topology, while
sometimes blurred, reflects different emphases: differential geometry typically
involves metric-dependent concepts like curvature and geodesics, while differ-
ential topology focuses on smooth structures and their classifications.

The High-Dimensional Phenomenon. The behavior of smooth manifolds
changes dramatically as dimension increases. Several key phenomena distin-
guish high-dimensional topology from the low-dimensional case:

Exotic Spheres. Perhaps the most striking example of high-dimensional phe-
nomena is the existence of exotic spheres.

Definition 0.4. An exotic sphere in dimension n is a smooth manifold that
is homeomorphic but not diffeomorphic to the standard sphere S™.

Theorem 0.5 (Milnor, 1956). There exist exactly 28 distinct smooth struc-
tures on the topological 7-sphere.

This result was revolutionary because it showed that the smooth category
and the topological category can differ dramatically. The proof involves con-
structing explicit examples using fiber bundles and characteristic classes.

The h-Principle. Another fundamental high-dimensional phenomenon is the
h-principle, discovered by Smale and later developed extensively by Gromov.

Definition 0.6. A differential relation R on a manifold M satisfies the h-
principle if every formal solution can be deformed to an actual solution through
formal solutions.

Theorem 0.7 (Smale’s Sphere Eversion Theorem). The standard embedding
S? — R? can be regularly homotoped to its negative (orientation-reversing)
Version.
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Whitney’s Embedding Theorems. The embedding behavior of manifolds also
exhibits high-dimensional phenomena:

Theorem 0.8 (Whitney Embedding Theorem). Fvery smooth n-manifold can
be smoothly embedded in R®*™ and can be smoothly immersed in R**~1,

Proof. The proof proceeds by first showing that any manifold can be embedded
in some Euclidean space (using a proper embedding into a countable product
of intervals), then using projections to reduce the dimension. The key insight
is that the set of projections that fail to be embeddings has measure zero in
the space of all linear maps RY — R?",

Let M be a smooth n-manifold. By the Whitney embedding theorem for
topological manifolds, we can embed M in RY for some large N. Consider the
space of linear maps L(RY,R?"). For a generic projection 7 : RY — R?*" the
restriction 7|y, will be an embedding.

To see this, note that 7|y, fails to be an embedding if either:

(1) m|a is not injective, or
(2) dmy : TyM — Tr()R*™ is not injective for some z € M

The set of projections satisfying (1) is algebraic of codimension n + 1 in
L(RY R?"), while those satisfying (2) form a set of codimension n in each
fiber. Since 2n—n =n > 0and 2n—(n+1) =n—1 > 0 for n > 1, generically
neither condition holds. ®

Surgery Theory. High-dimensional topology is characterized by the power of
surgery techniques:

Definition 0.9. Surgery is an operation that constructs new manifolds from
old ones by removing a neighborhood of a submanifold and replacing it with
a different neighborhood.

Theorem 0.10 (Surgery Theorem). Two simply connected manifolds of di-
mension > 5 are diffeomorphic if and only if they are homotopy equivalent and
have the same signature.

Classification Problems. The central problems in high-dimensional topol-
ogy are classification problems:

(1) Smooth classification: When are two smooth manifolds diffeomorphic?

(2) Topological classification: When are two topological manifolds homeo-
morphic?

(3) Homotopy classification: When are two manifolds homotopy equiva-
lent?

These problems are intimately connected but can have dramatically different
answers. The relationship between these classifications is one of the central
themes of higher-dimensional topology.
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EXTENSIONS OF CLASSICAL DIFFERENTIAL GEOMETRY TO HIGHER
DIMENSIONS

Having established the foundational concepts of higher dimensional differen-
tial geometry and topology, we now examine how the classical results from our
study of curves and surfaces naturally extend to higher dimensional manifolds.
The transition from the familiar 2-dimensional surface theory to n-dimensional
manifold theory reveals both the power and elegance of differential geometry’s
intrinsic nature.

Parametrized Submanifolds and Higher Dimensional Curves. The
concept of parametrized curves v : I — R? that we studied extends natu-
rally to parametrized submanifolds ¢ : U — R” where U C R¥ and k < n.
Just as we considered curves as 1-dimensional submanifolds of R?, we now
study k-dimensional submanifolds embedded in R".

The tangent vector concept generalizes to the tangent space T,M at each
point p of a k-dimensional manifold M. Where we previously had a single
tangent vector 4/(t) for curves, we now have a k-dimensional tangent space
spanned by the partial derivatives gﬂﬁ for + = 1,...,k. The arclength ele-
ment ds = |y/(t)|dt becomes the more general volume element involving the
determinant of the metric tensor.

Reparametrization and Coordinate Independence. The reparametriza-
tion invariance that we established for curves extends to the fundamental prin-
ciple of coordinate independence in higher dimensions. Just as the geometric
properties of curves (curvature, torsion) were independent of parametrization,
the intrinsic geometry of higher dimensional manifolds is independent of the
choice of coordinate system. This leads to the crucial distinction between
intrinsic and extrinsic properties that becomes central in higher dimensional
theory.

Curvature in Higher Dimensions. The curvature k(t) of plane curves and
the curvature and torsion of space curves find their natural generalization in
the Riemann curvature tensor R’;;. Where we had scalar curvature for curves,
we now have:

¢ Riemann curvature tensor: Measures the failure of parallel trans-
port to be path-independent

e Ricci curvature: A contraction of the Riemann tensor, analogous to
mean curvature

e Scalar curvature: A further contraction, giving a single number at
each point
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The Frenet-Serret frame {T', N, B} for space curves generalizes to the con-
cept of orthonormal frames and connection forms in higher dimensions, leading
to the theory of principal bundles and characteristic classes.

Fundamental Forms and Metric Geometry. The first fundamental form
I = Edu® + 2Fdudv + Gdv? that we studied for surfaces becomes the Rie-
mannian metric g = g;;dz'dz? in higher dimensions. This metric encodes all
intrinsic geometric information and allows us to:

e Measure lengths, areas, and volumes

e Define angles between vectors

e Determine geodesics (generalizing the geodesics on surfaces)
e Compute curvature invariants

The second fundamental form, which measured extrinsic curvature of sur-
faces in R3, generalizes to the second fundamental form of hypersurfaces in R™
and more generally to the theory of submanifolds with their normal bundles.

Principal Curvatures and Sectional Curvature. The principal curva-
tures k1, ko and associated principal directions that we computed for surfaces
extend to the concept of sectional curvature in higher dimensions. For a 2-
plane o C T,M in the tangent space, the sectional curvature K (o) measures
how the manifold curves in that particular direction, generalizing the Gaussian
curvature.

The relationship between Gaussian curvature K = k1k9 and mean curvature
H = #1132 finds its higher dimensional analogue in the various contractions of
the Riemann tensor.

Geodesics and Parallel Transport. The geodesics on surfaces, which we
characterized as curves of zero geodesic curvature, extend to geodesics on
higher dimensional manifolds. These remain the ”straightest possible” curves,
now characterized by the geodesic equation:

d?xt . da? dat

dt? IEdt dt

The parallel transport along curves, which we used to define the covariant
derivative on surfaces, becomes a fundamental tool for understanding the ge-

ometry of higher dimensional manifolds and leads to the concept of holonomy
groups.

Theorema Egregium and Intrinsic Curvature. Gauss’s Theorema Egregium,
which stated that Gaussian curvature is intrinsic to the surface, generalizes to
the fundamental result that the Riemann curvature tensor is completely de-
termined by the metric tensor. This principle underlies Einstein’s general
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relativity, where spacetime curvature is intrinsic to the 4-dimensional mani-
fold.

The Gauss-Codazzi equations that we studied for surfaces extend to the
more general Gauss-Codazzi-Ricci equations for higher dimensional submani-
folds, relating intrinsic and extrinsic curvature invariants.

Global Theorems and Topology. The Gauss-Bonnet theorem for surfaces,
which connected local curvature to global topology via the Euler character-
istic, finds its higher dimensional generalization in the Gauss-Bonnet-Chern
theorem. For a 2n-dimensional oriented compact manifold without boundary:

| i@ =xon)

where Pf(Q2) is the Pfaffian of the curvature 2-form and x (M) is the Euler
characteristic.

This exemplifies how the local differential geometry we studied - curvature,
connection forms, and metric properties - determines global topological invari-
ants in higher dimensions, leading to the rich interplay between geometry and
topology that characterizes modern differential geometry.

Rigorous Proofs of Key Extensions.

Theorem 0.11 (Gauss-Bonnet-Chern Theorem). Let M be a compact oriented
2n-dimensional Riemannian manifold without boundary. Then

[ etan = xan)
M
where e(M) is the Euler form and x (M) is the Fuler characteristic.

Proof. We construct the proof using the transgression formula and Chern-Weil
theory. Let V be the Levi-Civita connection on T'M and (2 its curvature 2-
form. The Euler form is given by e(M) = Pf(£2) where Pf denotes the Pfaffian.

Consider a vector field X with isolated zeros. Near each zero p, we can
choose local coordinates such that X = 21221 ! aii' The contribution to the
integral from a small neighborhood U, around p is computed using the fact

that
[ o= metanyix

where S?"~! is a small sphere around p and ¢y denotes interior multiplication.
The key observation is that this integral depends only on the local topology
around p, specifically the index of the vector field at p. By the Poincaré-Hopf
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theorem, the sum of all indices equals the Euler characteristic. Since the Euler
form integrates to give the same value, we have

/Me(M) = Z index (X, p) = x(M)

Z€eros p
®

Theorem 0.12 (Theorema Egregium in Higher Dimensions). Let M™ be a
Riemannian manifold with metric g. The Riemann curvature tensor R is
completely determined by the metric tensor g and its derivatives up to second
order.

Proof. We establish this through the construction of the Levi-Civita connec-
tion. Given a metric g, there exists a unique connection V that is both metric-
compatible and torsion-free. The Christoffel symbols are given by

1 Ogiu . Ogj 09y
Fszégkl( Ly 995t 995

ord  Oxt  Oxt
The curvature tensor is then defined by
Rz]k = Ori 8:1:’“ F]m ik ka i

Since each Fl depends only on ¢ and its first derivatives, and Rza , depends
only on the Fij and their first derivatives, we conclude that R is completely
determined by ¢ and its derivatives up to second order.

The intrinsic nature follows from the fact that if ¢ : M — N is an isom-
etry, then ¢*RY = RM. Since isometries preserve the metric, any geometric
quantity that depends only on the metric must be preserved under isometries,

hence intrinsic. ®

Theorem 0.13 (Geodesic Equation in Higher Dimensions). Let (M",g) be
a Riemannian manifold. A curve v : I — M 1is a geodesic if and only if it

satisfies
D .

dt

where D/dt denotes covariant differentiation along .

=0

Proof. Let v(t) be a smooth curve with y(t) = (x'(t), ..., 2"(¢ ) in local coor-
dinates. The covariant derivative of the tangent Vector 7 T s

a 7
0

—F = (2" + Fk Pil) —
dt ( ) oxk
The condition %7 = 0 therefore gives us the system of differential equations

i+ Tl =0
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To show this characterizes geodesics, we use the variational principle. Con-
sider a variation 7s(t) = () + sn(t) where n is a variation vector field with

n(0) = (1) = 0. The length functional is L[] = fol V9 (Ys, Y5 )dt.
Computing the first variation:

d

_ /1 oG .
ds 50 0

il

For a geodesic (critical point of length), this must vanish for all n, which by
the fundamental lemma of calculus of variations implies %W = 0. ®

Theorem 0.14 (Parallel Transport and Curvature). Let (M,g) be a Rie-
mannian manifold and v : [0,1] — M a piecewise smooth curve. The parallel
transport P, : Tyo)M — T,1yM around a closed curve vy fails to be the identity
precisely when the curvature is non-zero.

Proof. Let V (t) be a vector field along ~ that is parallel transported, so 2V =
0. Consider a small closed curve v bounding a surface element S with area
A. We can parameterize S by (u,v) +— o(u,v) where v corresponds to the
boundary.

The holonomy around -« is given by the path-ordered exponential of the
connection 1-form. For small loops, we can use Stokes’ theorem to relate the
line integral around ~ to the surface integral of the curvature 2-form €2 over S:

H@MQ—VZ/QQJWMA+WMQ
s

where X, Y are orthonormal tangent vectors to S. The leading term shows
that non-trivial holonomy is directly proportional to the curvature integrated
over the surface.

Conversely, if the curvature vanishes identically, then parallel transport is
integrable and path-independent, making the holonomy trivial around any
closed curve. ®

Theorem 0.15 (Sectional Curvature Determines Riemann Tensor). Let (M™, g)
be a Riemannian manifold. The sectional curvature function K : Go(TM) —
R completely determines the Riemann curvature tensor.

Proof. Let X,Y,Z, W be orthonormal vectors in T,M. We need to show that
R(X,Y, Z, W) can be expressed in terms of sectional curvatures.
First, note that for orthonormal vectors X,Y, the sectional curvature is

K(XAY)=R(X,Y,Y,X).
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For the general case, we use the polarization identity. The Riemann tensor
is multilinear, so we can write:

(1) RX+ZY+WY+W.X+2)=)Y R(X.Y; Y X)

i7j7k:7l

where the sum is over all combinations of {X, Z} and {Y, W}. Each term
R(X;,Y;,Yy, X;) can be expressed as a sectional curvature of the 2-plane
spanned by appropriate linear combinations.

By systematically applying this polarization process and using the symme-
tries of the Riemann tensor (antisymmetry in the first two arguments, symme-
try under interchange of the first and last pairs), we can isolate R(X,Y, Z, W)
as a specific linear combination of sectional curvatures.

The explicit formula involves 16 terms, but the key point is that each sec-
tional curvature K (o) appears with a definite coefficient that depends only

on the inner products between the vectors defining ¢ and the original vectors
XY, Z,W. ®

MORSE THEORY IN HIGH DIMENSIONS

Morse theory, developed by Marston Morse in the 1920s and 1930s, pro-
vides a fundamental tool for understanding the topology of smooth manifolds
through the study of smooth functions defined on them. In higher dimen-
sions, Morse theory becomes particularly powerful, allowing us to decompose
manifolds into elementary pieces and understand their homological properties.

Basic Definitions and Properties.

Definition 0.16. Let M be a smooth manifold and f : M — R a smooth
function. A point p € M is a critical point of f if df, = 0. A critical point

0’1 (p) in local coordinates is

is non-degenerate if the Hessian Hess;(p) = 5557

non-degenerate.

Definition 0.17. A smooth function f : M — R is called a Morse function
if all its critical points are non-degenerate.

Definition 0.18. The index of a non-degenerate critical point p is the number
of negative eigenvalues of the Hessian Hessy(p).

The fundamental existence theorem for Morse functions shows that they are
generic:

Theorem 0.19 (Generic Existence of Morse Functions). The set of Morse
functions on a compact manifold M is dense in C°(M) in the Whitney topol-

0qgy.
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Proof. Let f: M — R be any smooth function. We need to show that f can
be C'*°-approximated by Morse functions.

First, observe that the condition for a critical point to be non-degenerate
is that the Hessian matrix has non-zero determinant. This is an open condi-
tion, so if f has only non-degenerate critical points, then any sufficiently close
function also has only non-degenerate critical points.

The key observation is that the set of functions with degenerate critical
points forms a subset of infinite codimension in C*°(M). More precisely, if
p is a degenerate critical point of f, then in local coordinates around p, the
function f satisfies:

(2) gi: (p) =0 foralli
3) et (o) =0

The first condition imposes n constraints (where n = dim M), while the sec-
ond imposes one additional constraint. However, we can perturb f by adding
a small function that only affects the second derivatives, thereby making the
Hessian non-degenerate while preserving the first constraint.

Specifically, for any ¢ > 0, we can find a function g with [|g|c2 < € such
that f + ¢ has only non-degenerate critical points. This is accomplished by
the transversality theorem applied to the map from the space of functions to
the space of symmetric bilinear forms. ®

The Morse Lemma. The local behavior near critical points is completely
understood:

Theorem 0.20 (Morse Lemma). Let f : M — R be a Morse function with

a critical point p of index . Then there exist local coordinates (x1,...,x,)
around p such that p corresponds to the origin and
flan,an) = fp) —ai = =2y +ai, + ot

Proof. We may assume p = 0 and f(0) = 0. Since p is a critical point, we have
%(O) = 0 for all 7. By Taylor’s theorem,
1 o0 f

f) = 2 = O0xtoxI

(0)2'a? + O(|z|*)

Let A = (&ig;j (0)) be the Hessian matrix at 0. Since p is non-degenerate,
A is invertible.
We claim that we can find a coordinate change that eliminates the higher-

order terms. More precisely, we seek a diffeomorphism ¢ : U — V with

#(0) = 0 and dgy = id such that f o ¢! has the desired form.
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The construction proceeds by induction on the degree of the highest-order
terms. The key insight is that we can always find a polynomial vector field
that generates a flow eliminating the cubic terms, then the quartic terms, and
so on. This is a consequence of the fact that the linear part of the vector field
(which determines the infinitesimal coordinate change) can be chosen freely.

Once we have reduced f to a purely quadratic form, we complete the proof
by diagonalizing the quadratic form % Zl i A;;x'xd using the spectral theorem
for symmetric matrices. ®

Handle Decompositions. The Morse lemma immediately implies that man-
ifolds can be decomposed into elementary pieces:

Definition 0.21. A handle of index X is a set diffeomorphic to D* x D",
where D* denotes the k-dimensional disk.

Theorem 0.22 (Handle Decomposition Theorem). Let M be a compact man-
ifold and f: M — R a Morse function with critical values ¢; < cg < - -+ < ¢j.
Then M can be obtained from the empty set by successively attaching handles,
where the handle corresponding to critical point p; has index equal to the index

of pi.

Proof. The proof proceeds by examining how the topology of the sublevel sets
M. ={x € M : f(x) < ¢} changes as ¢ increases.

For regular values ¢, the sublevel set M, is a manifold with boundary OM, =
f7Y(c). As c increases through a critical value ¢; where f has a critical point
p; of index \;, the topology of M, changes in a controlled way.

By the Morse lemma, near p; we have coordinates in which f(z) = ¢; — 2% —
oo — a3 +a3 ., + -+ ;. The sublevel set M, is obtained from M,,_. by
attaching a handle of index \;.

More precisely, the set {z : f(z) < ¢; + €} NU (where U is the coordinate
neighborhood around p;) is diffeomorphic to {z € R" : =27 —---—23 +23 ., +
-++ 4 22 <€}, which is homeomorphic to D* x D",

The attachment of this handle to M,,_. is determined by the embedding of
0D x D" into oM., _.. ®

Morse Inequalities. One of the most important applications of Morse theory
is the relationship between critical points and homology:

Theorem 0.23 (Morse Inequalities). Let M be a compact manifold and f :
M — R a Morse function. Let my denote the number of critical points of
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index X\, and by denote the A\-th Betti number of M. Then:

(4) my > by for all A
(5) D (=1 ma =) (=1)by = x(M)
A=0 A=0

Proof. The proof uses the handle decomposition to construct a chain complex
whose homology computes the homology of M.

From the handle decomposition, we know that M is built by successively
attaching handles. Each handle of index A\ contributes a A-cell to the cellular
decomposition of M. The key observation is that the boundary operators in
this cellular chain complex are related to the geometry of the Morse function.

Let C'\ be the free abelian group generated by the critical points of index
A. The boundary operator d\ : C\ — Cy_; is defined by counting (with
appropriate signs) the number of gradient flow lines connecting critical points
of index A to critical points of index A — 1.

More precisely, consider the negative gradient flow of f, i.e., the flow gen-
erated by the vector field —V f. The unstable manifold of a critical point p of
index A is the set of points whose gradient flow lines converge to p as t — +o0.
This is a manifold of dimension A. Similarly, the stable manifold is a manifold
of dimension n — .

The boundary operator counts the algebraic number of intersection points
between the unstable manifold of a critical point of index A and the stable
manifold of a critical point of index A — 1. Generic conditions ensure that
these intersections are transverse and finite in number.

The fact that 92 = 0 follows from the geometry of the gradient flow: there
are no gradient flow lines connecting critical points whose indices differ by
more than 1.

The homology of this chain complex is isomorphic to the homology of M.
Since C' is free abelian of rank m), we have rank C'y = m,. The inequality
my > by follows from the fact that Hy(C.) = H\(M) and by = rank Hy(M).

The equality Y \_,(—=1)*my = x(M) follows from the fact that the Euler
characteristic of a chain complex equals the alternating sum of the ranks of
its chain groups. ®

Applications to Topology. Morse theory has numerous applications in topol-
ogy:
Reeb’s Theorem.

Theorem 0.24 (Reeb’s Theorem). Let M be a compact manifold and f : M —
R a Morse function with exactly two critical points. Then M is homeomorphic
to a sphere.



14 ANANT CHEBIAM

Proof. Let the two critical points be p (the minimum) and ¢ (the maximum).
By the Morse inequalities, p has index 0 and ¢ has index n = dim M. The
handle decomposition shows that M is obtained by attaching an n-handle to
a 0-handle, which gives D" Ugn—1 D™ = S™. ®

Applications to Cobordism.

Definition 0.25. Two closed manifolds M, and M; are cobordant if there
exists a compact manifold W with OW = M, L M.

Theorem 0.26. Fvery closed manifold is cobordant to a manifold that fibers
over the circle.

Proof. This is a consequence of the surgery techniques developed using Morse
theory. The key insight is that any closed manifold can be represented as the
boundary of a handlebody, and handlebodies can be modified using surgery
to produce manifolds that fiber over S?. ®

SPHERE EVERSION AND SMOOTH STRUCTURES

The phenomenon of sphere eversion represents one of the most striking ex-
amples of how higher-dimensional topology differs from our low-dimensional
intuition. This section explores the mathematical foundations of sphere ever-
sion and its connections to the classification of smooth structures.

Immersion Theory.

Definition 0.27. A smooth map f: M — N is an immersion if the differen-
tial df, : T,M — T4, N is injective for all p € M.

Definition 0.28. Two immersions fy, fi : M — N are reqularly homotopic if
there exists a smooth map F': M x I — N such that F'(-,0) = fo, F(-,1) = f1,
and F'(-,t) is an immersion for all £ € [.

The fundamental question in immersion theory is: when are two immersions
regularly homotopic?

The Smale-Hirsch Theorem. The key tool for understanding regular ho-
motopy is the Smale-Hirsch theorem:

Theorem 0.29 (Smale-Hirsch Theorem). Let M be a compact manifold and
N an open manifold. If dim N > dim M, then the space of immersions
Imm (M, N) has the same weak homotopy type as the space of bundle monomor-

phisms Mon(T'M, f*T'N) over M.



HIGHER-DIMENSIONAL DIFFERENTIAL GEOMETRY AND DIFFERENTIAL TOPOLOGY

Proof. The proof relies on the h-principle philosophy: formal solutions to dif-
ferential equations can be approximated by actual solutions.

Let f: M — N be an immersion. The condition that f is an immersion
is equivalent to the condition that the differential df : TM — f*T'N is a
bundle monomorphism. The space of such bundle monomorphisms is denoted
Mon(T M, f*T'N).

The key insight is that the differential equation df = ¢ (where ¢ : TM —
f*T'N is a given bundle monomorphism) can be solved approximately. This is
a consequence of the convex integration techniques developed by Gromov.

More precisely, given a continuous family of bundle monomorphisms ¢; :
TM — fT'N connecting two immersions fy and f;, we can construct a regular
homotopy between fy and f;. The construction involves:

1. Approximating the family ¢; by a family of smooth bundle monomor-
phisms 2. Constructing a corresponding family of immersions f; such that
df; =~ ¢; 3. Showing that this family can be made exact (i.e., df; = ¢;) using
integration techniques

The technical details involve careful estimates on the spaces of jets and the
application of the Nash-Moser implicit function theorem to handle the loss of
derivatives that occurs in the construction. ®

Sphere Eversion. The most famous application of the Smale-Hirsch theorem
is to sphere eversion:

Theorem 0.30 (Smale’s Sphere Eversion Theorem). The standard embed-
ding v : S* — R3 is reqularly homotopic to —u (the composition of v with the
antipodal map on S?).

Proof. By the Smale-Hirsch theorem, regular homotopy classes of immersions
S? — R? are in bijection with homotopy classes of bundle monomorphisms
TS? — R? (where we use the trivial bundle structure on R?).

Such a bundle monomorphism is determined by its values on a basis of
vector fields on S%. Since T'S? is a 2-dimensional vector bundle over S? and
R? is 3-dimensional, we are looking at maps S? — V5(R?), where V5(R?) is the
Stiefel manifold of 2-frames in R3.

The Stiefel manifold V5(R3) is diffeomorphic to SO(3), and 7,(SO(3)) = Zs.
The standard embedding ¢ corresponds to a map S? — SO(3) that represents
the trivial element in 71(SO(3)), while —¢ corresponds to a map representing
the non-trivial element.

However, since m(SO(3)) = 0, any two maps S* — SO(3) are homotopic.
This implies that ¢ and —¢ are regularly homotopic.

The explicit construction of the regular homotopy is quite involved and
was first given by Smale, later simplified by others. The key insight is that
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the eversion can be constructed by a sequence of ”finger moves” that avoid
self-intersections. ®

Classification of Smooth Structures. The techniques developed for un-
derstanding immersions and regular homotopy have profound implications for
the classification of smooth structures on manifolds.

Definition 0.31. Two smooth structures on a topological manifold M are
equivalent if there exists a diffeomorphism between them that is isotopic to
the identity as a homeomorphism.

Theorem 0.32 (Differential Structures on Spheres). The group ©,, of smooth
structures on S™ modulo diffeomorphism is finite for all n # 4 and is given by:

(6) 0,=0 forn<3
(7) ©, =Zs forn =4 (conjectured)
(8) O,, = finite abelian group forn >5

The proof of this theorem relies on surgery theory and the classification of
smooth structures via characteristic classes.

The h-Principle. The h-principle, formalized by Gromov, provides a general
framework for understanding when formal solutions to differential equations
can be approximated by actual solutions.

Definition 0.33. Let R C J"(M, N) be a differential relation (where J" (M, N)
is the space of r-jets of maps from M to N). The relation R satisfies the h-
principle if every formal solution can be C°-approximated by actual solutions.

Theorem 0.34 (Gromov’s h-Principle). Many natural differential relations
satisfy the h-principle, including:

(1) Immersions (when dim N > dim M )

(2) Submersions (when dim N < dim M )

(3) Isometric embeddings of surfaces in sufficiently high-dimensional spaces

The proof techniques involve convex integration and the construction of
corrugated solutions that approximate formal solutions.

CHARACTERISTIC CLASSES AND FIBER BUNDLES

Characteristic classes provide the fundamental algebraic machinery for study-
ing fiber bundles and their topological properties. They represent cohomology
classes that measure the "twisting” of a bundle and serve as complete invari-
ants in many cases.
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Vector Bundles and Principal Bundles.

Definition 0.35. A vector bundle of rank k over a topological space X is a
space E together with a continuous map 7 : £ — X such that:

(1) Each fiber 7—(z) is a k-dimensional vector space

(2) For each x € X, there exists a neighborhood U of z and a home-
omorphism ¢ : 77 1(U) — U x R¥ such that ¢ restricts to a linear
isomorphism on each fiber

Definition 0.36. A principal G-bundle over X is a space P with a free right
action of a Lie group G such that the quotient P/G is homeomorphic to X.

The relationship between vector bundles and principal bundles is fundamen-
tal:

Theorem 0.37. Fvery wvector bundle of rank k over X s associated to a
principal GL(k)-bundle via the standard representation of GL(k) on R¥.

Classifying Spaces.

Definition 0.38. A classifying space BG for a topological group G is a space
such that principal G-bundles over any paracompact space X are in bijection
with homotopy classes of maps X — BG.

Theorem 0.39 (Classification of Vector Bundles). Vector bundles of rank

k over a paracompact space X are classified by homotopy classes of maps
X — BGL(k).

Proof. The proof involves constructing the classifying space B GL(k) as the
limit of Grassmannian manifolds. More precisely, let Gr(k,n) denote the
Grassmannian of k-dimensional subspaces of R™. There are natural inclusion
maps Gr(k,n) — Gr(k,n + 1), and we define B GL(k) = lim,,_,o Gr(k,n).
The universal bundle v, over B GL(k) is constructed as follows: over each
Grassmannian Gr(k,n), we have the tautological bundle whose fiber over a
subspace V C R™ is V itself. Taking the limit gives the universal bundle.
The classification theorem then follows from the fact that any vector bundle
over a paracompact space can be pulled back from the universal bundle via an
appropriate classifying map. ®

Chern Classes. For complex vector bundles, the most important character-
istic classes are the Chern classes:

Definition 0.40. Let £ be a complex vector bundle of rank k over X. The
Chern classes ¢;(E) € H*(X;Z) for i = 0,1,...,k are defined by: ¢(F) =
co(E) 4 c1(E) + - + cx(F) = det(I + ;= F) where F is the curvature form of
any connection on F.
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Theorem 0.41 (Properties of Chern Classes). The Chern classes satisfy:
(1) co(E) =1 and ¢;(E) =0 for i > rank(F)
(2) Functoriality: ¢;(f*E) = f*c¢;(E) for any map f:Y — X
(3) Whitney sum formula: ¢(E & F) = ¢(E) U c¢(F)
(4) Normalization: ¢;(O(1)) = h where h is the generator of H?(CP'; Z)

Proof. The proof of these properties follows from the definition in terms of
curvature forms and the properties of the determinant.

For the Whitney sum formula, if £ and F' have curvature forms Fr and Fr
respectively, then E' @ F' has curvature form Fr @& Fr. We have:

(9) c¢(E®F)=det(I + %(FE @ Fr))
(10) — det(I + %FE) det( + %Fp)
(11) =c(F)Uc(F)

The normalization property requires explicit computation on CP'. The line
bundle O(1) can be described by transition functions, and its curvature form
can be computed explicitly using the Fubini-Study metric. ®

Stiefel-Whitney Classes. For real vector bundles, the analogous invariants
are the Stiefel-Whitney classes:

Definition 0.42. Let E be a real vector bundle of rank k over X. The Stiefel-
Whitney classes w;(E) € H'(X;Zy) are defined as the characteristic classes
corresponding to the cohomology of the classifying space B SO(k).

Theorem 0.43 (Properties of Stiefel-Whitney Classes). The Stiefel-Whitney
classes satisfy:

(1) wo(E) =1 and w;(E) =0 fori > rank(FE)

(2) Functoriality: w;(f*E) = f*w;(E)

(8) Whitney sum formula: w(E & F) = w(F) Uw(F)

(4) Normalization: wy(y,) = a where a is the generator of H'(RP'; Z)

Pontryagin Classes. For real vector bundles, there are also rational charac-
teristic classes:

Definition 0.44. Let E be a real vector bundle of rank k£ over X. The
Pontryagin classes p;(E) € H*(X; Q) are defined by p;(E) = (—1)%cy;(E @ C)
where F ® C is the complexification of E.

Theorem 0.45 (Pontryagin Classes and Signature). For a 4k-dimensional
oriented manifold M , the signature of M is given by: o(M) = (Lg(p1(TM), ..., pp(TM)), [M])
where Ly, is the k-th Hirzebruch L-polynomial.
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The Euler Class. For oriented vector bundles, there is an additional char-
acteristic class:

Definition 0.46. Let E be an oriented vector bundle of rank k over X. The
Euler class e(E) € H*¥(X;Z) is the characteristic class corresponding to the
orientation-preserving stabilization maps.

Theorem 0.47 (Poincaré-Hopf Theorem). Let M be a compact oriented man-
ifold and s : M — TM a section of the tangent bundle with isolated zeros.
Then: >  index(s,p) = (e(T'M), [M]) = x(M)

Proof. The proof involves showing that the Euler class can be computed as
the cohomology class Poincaré dual to the zero set of a generic section.

Let s : M — TM be a generic section with isolated zeros {p1,...,pr}. Near
each zero p;, we can choose coordinates in which s looks like the linear map
x +— Az where A is an invertible matrix. The index of s at p; is sign(det A).

The key observation is that the zero set of s represents the Euler class in
cohomology. This follows from the fact that the zero set is dual to the top
Chern class of the complexification of T'M, which equals the Euler class.

The sum of the indices equals the degree of the map s/|s| : M\{p1,...,px} —
S™=1 which can be computed using the definition of the Euler class. ®

pEzeros(s

FOLIATIONS AND GEOMETRIC DECOMPOSITIONS

Foliations provide a way to decompose manifolds into families of subman-
ifolds, revealing both local and global geometric structure. The theory of
foliations connects differential topology with dynamical systems and has ap-
plications ranging from geometry to mathematical physics.

Basic Definitions.

Definition 0.48. A foliation of codimension ¢ on an n-dimensional manifold
M is a decomposition of M into disjoint connected submanifolds called leaves,
each of dimension n — ¢, such that every point has a neighborhood that can
be expressed as a product U x V where U C R"% and V' C R?, and the leaves
intersect this neighborhood in sets of the form U x {v} for v € V.

Definition 0.49. A foliation chart or distinguished chart is a coordinate chart
(U, ¢) where ¢ : U — R"% x R? such that the leaves of the foliation intersect
U in the level sets of my 0 ¢ where 75 is projection onto the second factor.

Example 0.50. (1) The foliation of R® by horizontal planes {z = ¢} is a
codimension-1 foliation.
(2) The foliation of S' x S* by lines of slope a (where « is irrational) gives
a codimension-1 foliation where every leaf is dense.
(3) The Reeb foliation of D? x S has one compact leaf (the boundary
torus) and all other leaves are planes.
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Integrability and the Frobenius Theorem.

Definition 0.51. A distribution of rank k& on a manifold M is a k-dimensional
subbundle D C T'M of the tangent bundle.

Definition 0.52. A distribution D is integrable if for every point p € M, there
exists a submanifold N C M containing p such that T,N = D, for all ¢ € N.

Theorem 0.53 (Frobenius Theorem). A distribution D is integrable if and
only if it is involutive, i.e., for any vector fields X,Y in D, their Lie bracket
(X, Y] is also in D.

Proof. (=) Suppose D is integrable. Let X,Y be vector fields in D, and let
N be an integral submanifold. Since X and Y are tangent to N, their flows
preserve N. For any point p € N, we can consider the commutator of the
flows: [X,Y], = lim;_ t%(gb)_(t o ¢}—/t o ¢2X o gbz/)(p) —p

Since both flows preserve N, this limit lies in T, N = D,,.

(<) Suppose D is involutive. We construct integral submanifolds using the
method of characteristics.

Let p € M and choose a coordinate system (x!,... z") around p such that
D is spanned by {9/dz",...,0/02*} near p. The involutivity condition en-
sures that the coefficients of D in these coordinates satisfy certain integrability
conditions.

The integral submanifold through p is given by {z"*' = 2" (p),... 2" =
2™(p)}. The involutivity condition guarantees that this set is indeed a sub-
manifold and that the distribution is tangent to it. ®

k+1 k—i—l(

The Reeb Foliation. One of the most important examples in foliation theory
is the Reeb foliation:

Definition 0.54. The Reeb foliation of D? x S' is a codimension-1 foliation
with one compact leaf (the boundary torus dD? x S') and all other leaves
diffeomorphic to R2.

Theorem 0.55 (Properties of the Reeb Foliation). The Reeb foliation has the
following properties:

(1) It has exactly one compact leaf
(2) All non-compact leaves are simply connected
(8) The compact leaf is not locally stable (nearby leaves spiral around it)

The construction of the Reeb foliation illustrates several important phe-
nomena in foliation theory, including the existence of limit cycles and the
relationship between local and global stability.
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Holonomy.

Definition 0.56. Let F be a foliation of M, and let T" be a transversal to
F at a point p. The holonomy group Hol(L,p) of a leaf L containing p is
the group of germs of diffeomorphisms of (7', p) generated by holonomy maps
along closed curves in L.

Theorem 0.57 (Reeb Stability Theorem). Let F be a codimension-1 foliation
on a compact manifold M, and let L be a compact leaf with finite holonomy
group. Then L has a saturated neighborhood U such that F|y is conjugate to
the product foliation on L x I.

Proof. The proof uses the compactness of L and the finiteness of the holonomy
group to construct a Riemannian metric on M such that L is totally geodesic
and the leaves near L are parallel to L.

Since the holonomy group is finite, we can average over the holonomy action
to obtain a holonomy-invariant metric on the transversal directions. This
metric extends to a Riemannian metric on M such that the foliation is locally
isometric to a product.

The compactness of L ensures that this local product structure extends to
a global product structure in a neighborhood of L. ®

Godbillon-Vey Invariant. For codimension-1 foliations, there exists a pow-
erful cohomological invariant:

Definition 0.58. Let F be a codimension-1 foliation on a 3-manifold M.
Choose a 1-form w defining the foliation (i.e., kerw = T'F). The Godbillon-
Vey class is: GV(F) = |w A dw] € H?*(M;R) where the bracket denotes the
cohomology class.

Theorem 0.59 (Properties of the Godbillon-Vey Class). The Godbillon-Vey
class satisfies:

(1) It is independent of the choice of 1-form w defining the foliation
(2) It vanishes if the foliation is defined by a closed 1-form
(3) It is related to the secondary characteristic classes of the foliation

Proof. To show independence of the choice of w, suppose w’ is another 1-form
defining the same foliation. Then w’ = fw for some non-vanishing function f.
We have:

(12) WA dw' = fwANd(fw)
(13) = fw A (df Nw+ fdw)
(14) = fAw A dw

Since f is non-vanishing, f2 > 0, and the cohomology class is independent
of positive scaling.
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If w is closed, then dw = 0, so w A dw = 0 and the Godbillon-Vey class
vanishes. ®

Applications to Topology. Foliations have several important applications
in topology:

Thurston’s Theorem.

Theorem 0.60 (Thurston). Every closed 3-manifold has a foliation of codi-
mension 1, except possibly those with finite fundamental group.

Nowvikov’s Theorem.

Theorem 0.61 (Novikov). Let M be a closed manifold and w a closed 1-form
on M. If all leaves of the foliation defined by kerw are compact, then w is
cohomologous to a rational form.

HorLoNnoMY, CONNECTIONS, AND PARALLEL TRANSPORT

The theory of connections provides the fundamental framework for under-
standing how geometric structures vary as we move along paths in a manifold.
Holonomy groups capture the global effects of this variation and serve as im-
portant invariants in differential geometry.

Connections on Vector Bundles.

Definition 0.62. Let £ — M be a vector bundle. A connection on E is a
map V : I'(E) —» I'(T*M ® E) satisfying:

(1) V(s1+ s2) = Vs; + Vso (additivity)

(2) V(fs) =df ® s+ fVs (Leibniz rule)
where I'(E) denotes the space of smooth sections of E.

Definition 0.63. Given a connection V on E and a vector field X on M,
the covariant derivative Vxs of a section s in the direction X is defined by
V)(S = VS(X)

Theorem 0.64 (Existence of Connections). Every vector bundle over a para-
compact manifold admits a connection.

Proof. Let E — M be a vector bundle over a paracompact manifold M. Since
M is paracompact, we can find a locally finite open cover {U;};er such that
each E|y, is trivializable. For each i, choose a trivialization ¢; : E|y, — U; X RF
where k = rank(E).

On each U;, define a connection V® by declaring that the covariant deriv-
ative of the standard basis sections {ei,...,e.} (pulled back via ¢; ') is zero.
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Explicitly, if s = 2521 fje; is a section over U;, then

k
Vs = dej ® €
j=1
This defines a connection on E|y, since:

(15) V(i)(81+52) . vAQ) (Z(fJJrgj > Zd (fi+9;)®e;
(16) —dej®e]+2dgj®e] Vs, + VW,

And for the Leibniz rule:

(17) VO (hs) (Z hfjej> = d(hf;) @

(18) = (dh- fi+hodf) @ e; =dh@ s+ hV s

J

Now, let {p;}ier be a partition of unity subordinate to the cover {U;}. For
any section s € I'(F), define:

Vs = Z piV¥s

iel
Note that this sum is locally finite since the cover is locally finite and p; has
support in U;.

To verify that V is indeed a connection, observe that additivity follows from
the linearity of each V) and the fact that Y, p; = 1:

V(s +s2) = Z PV (51 + 89) = Z pi(VDsy + VWsy) = Vs; + Vs,

For the Leibniz rule:
(19) V(fs) =D pVO(fs) =) puldf @ s+ fV0s)
(20) =df@sY pi+fY pVs=df @ s+ fVs

Therefore, V is a global connection on F. ®
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Parallel Transport.

Definition 0.65. Let v : [0,1] — M be a smooth path and V a connection
on £ — M. A section s along v is parallel if V.,ys(t) = 0 for all t.

Theorem 0.66 (Parallel Transport). Given a connection V. on E — M, a
path v : [0,1] = M, and a vector v € E,q), there exists a unique parallel
section s(t) along v with s(0) = v. The map Py : Eyo — Eyq) defined by
P, (v) = s(1) is a linear isomorphism called parallel transport along .

Proof. Let U be an open neighborhood of v([0, 1]) over which F is trivial, with
trivialization ¢ : E|y — U x R*. In this trivialization, the connection V is
given by a matrix of 1-forms A = (A;;) where A;; € Q'(U), such that for a
section s = . f;e; (where {e;} are the standard basis sections), we have:

Vs=> (dfj+ ) Apfi) @e;
1,7 k

A section s(t) = >_; f;(t)e; along v is parallel if and only if:

Vayws(t) = Z (df] + ZA]k (1) - fiult )) =0

j
This gives us the system of ODES:

9, Do AR (0 ) =

In matrix form, if we let f( )= (fi(®),- .., ()T and A(t) = (Au(y(1)) -

7' (t)), then:
? +A)f(t) =0

By the fundamental theorem for linear ODEs, this system has a unique
solution for any initial condition f(0) = v where v represents v in the chosen
trivialization.

The solution can be written as:

£(t) = Pexp (— /0 t A(T)df> v

where P exp denotes the path-ordered exponential, defined by:

Pexp <_ /OtA(T)dT> :1+i(-1)n/ﬂt /Otlm/otn_lA(tn)A(tn1)--~A(t1)dtndtn1~~dt1

This shows that the parallel transport map P, is given by:

P

(V) = P exp (— /01 A(t)dt) v
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Since the path-ordered exponential of a matrix is always invertible (with
inverse given by the path-ordered exponential with reversed path), P, is indeed
a linear isomorphism.

The independence of the choice of trivialization follows from the transfor-
mation properties of connections under change of trivialization, ensuring that
P, is globally well-defined. ®

Curvature.

Definition 0.67. The curvature of a connection V on E — M is the tensor
R € T(A*T*M ® End(E)) defined by:

R(X, Y)S = vays — VYVXS — V[X’Y]S
for vector fields X, Y and sections s.

Theorem 0.68 (Properties of Curvature). The curvature tensor satisfies:

(1) R(X,Y)=—R(Y,X) (antisymmetry)
(2) R(fX,Y)=fR(X,Y) and R(X, fY) = fR(X,Y) (tensoriality)
(3) R(X,Y)(fs) = fR(X,Y)s (acts as endomorphism)

Proof. Antisymmetry: Direct computation shows:

(21) R(Y,X)S = VYVXS - VXVYS — V[Kx]s

(22) =VyVxs—VxVys+ V[X,Y]S

(23) = —(VXVYS — VYVXS — V[X,Y]S) = —R(X, Y)S

Tensoriality in the first argument: We need to show R(fX,Y)s =
fR(X,Y)s:

(24) R(fX, Y)S = fovys — VYVsz — V[fxyy}s

(25) = [VxVys = Vy(fVxs) = Vixyl-(vpxs
(26) = vavYS — Vy(vaS) - fV[X,Y]S + (Yf)VXS

Using the Leibniz rule for Vy:
VY(vaS> = (Yf)VXS + nyVXS

Substituting:
(27)

R(fX, Y)S = fVXVys — (Yf)VXS - vKVXS - fV[ny}S + (Yf)VXS
(28) = f(VxVys = VyVxs = Vixy)s) = fR(X,Y)s

By antisymmetry, tensoriality in the second argument follows.
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Endomorphism property: We compute:
(29)
R(X,Y)(fs) = VxVy(fs) = VyVx(fs) = Vixy|(fs)
(30)
= Vx((Yf)s+ fVys) = Vy((X[f)s + [Vxs) = (XY =Y X)f)s — fVixys

Expanding the first term:

Vx(Yf)s+ fVys) = (XY f)s+ (Y )Vxs+ (Xf)Vys+ fVxVys
Similarly for the second term:

Vy(Xf)s+ fVxs) = (YXf)s+ (Xf)Vys+ (Y f)Vxs + fVyVxs
Substituting and using (XY — Y X)f = [X,Y]/f:

31
(R())(, Y)(fs)= (XY [f)s+ (Y[f)Vxs+ (X[f)Vys+ fVxVys
(32) —(YX[f)s = (Xf)Vys— (Yf)Vxs— fVyVxs
(33) — (X, Y]f)s = fVixy)s
(34) =(XYf-YXf-[X,Y]f)s+ f(VxVys — VyVxs — V[xys)
(35) =0+ fR(X,Y)s= fR(X,Y)s
The first term vanishes since XY f —YXf = [X,Y]f. ®

Holonomy Groups.

Definition 0.69. Let V be a connection on a vector bundle £ — M and let
p € M. The holonomy group Hol,(V) is the group of all parallel transport
operators P, : E, — FE, where v is a loop based at p.

Theorem 0.70 (Basic Properties of Holonomy). The holonomy group Hol,(V)
is a Lie subgroup of GL(E,). Moreover, if M is connected, then the holonomy
groups at different points are conjugate.

Proof. Group structure: The identity element is the parallel transport along
the constant loop, which is the identity transformation. If 7, and ~, are loops
based at p, then P, o P,, = P, .,, where 7; * 72 denotes the concatenation of
loops. The inverse of P, is P,-1 where ~~1is the loop traversed in the opposite
direction.

Lie subgroup structure: We show that Hol,(V) is generated by parallel
transport around infinitesimal loops. Consider a smooth family of loops v,
based at p, with 7o being the constant loop. The parallel transport P, forms
a smooth curve in GL(E,) with P,, = Id.
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For small ¢, if 7, is a loop enclosing an infinitesimal area element with tangent
vectors X and Y, then by Stokes’ theorem:

P, =1d+tR(X,Y) + O(#?)

where R(X,Y) is the curvature operator at p.

This shows that the tangent space to Hol,(V) at the identity is spanned by
curvature operators, which form a Lie algebra under the commutator bracket.
The exponential map provides local coordinates, making Hol,(V) a Lie sub-
group.

Conjugacy: If ¢ is a path from p to ¢, then for any loop v based at p, the
loop o * v * 0! is based at ¢q. The parallel transport around this loop is:

Pywno-t = P10 P 0P, =P 0P, 0P,

This shows that the map ¢ : Hol,(V) — Hol, (V) given by ¢(g) = P, togoP,
is a group isomorphism, proving conjugacy. ®

Definition 0.71. The restricted holonomy group Holg(V) is the connected
component of the identity in Hol,(V). It is generated by parallel transport
around contractible loops.

Theorem 0.72 (Ambrose-Singer Theorem). Let V be a connection on E —
M and let p € M. The Lie algebra of Holg(V) 15 spanned by all curvature
operators R(X,Y') where X,Y € T,M for some q € M accessible from p.

Proof. Let b denote the Lie algebra of Holg(V) and let € be the span of all
curvature operators R(X,Y) at all points accessible from p. We prove h = ¢.

Inclusion £ C h: For any point g accessible from p and vectors X, Y € T, M,
choose a path o from p to q. Consider the infinitesimal parallelogram at ¢
with sides €eX and €Y. The parallel transport around this parallelogram is
approximately:

Pparallelogram ~ Id + GQR(X7 Y) + 0(63)
Transporting this back to p via o, we get:
Pa o Pparallelogram o Pa_l ~Id + €2P0' o R<X7 Y) © Pa_l + 0(63)

Since P, o R(X,Y) o P! is conjugate to R(X,Y) and lies in h, we have
R(X,Y) € b for all accessible points.

Inclusion h C € Any element of b can be written as %P%\tzo for some
smooth family of contractible loops v, with v, constant.

By Stokes’ theorem, the parallel transport around 7; can be expressed as:

P, :Id+/ R(X,Y)do + O(t?)
p3M

where ¥; is a surface bounded by 7, and R(X,Y’) represents the curvature
evaluated at points on ;.
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Taking the derivative at t = 0:

d
- / R(X,Y)do
t=0 3o

dt

Since ¥y consists of points accessible from p, this lies in €.

Closure under Lie bracket: The Lie algebra ¢ is closed under the commu-
tator bracket due to the Bianchi identities. Specifically, if R; and R, are curva-
ture operators, then [R;, Rs] can be expressed in terms of covariant derivatives
of curvature, which by the Bianchi identity:

‘7zf%LX}}/)%—‘7Y}%QZ,)()%—‘7X}%(Y:20 =0

P

vt

can be written as combinations of curvature operators at nearby points.
Therefore, € is indeed a Lie algebra containing all curvature operators, and
since it equals b, the theorem is proved. ®

Holonomy and Geometric Structures.

Theorem 0.73 (Holonomy Classification). Let M be a simply connected Rie-
mannian manifold with holonomy group G. Then:

(1) If G = SO(n), then M has no special geometric structure

(2) If G = U(n), then M is Kihler

(3) If G = SU(n), then M is Calabi-Yau

(4) If G = Sp(n), then M is hyperKdhler

(5) If G = Gy (in dimension 7), then M has a Ga-structure

(6) If G = Spin(7) (in dimension 8), then M has a Spin(7)-structure

Proof. The proof relies on the fundamental principle that the holonomy group
of the Levi-Civita connection preserves exactly those tensor fields that are
parallel with respect to the connection.

Case 1: G = SO(n): The holonomy group preserves only the Riemannian
metric g. Since any Riemannian manifold has holonomy contained in SO(n),
the condition G = SO(n) means that no additional geometric structures are
preserved.

Case 2: G = U(n): The group U(n) C SO(2n) preserves both the metric g
and a complex structure J (an orthogonal transformation with J? = —Id). The
parallel transport preserves J, so VJ = 0. By the theory of Kahler manifolds,
this is equivalent to the existence of a Kahler form w(X,Y) = g(JX,Y) such
that dw = 0.

Case 3: G = SU(n): The group SU(n) C U(n) additionally preserves a
complex volume form €2. Since SU(n) has determinant 1, we have V2 = 0. A
Kahler manifold with parallel complex volume form is Calabi-Yau, equivalently
characterized by vanishing Ricci curvature.
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Case 4: G = Sp(n): The group Sp(n) C SO(4n) preserves three complex
structures I, J, K with IJ = K and cyclic permutations. These define three
Kahler forms w;, wy, wk, all of which are parallel. This gives the hyperKahler
structure.

Cases 5-6: Exceptional holonomy: The exceptional groups G C SO(7)
and Spin(7) C SO(8) preserve certain differential forms of degree 3 and 4
respectively. The parallel transport preserves these forms, leading to the cor-
responding special geometric structures.

The key insight is that reduced holonomy implies the existence of paral-
lel tensor fields, and conversely, parallel tensor fields constrain the holonomy
group to lie in the subgroup of transformations preserving those tensors. @

CALCULUS OF VARIATIONS ON MANIFOLDS

The calculus of variations on manifolds extends classical variational princi-
ples to curved spaces, providing a unified framework for understanding geodesics,
minimal surfaces, and more general critical point problems in geometric set-
tings.

Functionals on Manifolds.

Definition 0.74. Let M be a smooth manifold and let F be a space of smooth
maps or sections. A functional is a map I : F — R.

The most fundamental example is the energy functional for curves in a
Riemannian manifold (M, g):

Definition 0.75. For a smooth curve v : [a,b] — M, the energy functional is:

Theorem 0.76 (Euler-Lagrange Equations for Curves). A curve 7 : [a,b] —
M is a critical point of the energy functional if and only if it satisfies the
geodesic equation:

Vyy/ = 0
where V is the Levi-Civita connection.

Proof. Consider a variation v,(t) = exp. ) (sV (t)) where V (¢) is a vector field
along v with V(a) = V(b) = 0. The first variation of energy is:

d b
— [ oV
s=0 a

—E(~,
7. E0)
Using integration by parts and the boundary conditions:
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Since this must vanish for all variations V', we conclude V" = 0. ®

Minimal Surfaces and Higher-Dimensional Variational Problems.
The extension to higher-dimensional submanifolds requires more sophisticated
techniques involving the calculus of variations for maps between manifolds.

Definition 0.77. Let X be a k-dimensional manifold and ¢ : ¥ — M a smooth
map into a Riemannian manifold (M, g). The energy functional for ¢ is:

B6) = 5 [ IdoP dvol

where ||d¢||? = trace(¢*g).
Theorem 0.78 (Harmonic Maps). A map ¢ : ¥ — M is a critical point of

the energy functional if and only if it satisfies the harmonic map equation:
7(¢p) = trace,(Vdep) =0
where T(¢) is the tension field of ¢.

Proof. For a variation ¢, = exp¢(sV) where V' is a vector field along ¢ with
compact support, the first variation formula gives:

5800 == [ atr0)v) v

The critical point condition requires this to vanish for all variations V,
yielding 7(¢) = 0. ®

Morse Theory and Variational Methods. The connection between Morse
theory and variational methods provides powerful tools for understanding the
topology of function spaces and the existence of critical points.

Theorem 0.79 (Morse Theory on Infinite-Dimensional Manifolds). Let M be
a finite-dimensional manifold and consider the space Q (M) of smooth loops in
M. The energy functional E : Q(M) — R is a Morse function in the sense
that its critical points are isolated and non-degenerate.

This theorem, though requiring careful analysis of the infinite-dimensional
setting, shows that the space of loops has the structure needed for Morse
theory to apply, connecting the geometry of the manifold M to the topology
of its loop space.

DE RuaM COHOMOLOGY AND THE POINCARE-HOPF THEOREM

De Rham cohomology provides a fundamental bridge between differential
geometry and algebraic topology, using differential forms to construct topo-
logical invariants.
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Differential Forms and Exterior Calculus.

Definition 0.80. Let M be a smooth n-manifold. A differential k-form on
M is a smooth section of the bundle A¥T*M. The space of k-forms is denoted

Definition 0.81. The exterior derivative d : QF(M) — QFF1(M) is the unique
linear operator satisfying:

(1) d(f) = df for functions f (where df is the differential)
(2) d(w An) =dwAn+(—1)kw A dn (graded Leibniz rule)
(3) d*=0

Theorem 0.82 (Poincaré Lemma). On a star-shaped region U C R™, every
closed form is exact. That is, if dw = 0, then there exists n such that w = dn.

Proof. The proof uses the homotopy operator. For a star-shaped region with
respect to the origin, define:

1
Kw:/ th=1 (w)dt
0

where r is the radial vector field and ¢, denotes interior multiplication.

Then dK 4+ Kd = Id — 7 where ©* is pullback by the projection to the
origin. For closed forms w with dw = 0, we have w = d(Kw) + 7*(w). Since
7 (w) = 0 for forms of positive degree, we get w = d(Kw). ®

De Rham Cohomology Groups.

Definition 0.83. The k-th de Rham cohomology group of M is:

k _ ker(d: QF(M) — QI(M))  ZM(M)
Hip(M) = Im(d : Q*1(M) — Qk(M)) — B*(M)

where Z*(M) denotes closed k-forms and B*(M) denotes exact k-forms.

Theorem 0.84 (De Rham Theorem). For any smooth manifold M, there is
a natural isomorphism:

Hip(M) 2= H*(M;R)
between de Rham cohomology and singular cohomology with real coefficients.

This theorem establishes that differential forms provide a completely equiv-
alent way to compute topological invariants, with the advantage of being
amenable to analytical techniques.
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Integration and Stokes’ Theorem.

Theorem 0.85 (Stokes” Theorem). Let M be an oriented n-manifold with
boundary OM , and let w be a compactly supported (n — 1)-form on M. Then:

/dw:/ w
M oM

This fundamental result unifies all of the classical integration theorems
(Green’s theorem, divergence theorem, classical Stokes’ theorem) and provides
the foundation for many results in differential topology.

The Poincaré-Hopf Theorem.

Theorem 0.86 (Poincaré-Hopf Theorem). Let M be a compact oriented man-
ifold and let X be a vector field on M with isolated zeros. Then:

Y indy(X) = x(M)
p:X(p)=0
where ind,(X) is the index of X at p and x(M) is the Euler characteristic of
M.

Proof. The proof uses the connection between the Euler characteristic and the
Euler class of the tangent bundle.

Let # : TM — M be the tangent bundle and consider the zero section
so : M — TM. The Euler class e(TM) € H"(M) can be represented by a
differential form €2 such that:

xX(M) = / Q
M

Now, given a vector field X with isolated zeros, we can construct a section
sx : M — TM given by sx(p) = X(p). The intersection number of sx with
the zero section equals the sum of the indices of X at its zeros.

By homotopy invariance of the Euler class and careful analysis of the local
behavior near zeros, this intersection number equals:

/MQ:X(M)

The technical details involve showing that the local contribution at each
zero point p is precisely the index ind,(X), which can be computed using the
Jacobian of X at p. ®

Corollary 0.87. Every vector field on a compact manifold with non-zero Euler
characteristic must have at least one zero.

This corollary has famous consequences, such as the ”hairy ball theorem”:
you cannot comb a hairy ball smooth (since y(S?%) = 2 # 0).
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K-THEORY, HOMOTOPY, AND GAUGE THEORY IN DIFFERENTIAL
TOPOLOGY

This section explores the interplay between algebraic topology, differential
geometry, and mathematical physics through the lens of K-theory and gauge
theory.

Topological K-Theory.

Definition 0.88. Let X be a compact topological space. The compler K-
theory group K(X) is the Grothendieck group of the monoid of isomorphism
classes of complex vector bundles over X.

Theorem 0.89 (Periodicity Theorem). For any CW-complex X, there is a
natural isomorphism.:

K(X)=K(5?AX)
where K denotes reduced K-theory. This implies that K -theory is periodic with
period 2.

This periodicity, discovered by Bott, is fundamental to the structure of
K-theory and leads to the Bott periodicity theorem for homotopy groups of
classical groups.

Chern Character and Characteristic Classes.

Definition 0.90. The Chern character is a natural transformation:
ch: K(X)— HY(X;Q)
defined by ch(E) = Y5 &) where ¢;(E) are the Chern classes of E.

il
Theorem 0.91 (Chern-Weil Theory). For any complex vector bundle E with
connection V, the Chern classes can be represented by differential forms con-

structed from the curvature R of V:
1
E)= | ——tr(RF)| € H*(M;Z
Ck( ) |:(27T2)k T(R ):| S ( ) )

This theorem provides an explicit link between the algebraic topology of
vector bundles and the differential geometry of connections.

Gauge Theory and Moduli Spaces.

Definition 0.92. Let P(M,G) be a principal G-bundle over a manifold M.
The space of connections A(P) is an affine space modeled on Q!(M;ad(P)),
where ad(P) is the adjoint bundle.
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Definition 0.93. The gauge group G(P) is the group of automorphisms of P
that project to the identity on M. It acts on A(P) by:

g-A=gtoAog+gldyg

Theorem 0.94 (Yang-Mills Functional). The Yang-Mills functional on the
space of connections 1s:

YM(A) = / | EAll2 dvol
M

where Fy is the curvature of connection A. Critical points satisfy the Yang-
Mills equation:

dyFa=0
where d¥ is the adjoint of the exterior covariant derivative.

The moduli space of Yang-Mills connections, obtained by quotienting the
space of solutions by the gauge group, provides a rich source of topological
invariants and has applications to four-manifold topology.

Index Theory and Elliptic Operators.

Definition 0.95. A differential operator D : I'(E)) — ['(F') between sections
of vector bundles is elliptic if its principal symbol o(D) : 7*E — 7*F is an
isomorphism away from the zero section of T*M.

Theorem 0.96 (Atiyah-Singer Index Theorem). For an elliptic operator D
on a compact manifold M, the analytical index equals the topological index:

ind(D) — dim(ker D) — dim(cokerD) — / ch(o(D)) - td(T M)
M
where ch(o(D)) is the Chern character of the symbol and td(T'M) is the Todd
class of the tangent bundle.

This theorem represents one of the deepest connections between analysis,
topology, and geometry, providing a formula for computing analytical invari-
ants in terms of topological data.

UNIFYING THEMES AND FUTURE DIRECTIONS

The various threads of higher-dimensional differential geometry and topol-
ogy weave together to form a unified picture of how geometric structures,
topological invariants, and analytical properties interact in dimensions greater
than three.
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The Classification Problem. One of the central themes running through
our exposition is the classification of geometric structures and topological
spaces. We have seen how:

e Morse theory provides tools for understanding the topology of mani-
folds through the critical points of functions

e Characteristic classes give invariants for vector bundles and principal
bundles

e Holonomy groups classify special geometric structures on Riemannian
manifolds

e K-theory provides a framework for classifying vector bundles up to
stable equivalence

These classification schemes are interconnected through deep theorems such
as the Chern-Weil theory, which links the differential geometric properties of
connections to the topological properties of bundles.

The Role of Curvature. Curvature appears throughout our discussion as
a fundamental quantity that encodes both local geometric information and
global topological constraints:

e In Morse theory, the second-order behavior of functions (their ”curva-
ture”) determines the topology of level sets

e In connection theory, curvature measures the failure of parallel trans-
port to be path-independent

e In gauge theory, curvature appears in the Yang-Mills functional and
determines the dynamics of gauge fields

e In index theory, curvature contributes to the topological side of the
index formula

Analytical and Topological Interplay. The Atiyah-Singer index theorem
exemplifies the deep connections between analysis and topology that charac-
terize modern differential geometry. This interplay appears in various forms:

e Variational methods use analytical techniques to find critical points
that have topological significance

e Elliptic regularity theory ensures that topological properties of solu-
tions to PDEs can be studied using analytical tools

e Gauge theory uses the analytical properties of the Yang-Mills func-
tional to construct topological invariants

Open Problems and Recent Developments. Several major open prob-
lems continue to drive research in higher-dimensional differential geometry:

(1) Ezxotic smooth structures: The classification of smooth structures on
topological manifolds remains incomplete, particularly for four-manifolds
where exotic structures are known to exist.
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(2) Geometric flows: Understanding the long-time behavior of geometric
evolution equations such as Ricci flow and mean curvature flow contin-
ues to yield insights into the structure of manifolds.

(3) Mirror symmetry: The connections between symplectic geometry and
algebraic geometry revealed by mirror symmetry have led to new in-
variants and classification results.

(4) Homological mirror symmetry: Kontsevich’s conjecture relating de-
rived categories of coherent sheaves to Fukaya categories represents
a deep connection between algebraic and symplectic geometry.

Connections to Mathematical Physics. The geometric structures we have
studied have profound connections to theoretical physics:

e Yang-Mills theory provides the mathematical foundation for gauge the-
ories in particle physics

e Characteristic classes appear in the classification of topological phases
of matter

e Index theory has applications to anomalies in quantum field theory

e Holonomy groups classify the possible symmetries of solutions to Ein-
stein’s equations

CONCLUSION

The study of higher-dimensional differential geometry and topology reveals
a rich mathematical landscape where analysis, geometry, and topology in-
tertwine to create a unified understanding of smooth manifolds and their
structures. The tools we have explored—Morse theory, characteristic classes,
connections and holonomy, variational methods, cohomology theory, and K-
theory—provide a comprehensive framework for investigating the geometric
and topological properties of manifolds in dimensions greater than three.

The fundamental insight that emerges from this study is that local geo-
metric properties, encoded in quantities such as curvature and characteristic
classes, have profound implications for global topological structure. This prin-
ciple, exemplified by theorems such as the Poincaré-Hopf theorem and the
Atiyah-Singer index theorem, demonstrates the deep unity underlying seem-
ingly disparate areas of mathematics.

As we move forward, the continued development of these ideas promises to
yield new insights into the structure of manifolds, the classification of geomet-
ric structures, and the connections between mathematics and physics. The
interplay between analytical techniques, geometric intuition, and topological
invariants will undoubtedly continue to drive progress in our understanding of
the higher-dimensional world.
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The journey through higher-dimensional differential geometry and topology
illustrates not only the mathematical sophistication required to understand
these concepts but also the profound beauty and unity that emerges when
diverse mathematical tools are brought together to illuminate the structure of
geometric spaces. This synthesis of analysis, geometry, and topology represents
one of the great achievements of twentieth-century mathematics and continues
to provide a foundation for current research at the frontiers of mathematical
knowledge.
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