AN INTROCUTION TO MODULAR FORMS

SIDDHARTH KOTHARI

Definition 0.1. Let k& € Z. A modular form of weight k for the group SLo(Z) is a function
f:H — C such that

e f is holomorphic on H,

e (modularity condition) f (g:ifl) = (et +d)* f(7), for all <ch Z) € SLy(Z) and 7 € H,

e |f(7)| is bounded as Im(7) — oo.

Remark 0.2. Note that the zero function is a modular form of any weight. Further, observe that
there are no non-zero modular forms of odd weight: Set a = —1 = d and b = 0 = ¢ in the modularity
condition. Then f(7) = (=1)kf(r) = f(r) = —f(r) = f(r =0) for all 7 € H.

This definition poses many questions. Why is the function define only on H := {z € C : 3(z) > 0},
the upper-half plane? Why is f composed with the function (a7 + b)(ct + d)~!, and what does
SL2(Z) have to do with any of this? And, most importantly, why would one care to learn more
about these kind of objects? Where do they fit in the landscape of mathematics? We aim to
answer, at least partially, these questions here.

1. THE MODULARITY CONDITION AND HOMOGENEOUS FUNCTIONS ON LATTICES

We start our discussion with a lattice, which generalizes the ‘discreteness’ of the relation between
Z to R, in an attempt to 'draw out’ requiremnt number 2 from the definition of a modular form.

Definition 1.1. Let w; and wy be complex numbers. Define the lattice generated by wi and wo,
by A(w1,ws) := {a1w1 + asws : a; € C}. We require w; and wy to be linearly independent, that is,
wi/wa € R, so that A(wi,ws) is not a line. Any set of this form is called a lattice.

A trivial way in which we can create another lattice out of a pre-existing one, say A, is simply by
scaling it by some non-zero complex number A: AA := {Aa : a € A}. With this in mind, consider
a function F : £ — C, where £ is the set of all lattices. If F' is such that F(AA) = A*F(A) for all
A € C* and A € L for some integer k, then it does seem plausible to call it a generalization of a
linear map, since the A comes out of the ride, albeit by some factor k that may not be one. We call
such an F' homogeneous (on lattices) of weight k.

For any linearly independent w; and wa, we can consider the function G(wq,ws) := F(A(w1,w2)).
The homogeneity of F' implies that

G(awy, aws) = F(A(awr, aws)) = F(aA(wy,wr)) = a*G(wr,ws).

Taking o to be w'!, we have G(1,ws/wa) = wFG (w1, w2) = F(A(1,wz/w1)), so G is completely
determined by where F' sends lattices generated by {1,7} for some 7 € C. This allows us to
consider a uni-variate function f(7):= G(1,7) = F(A(1,7)).

However, there are constraints on f: given two complex numbers 71 # T2, we may have A(1,7) =
A(1,72), meaning we have f(71) = f(72). And when does this happen?

Proposition 1.2. Two pairs (1,71) and (1,72) are such that A(1,71) = A(1, m2) if and only if there
exists integers a,b,c and d such that ad — bc =1 and

(0 (1)=(2)
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Indeed, these ‘change of basis’ like matrices have a special name.

Definition 1.3. The special linear group over Z of degree 2, denoted by SLa(Z), is defined to be
the set of 2 x 2 matrices with integer entries and with determinant 1.

Remark 1.4. SLy(Z) forms a group under matrix multiplication.

Therefore, we have

f(r) = F(A(1, 7)) = F(A(cry + d, ary + b))
_F ((m +d)A (1, o IZ))
= (cry + )FF <A <1, ‘;1 i;))
= (er + d)bf <‘”1 ki b) ,

cr +d
meaning that f satisfies the modularity condition!

Remark 1.5. Note that the map 7 +— g:i‘g with <CCL Z) € SLy(Z) defines a left group action on H.

Indeed, the formula

)

5 at +b\  (ad —bc)3(T)
cr+d) et +d|?

applicable for all a,b,c¢,d € R and 7 € C such that 7 # —d/c, means that y7 € H for all 7 € H and
v € SLa(Z). It can also be shown that v (y27) = (y172)7 for 1,72 € SLa(Z) simply by expanding
everything out.

Before we end this section, we introduce the first non-trivial modular form.

Definition 1.6. The Eisenstein series of weight k£ for k£ > 1 is a function from H to C defined by
1
JoXCS PR < B
e -ooy ™)
This definition is quite latticy. Indeed,
1
Eur)= Y.
weA(1,7)*

where A(1,7)* denotes the non-zero elements of A(1,7). From our previous work, it should not
come as a suspire that Fj satisfies the modularity condition. Spieling out the details,

Proof. We have

(m,n)€Z2—{(0,0)} i €72 —{(0,0)}

at +b\ 1 B (cT + d)*
Ei <c7’+d> B Z (m+n (M))k B ) Z (m(er +d) 4+ n(at +b))*

= (e + d)k Z 1

k
(m,n)eZ2—{(0,0)} ((md + nb) + T(Cm + an))

= (er + ) 3 !

(m! +n/T)k’
d c
(m/;n")=(m,n) (b >
a
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As ad — bc = 1, the map from Z? to Z? defined by (m,n) +— (m,n) is a bijection, which

d
(5
completes the proof. Eisenstein series satisfy curious identities involving ((s) and o(n). Also, note
that EZ = Fg and EgFE4 = F1g, and in general, any Foj can be expressed as a polynomial expression
in F4 and Fg, a fact whose generalization we will explore later.

2. g—SERIES FOR A MODULAR FORM
Recall the Fouries series of a function, defined below.

Proposition 2.1. Let f : R — R be a 2mr—periodic function. Then we have that

fx)=Y flm)e™,

n=—oo

where -
f) =5 [t o
for all n € Z.

The key take-away here was to analyze a possibly complex function by breaking it up into
several manageable parts. More precisely, we expressed f as a linear combination of the exponential
functions, e®, which is itself a combination of the fundamental, the most basic, periodic functions:
sin(nz) and cos(nz). It terns out we can do something similar for modular forms (Observe that
modular forms have ’a lot’ of periodicity built into them. In particular, f(7+ 1) = f(7).) as well,
as illustrated in the next theorem.

Theorem 2.2. Let f:H — C be a function such that
e f is holomorphic,
o f(r+1)= f(r) for all T € H,
e and |f(7)| is bounded as J(T) — oc.

Then there exist complex numbers (a;)52, such that

%
f(T) — Zane2ﬂ'zn7"
n=1

Before going into the formal proof, note that the above series resembles a power series expansion
in e2™7. Thus, we define the function ¢(7) := ¢*™" from H to the punctured unit disk.
The proof is broken up into a series of lemmas.

Lemma 2.3. The function defined by q(7) := €*™7 for all 7 € H is locally invertible and maps
surjectively to the punctured disk D' :={z € C:0 < |z| < 1}.

Proof. Write 7 = & + yi where y > 0. Then e2™7 = 2mile+yi) — p2mia—2my _ o=2myp2miz  Thyg,
lg(7)| = |e=¥™| = e=2™ € (0,1). Therefore, ¢(7) € D'. Next, being locally invertible is equivalent
to having a non-zero derivative throughout a function’s domain. We have ¢'(7) = 2mwie?™", which
is clearly non-zero as the complex exponential is never zero. Conversely, a z € D’ can be written
as 2/ = au, where 1 > a > 0 is such that a = |z|, and hence can be written in the form e=2™ for
y > 0, and v is a unit complex number, which can also be written as ™ for some real . |

Lemma 2.4. Let the function g : D' — C be defined by g(q) = f(7) where e*™7 = q. Then g is
well-defined, holomorphic and bounded.

Next, we compute the g—series of the Eisenstein series.
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Theorem 2.5. For k > 4, we have

Ex(r) = 2¢(k) +

2(27rz)k - 2min
op—1(n)e™".
TSI

To prove this, we assume the Poisson summation formula.

3. THE VECTOR SPACE OF MODULAR FORMS

Let M), denote the vector space of all modular forms of weight k of SLa(Z).
Lemma 3.1. If k <0, then M;, = {0}.

Theorem 3.2. Every My, is finite dimensional, and dim My, is [k/12] + 1 if k # 2 modulo 12 and
dim My, is [k/12] if k is 2 modulo 12.

Proposition 3.3. Let f : H — C be a holomorphic function. Next, let S be the set

Sk = {(Z Z) €SLy(Z): f (Z;ig) — (CT+d)kf(T) for all 7 € IHI} .

Then S is a subgroup of SLo(Z).

4. THE WEIERSTRASS ELLIPTIC FUNCTION

4.1. Periodic Functions in Real-Land. When we studied calculus, we were exposed to a com-
plete zoo of functions, things like 2", logz, e€*, sinz and cosx. Out of these characters, one set
that particularly stood out were the so-called periodic functions, like the trigonometric golden duo
sinz and cosz. On the definition level, a function f : R — R is said to be periodic if there exists
a p € R such that f(z) = f(xz 4 p) for all z € R. If we choose such a p > 0 to be minimal, then
we call p the period, and more importantly, f is completely determined by the values it takes on
in the interval I = [0, p|, which is called the fundamental domain for f, in the sense that one can
construct the whole of f by duplicating and translating I along the real line.
In general,

Definition 4.1. Let w; and wy be two complex numbers linearly independent over R. Then, the
Weierstrass elliptic function corresponding to the lattice A(wi,ws2) generated by w; and wy, denoted
bY A (w1 ,ws)s 18 defined by

1 1 1
Pr@n) (@)= 3+ D <<z+ IV v) |
AEA(w1,w2)\{0}
for all z € C — A(wq, ws).
Remark 4.2. The sum above is actually finite, that is, it converges. To see this, we rewrite

1 I X —(z+X)? z2(2x+2)

(z+N2 A2 X2(z+A0)2 0 X2(z+ A

Now, for a fixed z, we have that as |A\| — oo,

Remark 4.3. Sometimes, we may write p(z;w1,w2) to denote P (w, w,)(2)-
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4.2. Extracting Modular Forms from the Weierstrass Elliptic Function. The Laurent
series expansion for @y, w,) about z =0 (where it has a double pole, as at every other lattice
point), has the form

1 o0
2k
2T > conlwr, we)2,
k=1
where c¢op, is a complex-valued function that takes as input two linearly independent complex
numbers for each k¥ € N. It can be easily checked from the definition that pa(auw, aw,)(@z) =

072@/\(&]1#2)(2) for all & € C*. Putting this relationship into the Laurent series, we have

1 - L1l
PA(awl,am)(az) = w + ZCQk(awhan)(OéZ)% =a? (zQ + ZanHch(awl, aw2)22k>
k=1 k=1

1 o0
_ 2 2k
= (ZQ + E cok (w1, w2)2 ) )

k=1

meaning that copio(awr, aws) = a_(%“)ch(wl,wQ) for all &« € C*. This means that co is a
homogeneous function on lattices of weight 2k + 2. From our previous work, we know that the
function defined by for(7) = cox(1,7) for all 7 € H is a modular form of weight 2k + 2! We've
created a huge number of modular forms of different weights in a jiffy! All that remains to be done
is to calculate these coefficients!

Proposition 4.4. Using the notation above, we have that

cor(wi,w2) = (2k + 1) Egpyo(wr, w2),
where .
En(wl,wg) = Z V’
)\GA(Wl,UJQ)*{O}
for alln > 3.

Proposition 4.5. The series defined by E,(w1,w2) converges absolutely for alln > 3 and R—linearly
independent wy,ws € C.
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Definition 4.6. Let 7 € H. We define the Dedekind eta function n(T) by

o0

n(r) =¥ [[(1- ) = g= H (1-¢")

n=1 n=1

where ¢ := 2™,

Definition 4.7. Define the complex valued function P by
P(r) = (2m)2n*(7),

for all 7 € H.

To show that P is a modular form of weight 12, we need the following proposition that governs
how 7 transforms when it is composed with the map 7 — —%.

Theorem 4.8. We have that

for all T € H.

The proof of this functional equation will be split into several parts. First, we relate n to 9
using Euler’s pentagonal number theorem. Then, we show that ¢ satisfies a particular functional
equation to get the result.

Lemma 4.9. Let a be a positive real number and x,b € R. Then we have that

o0 o0
: 1 jus 2 ;
41 —2mi(z+n)b —ma(x+n)? — 2 (n+b)? 2mizn
(4.1) E e e = E e e

n=—oo n=—oo

Proof. Define the function f : R — R by f(z) = e~2mibro—maz? fo a]] 1 € R. Notice that fisa
Schwartz function (see the appendix) for a > 0, so we can use the Poisson summation formula on
f. To do so, we first calculate f(u).

We have
%) ) [e's)
— / f(l,)e—QTrzuz dx :/ e maz 2_2mibr—2miux dr
—00 —00
[eS) 9 .
:/ e—7r(a:c +2i(u+b)x) dr
—00

_ / o~ (V)24 2i(utb)e+ (utb)i/y/a)2—((utb)i/v/@)2) g,

—00

_ 6_% / * o~ (@Vaturb)i/Va)? g

— 00

Now, set s = /7(z/a + (u+ b)i/y/a) so that dv = —‘=ds and

Jra

) STt (utb)i/Va —ulx

flu) = / e ds =" e dz
VT oo+ (u+b)i/v/a vVTa Jo ’

where C is the contour defined by () = t + (u + b)i/\/a for t € R. Note that the function e ="
is an entire function, so [, e dx = Jo e dz, where C' is the real axis. The latter is just the
famous Gaussian integral, whose value is /7. Therefore,

~ 1 (u )27r
fu) = \/ae_ﬁf,
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for all u € R. Lastly, we have that

o0 oo
Z f(z+n) Z e 2mi(z+n)b, —ma(z+n)? and Z f(n)e27rixn _ = Z —Z(n+b)? e2mizn
n=—00 n=—00 n=—00 f n=-—00
Invoking the Poisson summation formula gives the desired result. |

We can Notice that the multivariate complex valued function defined by
o0
Gi(z,w,T) := Z o= 2mi(zn)w it (z-+n)?

n=—oo

for (z,w,7) € C x C x H is absolutely convergent on compact subsets of its domain, and hence
holomorphic on its domain.

Indeed, assume that |Rz| < Ag,|Jz| < A;, [Rw| < Bpg,|Jw| < Br and |R7| < Cg,|J7| < Cf.
Then we have that

_ . . 2 2
e 27rz(z+n)w€m‘r(z+n)

—2mizw —2miwn mwiTz2 2mitnz mwitn

= ‘6 e e e e < 627l'(3(2w)+n3(w)—nJ(Tz))—n271'3(T)—7r3(7-z2).

Notice that J(zw), J(7z) and J(72%) are bounded. Thus,

oo
A/ Z B'n C/ 2

§ : ‘6727rz(z+n)we7rz7'(z+n

n=—oo n=—oo

where A’, B’ and C’ are positive constants, which can be expressed in terms of the I’s and the R’s.
The fact that G is absolutely convergent now follows as the sum on the right is convergent.
Similarly, the function defined by

GQ(Z;’U),T) = (—Z'T)_]./2 Z 627T’L'Zn—7-(i(n_’_w)2/7_7

n=—oo

for all (z,w,7) € CxCxH is also absolutely convergent and holomorphic. Recall that G;(x,b,ia) =
Ga(z,b,ia) for all ,b € R and a > 0, meaning that G; and G2 agree on the set S = {(m,k,n) :
m,k € Rand J(n) > 0,9R(n) = 0} which is a subset of the domain C x C x H. Therefore, by the
multi-variable identity theorem (see appendix), G; and G2 agree everywhere on their domain.

Corollary 4.10. Let z,w € C and 7 € H. Then we have that

(42) Z @727”'(Z+n)w€77i7'(2+n)2 :(_Z‘T>*1/2 Z e27rizn77ri(n+w)2/~r.

n=-—oo n=-—oo
We can use this to prove a related functional equation satisfied by the 1 function.

Corollary 4.11. Let z € C and 7 € H. Then we have that

0 <z, —1> = \/?,67”‘”279(27', 7).
T i

We now massage the expression for 7 a bit in order to use equation 4.2.
Lemma 4.12. We have that
oo
Z eTrine?ﬂriT(n+1/6)2 )
n=-—oo

Proof. Recall the pentagonal number theorem, which states that

oo o0

H(l o e27rin7) _ Z (_1)n€7ri'r(3n2+n).

n=1 n=-—00
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Multiplying both sides by e and invoking the definition of 7 yields

o0 o0 [e.9]

n_ mwiT n2+n n _3mit(n?+n min  3miT(n 2
n(r) = Z (—1)nemim(1/12+3n74n) Z (=1)nedmir(n4n/3+1/36) Z eminelmiT(nt1/6)7,
as (—1)" = emin, [

And now for the main proof!
Proof. Replacing T with 7/3, setting w = 1/6 and z = 1/2 in equation 4.2, we get that
i emne—STri(n-‘rl/G)/T — (_Z-T/3)1/26—i7r/6 i e—m'n/3e7ri7'(1/2+n)2/3‘

n=—oo n=—oc

Notice that as n runs through the integers, so do 3n — 1, 3n and 3n + 1. Therefore,

n(—1/7)(—ir/3)" /26 = Z —mi(3n=1)/3 mir(3n—1/2)%/3 | Z i Emin(3n1/22/3 | 1
where I =35 0% e—Ti(3n+1)/3 ,(3n+3/2)2/3

First, notice that as n runs through the integers, so does —n — 1. Hence,

o0
T = Z e—Tri(?)(—n—1)+1)/3e(3(—n—1)+3/2)2/326271’1'/3 Z emne(—3n—3/2)2/3

n=—oo n=—0oo

oo
. . L 2
_ e27rz/367rz/3 § e~ i ZTI'/36(37Z+3/2) /3

n=-—00
=1,

which implies I = 0. Second, note that for the other part S =3 ""° e~ miBn—1)/3gmiT(3n—1/2)2/3 4

2202700 e~ TinemiT(3n+1/2)%/3 0 have,

S — im/3 i e*ﬂineﬂi7(3n71/2)2/3+ i effrinefrir(3n+1/2)2/3
n=—oo n=—oo
o0 o0
oim/3 Z emnemf(fznq/m?/z_i_ Z eﬂineﬂi7(3n+l/2)2/3
n=—oo n=—oo

(3/2 —i—i\/§/2) Z eﬂineﬂiT(n+1/6)2

n=—oo

= (3/2+iV3/2)n(r).

Therefore, n(—1/7) = (—it/3)Y2(e~ 5 )(3/2+iv/3/2)n(1) = (—iT)Y2n(1), as e~ ™/6(3/2+iv/3/2) =
V'3, which completes the proof. |

Lemma 4.13. We have that

n(r +1) = clin(r).
Proof. We have that

. m . . m .
n(r+1) = eL(lTQH) H(1 _ eQT”'n(T‘H)) — elne12 H(l — ezmme%m) = 6%7](7’),
n=1 n=1

as e2mn = 1. [
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Corollary 4.14. The function P as defined above is a modular form of weight 12.
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