BROWNIAN MOTION AND COMPLEX ANALYSIS

MEHANA ELLIS

ABSTRACT. In this paper, I would like to cover some important topics, theorems, etc.
relating to Brownian motion. We will begin by introducing the basic scientific idea behind
Brownian motion, then we’ll cover the mathematics of it. I will be using the papers by
[Zhal3], [Leil2], [Nual6], and [Rudl7]. For those less familiar with Markov chains, I will
cover the basics needed to understand Brownian Motion from this perspective also.

1. A BRIEF LOOK AT THE HISTORY AND SCIENCE OF BROWNIAN MOTION

In 1827, botanist Robert Brown observed the strange motion of the plant Clarkia pul-
chella’s pollen when placed in water. [Bro28] This fascinating phenomenon, named after
Brown, is essentially caused by the random movements of particles in liquid/gas. There
are plenty of other examples —coal dust and alcohol, diffusion of calcium through bones,
and diffusion of pollutants through the air, to name a few. Around 80 years after Brown
first observed this phenomenon, Albert Einstein wrote a paper ' in which he stated that the
particles were being moved by individual water molecules. This was an extremely impor-
tant paper in science, because Einstein was able to prove the existence of atoms (a debated
question originating nearly a century earlier).

Einstein’s paper was then used by the physicist Jean Perrin, who proved Dalton’s atomic
theory® using ideas from Einstein’s paper and Brownian motion. Brownian motion is occa-
sionally refered to as “pedesis,” from Ancient Greek mndnois, meaning “leaping.” This refers
to the random movement of the particles. The connection between Brownian motion and
random walks should be obvious by now, but we will discuss more about this later in the
paper. Let’s now turn to the mathematics of Brownian motion.

2. A CRASH COURSE IN BROWNIAN MOTION

To begin, we will need to know a bit about Markov chains and random walks. Loosely
speaking, a Markov chain is a sequence X, X1, X, ... of random variables where the future
depends on the present but not on the past. The change of the state of a Markov chain is
called a transition. Similarly, the probabilities for these changes of states are called transition
probabilities. When dealing with transition probabilities, we often see the notation p; ;, which
denotes the probability of moving from ¢ to 7 in one time step. Now we can give a definition
of the random walk:

Date: June 4, 2021.

Titled “Uber die von der molekularkinetischen Theorie der Wirme geforderte Bewegung von in ruhenden
Fliissigkeiten suspendierten Teilchen.” For those interested in the translation, I’d loosely translate this as
“On Molecular Kinetic Heat Theory of the movement demanded of particles suspended in static liquids.”

2A very famous theory in chemistry, essentially stating what we now see as common facts: all matter is
composed of atoms, atoms aren’t divisible (Greek « (not) + Tepvw (I cut)="atom”), etc.
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Definition 2.1. Suppose we have n vertices on the complete graph K,,, and for each step,
we move to another one of the n — 1 vertices with probability ﬁ We can denote these
transition probabilities as follows:
0 1=7
n 1#d

We also find that if n > 2, the Markov chain is ergodic (recurrent, has a period of 1, and has
finite mean recurrence time), but this is beyond the scope of this paper. The point remains
that the expected number of steps to return to the starting state is n. We call this process
the random walk on K,,.

It may be a bit of a jump from our basic knowledge of Markov chains, but we should
now look at the definition of a o-algebra, and some related definitions (mostly taken from
[Leil2]):

Definition 2.2. A o-algebra on some set S is a nonempty collection of subsets 3 of S, such
that

(1) S e¥;

(2) if A € X, then A° € ¥;

(3) if Al,AQ, S 2, then Ufil AZ € .
A measurable space consists of a pair (5, X)), where X is a o-algebra over S. If C is a collection
of subsets of S, then the o-algebra generated by C, denoted ¢(C), is the intersection of the
o-algebras on S with C as a subcollection.

We can also review the definitions of measures/measure spaces and probability mea-
sure/space:

Definition 2.3. Let (5, ) be a measurable space. A map u: X — [0, 1] is called a measure
when p({@}) = 0 and is countably additive. So, we have

p (U Fj) =D ulF)).
Jj=1 Jj=1

Additionally, we call the triple (Q,%, u) a measure space. If X is a function f : Q@ — R,
we say that X is Y-measurable if X 1(H) C ¥ for all H € o(R). Finally, for a measure
space (S,%, 1), when p(X) = 1, we say this map is a probability measure and the associated
measure space is called a probability space.

Note that going forward, we will be using the more common notation (2, F,P) for measure
spaces, rather than (5,3, ). Another common notation is 4.0., which stands for “infinitely
often,” often when dealing with set-theoretic limits. Let’s now recall some standard defini-
tions in measure-theoretic probability.

Definition 2.4. We say that the measure space (2, F,P) is a probability triple, where
denotes a sample space (and w € Q is a sample point), F denotes a o-algebra called a family
of events. A measure on a set can be thought of as a way to assign a number to some subsets
of the set.

Finally, we have stochastic processes:

3The power set of a set S is the set of all subsets of S, including @ and S itself.
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Definition 2.5. A stochastic process is a collection of random variables {WW; : t € T} on a
probability space, where 7T is a set of times.

Now we can formally define Brownian motion mathematically:

Definition 2.6. Brownian motion started at x € R refers to a stochastic process such that
the following hold:
(1) Wy = z;
(2) For every 0 < s < t, W; — W, has normal distribution with mean zero and variance
t — s, and |W; — Wy| is independent of {W,. : r < s};
(3) With probability 1, the function ¢ — W} is continuous.

If the Brownian motion begins at 0, we call it standard Brownian motion.

3. BROWNIAN MOTION ON THE DYADIC RATIONALS

Before we introduce the definitions, let’s briefly recall what a dyadic rational is.* A dyadic
rational is analogous to a 2-adic rational.

In his paper, mathematician Peter Rudzis tells us that “The first ingredient needed for the
mathematical description of Brownian motion is Gaussian distribution.” [Rud17] This is
indeed true; without the definition of Gaussian distribution (which from here on, we shall
refer to as normal distribution), it is impossible to understand Brownian motion.

Definition 3.1. A random wvariable is a function X : Q@ — E. A random variable X has
normal distribution with mean ;i and variance o2 if

1 [ —ww?
IP’(X>$):W/ e 5 du.

We often denote normal distribution as N (u, 0?).

Remark 3.2. Tt is a good idea to understand the definitions thoroughly, but it’s also useful to
go by the simpler notation (e.g., the notation in the latter definition above) in following defi-
nitions. We will mostly use notations without discussing how the actual (often-complicated)
definition fits in; nevertheless, we should try to keep the original meanings in mind.

Definition 3.3. We denote the set of non-negative dyadic rationals as D = |J,, D,,, where
D, = {2% :k =0,1,2...}. A standard, 1-dimensional Brownian motion on the dyadic
rationals {W, : ¢ € D} is a random process such that for all n, the random variables
Wijon — W (k —1)/2", k € N are independent and N (0, 5= ).

We will use the following proposition to prove that Brownian motion exists over the dyadic
rationals.

Proposition 3.4. Suppose X andY are independent normal random variables, each N(0,1).

Define Z and Z as
X Y

ARG

4 assume the reader’s basic knowledge of the p-adic number system. You may want to see
https://www.overleaf.com/project /5d7{f7f3b33b1e0001f7bc02 for a quick introduction.
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and similarly

7 =

Sl
Sl

Then Z and Z are independent N (0,1) variables.
Lemma 3.5. Standard Brownian motion exists over the dyadic rationals.

Proof. We will prove this using recursive method. Using Definition 3.3., we can define the
following:

J(k,m) = 22 Wi jan — Wig_1yjn].

Let us assume there exist a countable number of independent normal random variables
{Z, : n € N}. We will use a recursive method to define W,. Now, for n = 0, we have
{J(k,0) = Zy : k € N}. Assume there exists n where {J(k,n) : k € x} was defined using
{Z, : ¢ € D} and thus are independent N (0, 1) variables. This gives us our definition for
J(k,n+1):

J(k:,n) X Z(2k+1)/(2n+1

V2 V2

J k Z n+1
J(2kn+ 1) = TR Zakn
V2 V2
Seeing those v/2’s in the denominators should remind us of Proposition 3.4; using it repeat-
edly gives us {J(k,n + 1) : k € N} (independent N(0, 1) variables), so we can now define
Wi on as follows:

J2k—1,n+1)=

k
Wijn =272 " J(j,n).

J=1

We then have

e

-1

2n/2(Wk/2" - W(k—l)/Q”) = Z J(.]7 n) o J(]v n) = J<k7 n)7

7j=1 7j=1

thus proving the existence of standard Brownian motion over the dyadic rationals. [Rud17]
O

Here is another lemma, this time about convergence of Brownian motion:

Lemma 3.6. If W,, g € D is a standard 1-dimensional Brownian motion, then it is almost
certain that this function converges uniformly on every closed interval [a, b).

The proof for this lemma is rather long; it utilizes dyadic rationals, the triangle inequal-
ity, the Borel-Cantelli lemma and involves bounding Brownian motion using integrals. See
Leiner’s paper for a complete proof. [Leil2]

Theorem 3.7. Standard Brownian motion exists.

Proof. This is a rather silly statement, for which we can make a fairly straightforward proof.
Essentially, this follows from uniform continuity. Let us choose 5 that yields some ¢ where
Wy — W,| < § for all s,t € D. Now pick ng € N such that L <. Pick a € D, and

2m0
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n,m > ng and k,, = 0,1,...,2" such that 0 < a — % < Qin We can pick £, and k,,
similarly. We get
1
|kn - kno| < %
1
|k — kny < TS

This gives us Wy, — Wy, | < [Wy, — Wy, | + Wk, — Wy, < e. We have a Cauchy sequence
W, , so there is a convergent subsequence with a unique limit. If we define {W;,t € R} to be
the limit, we get a unique extension of {W, : ¢ € D} to {W; : t € R} that is continuous. [

One interesting thing about Brownian motion is that, although it is continuous, it is differ-
entiable nowhere. The reader may find Leiner’s section on non-differentiability interesting.

4. BROWNIAN MOTION AS A MARKOV PROCESS

Even if one knows only the loosest definition of a Markov chain, one will see that Brownian
motion is a perfectly intuitive example of a random walk, which we will recall in the following
definition:

Definition 4.1. A random walk, loosely defined, is a stochastic/random process describing
a path consisting of random “steps” on some space.

An intuitive observation about random walks is that they are basically Markov chains,
because the (n + 1) step does not depend on the (n — 1) step.

Remark 4.2. Note that many authors may refer to Markov chains as Markov processes, but
the two are essentially the same. Note that a Markov process might be a more general term
(i.e., with a continuous state space and continuous movements), but a Markov chain may
assume discreteness in state space or time steps.

Definition 4.3. Let Wy, ..., W, be independent Brownian motions started in zq,..., x4,
then the random process W, given by W, = (W, ..., Wy) is called a d-dimensional Brownian
motion started in (x1, ..., zq). If W, starts at the origin, we call this a standard d-dimensional
Brownian motion.

Definition 4.4. A filtration on a probability space (2, F,P) is a family {F(¢) : t > 0} of
o-algebras where F(S) C F(t) C F. We call a probability space with a filtration a filtered
probability space. A random process {X; : t > 0} defined on (2, F,P) is adapted if X, is
F(t) measurable for all ¢ > 0.

Theorem 4.5 (Simple Markov Property for Brownian motion). Let {W; : t > 0} be a
Brownian motion started in x € R?. Then the process {Wiys — Ws i t,s > 0} is a Brownian
motion started at the origin, and it is independent of {W; : 0 <t < s}.

What this theorem is essentially saying is that we know just as much from the current
position as we do from the past positions in Brownian motion. An analogous explanation
is that we do not need to know the past positions, we focus entirely on the current one.
The latter is the main idea surrounding Markov chains. In addition to the simple Markov
property, we also have the strong Markov property. First, let’s define the notation F:
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Definition 4.6. The germ o-algebra is defined as F*(0), where

FHt) =[F(s)

s>t
and {F°:t > 0} is the o-algebra generated by {W; : 0 < s < t}.

Theorem 4.7 (Strong Markov Property for Brownian motion). For each (almost always)
finite stopping time T', we have that the process {Wry —Wr 1 t > 0} is a standard Brownian
motion independent of F1T.

Proof. In this proof, the general idea is to define a discrete approximation which stops at
the first dyadic rational next to the original in terms of stopping times. Using the Markov
property, we will find that {Wr,; — Wy : £ > 0} is indeed a standard Brownian motion. See
Leiner’s paper for the complete proof. [Leil2] O

5. INTRODUCTION TO MARTINGALES

Generally speaking, a martingale is a sequence of random variables such that, for a given
time, the expected value of the next step in the sequence is equal to that of the current step
(regardless of the previous steps). This is also a great example of a Markov chain—a sequence
in which the n'" step is not determined by the (n — k)*™® step. Additionally, we call a process
in which we cannot see into the future an adapted process. Let’s now see the more technical
definition:

Definition 5.1. An adapted process M = {M;,t > 0} is called a martingale with respect
to Fi, where {F;,t > 0} denotes a filtration, if the following apply.
(1) For all t > 0, we have E(|M,;|) < co.

(2) For each s < t, we have E(M;|F) = M.

A few things to note about about the second condition-first, we can write it as E(M; —
M| Fs) = 0. Second, we call M; a supermartingale/submartingale if the second condition
is instead E(M|F;) < Mg or E(M:|Fs) > M. We have that for any integrable random
variable X, {E(X|F;),t > 0} is a martingale. [Nual6]

Stopping times occur when a given stochastic process exhibits a behavior of interest and we
look at the random variable’s value at this time. Martingales give us an interesting theorem
concerning stopping times.

Theorem 5.2. Suppose M; is a continuous martingale. Let S < T < K be two bounded
stopping times. Then we have

E(Mry|Fs) = Ms.

Furthermore, we simply have that

E(Mr) = E(Ms).
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Proof. Let’s show that E(Mr) = E(My). Suppose T is some value in the set 0 <t; < ... <
t, < K. By the martingale property, we have

E(My) =Y E(Mrlir—y,})
=1

= Z E(Mtil{T:ti})
=1

= Z E(Mtn 1{T:ti})

i=1

= E<Mt7l)
We can approximate 1" as follows:
271
kK
Tn = ; Q_nl(kggz)KfT<%'

We have that M, — My by continuity. We must now show that M, is integrable:

2n

E(|Mry|at,,,124) = ZE <|M%(|1{IM |>A, =M}>
k=1 g i=timman
2”

<) F <|MK|1{|MW|2A,T”=’;£§}>

k=1 LK
= E(|Mxk|1qar,, 1>43)
< E(IMk [ supy, < c 1M5[24))-

This converges to 0 as A — oo, uniformly in n. This completes the proof. [Nual6] d

Here’s another interesting theorem, which we will also give a proof of:

Theorem 5.3. Let {M;,t € [0,t]} be a continuous martingale, where E(|Mr|?) < oo for
some p > 1. Then, for all A\ > 0, the following holds:

1
P ( sup 1061 > A) < E(MRP)
0<t<T AP
If p is strictly greater than 1, then we have
p
 (sup ) < (2) B
0<t<T p—1
Proof. First we look at
1
P ( sup. | My > A) < SE(MyP).

0<t<T
If we let
T=1inf{s > 0: |Mg| > A} AT.

Notice that 7 is a bounded stopping time, and |M;|P is a martingale, so we have
E(|M, ") < E(|Mr[").
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Next, we consider

e (s ) < (25 B2

0<t<T
for p > 1. We have
[Me” 2 Loupgcy cr 101200 A+ Lsupgc, o [0l <0y [ M7
by definition of 7. This implies that
1 1
P ( sup (M1 ) < SE(ILP) < E(MRP)

0<t<T

6. MARTINGALES AND BROWNIAN MOTION

Here are some applications of martingales to Brownian motion, in a series of short propo-
sitions with quick proofs.

Proposition 6.1. Let B; be a Brownian motion. Consider a € R and the hitting time
7, = inf{t > 0: B; = a}.

If a < 0 < b, then we have
b
b—a
Proof. A stopping theorem for martingales states that the expected value of a martingale at
a stopping time is equal to its initial expected value. By this theorem, we have

E(Byy,,) = B(By) = 0.

P(ra <m) =

If we let t — oo, we have
aP(1, < 1)+ b(1—P(r, <m)) =0.

OJ

Proposition 6.2. Let T =inf{t > 0: B; ¢ (a,b)}, where a <0 < b. Then we have

E(T) = —ab.
Proof. We can use the fact that B? — t is a martingale to see that
E(B:,,) = E(T At).
Furthermore, we have
E(T) = lim B(B},,) = B(B}) = —ab.

O

Here is one more interesting proposition:
Proposition 6.3. Let a > 0. Then the hitting time
7, =1inf{t > 0: B, = a}

satisfies (assuming o > 0)

Elexp(—at,)] = e~ V2.

Now, we will finally define the strong Markov property in terms of martingales:
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Theorem 6.4. Let B be a Brownian motion and let T be a finite stopping time where the
filtration FP is generated by B. Then the process

{Bryt — Br,t > 0}
1s a Brownian motion independent of Br.

Proof. Consider the process B, = Bry; — Br, and suppose T is bounded. Let A € R and
0 <s<t. We have

| eiABT+t+§(T+t)| Frid = eiABT+S+§(T+s)
by the optional stopping theorem for the martingale

N
exp (i)\Bt + 7) .

Therefore, we have
E[ei/\(BT+t—BT+s) Fris) = e‘%(t—S).

[Nual6] O

7. ITO’S PROCESS/FORMULA AND LEVY’S THEOREM

The end goal of this paper is to prove Liouville’s Theorem, a famous theorem from complex
analysis, using Brownian Motion. To do so, we first need to discuss the Ito Process and Ito’s
Formula, then Levy’s Theorem.

Definition 7.1 (Ito Process). An Ito process is a stochastic process I; on (2, F, P) of the
form

Iy =1+ /tu(s,w)ds + /tv(s,w)st,
0 0
where v € V| P(fot vi(s,w)ds < oo,Vt >0) = 1, u is F-adapted and P(fot lu(s, w)|ds <
00, Vt > 0) = 1. The above equation can be written as follows
dl; = udt + vdB;,
where the first term is called drift and the second is called wvolatility.
Now that we know about the Ito Process, we can looks at Ito’s Formula:

Theorem 7.2 (Ito’s Formula). Let I; be an Ito process. Let g(t,I) € C?([0,00) x R). Then
Y, = g(t, I;) is an Ito process and we have

k23

1
Y, = g,(t, I)dt + g.(t, I,)dI; + ég’-’-(t, I)(dIL)?,
where
(d1,)? = (udt + vdBy)?* = vdt.
Now we substitute dI; and get

1
Yy = (g + giu+ 3 gl v?)dt + ¢ vdB,.

Here, the first term is drift and the second term is volatility as in the Ito Process definition.
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Before we get into the next part, we should define harmonic. We say a function is harmonic
if two variables have the property that its value at any point is equal to the average of its
values along any circle around that point, provided the function is defined within the circle.
Now, the next theorem comes from Ito’s formula:

Theorem 7.3. Let D C R? be a connected open set and f : D — R be harmonic on D. Let
B; with 0 <t <T be a Brownian motion which starts in D and stops at T, then the process
f(By) :0<t<T is alocal martingale.

Theorem 7.4 (Levy’s Theorem). Suppose that both M and (M? — t)>o are local martin-
gales®. Assume My = 0. Then M is a Brownian Motion with respect to (F;).

Proof. Let f(x) = ¢™® where v € R. We have f € C?(R), so by Ito’s formula we have the

following:
s =0+ [ ronm ! [ o

where Mtf fo f'(Ms)dMs; is a local martingale. Also, if f" and f” are bounded, then M; f
is a martingale. So we have the expected value E:

B = 10+ 5 [ BLr(as
Now, let ¢g(t) = E[f(M;)]. Then, by substituting f(M;) in the integral, we have

-1 o

So g(t) is the solution to a differential equation satisfying the original conditions
2

g'(t) = —%g(t) and ¢(0) = 1.

We have a unique solution to g, which is

g(t)=e7,
and ,
Ele"M = ¢~ 7

This means that M, is normally distributed with mean 0 and variance t2.

Let s > 0 and A € F;, with P(A) > 0. Now let P*B = P(B|A), F; = Fiys and M} =
My, s — M, for t > 0. Then with respect to F;* over probability space (2, F, P*), we have
that (M;);>0 is continuous local martingale with Mg = 0, such that [M;]* — ¢ is also a local
martingale. Then we have

tv2
E[ wMf ] e 2.
We're almost done, now we substitue M; = M;,; — M; and let A vary in Fy, so

tv

E[eiv(MHth)’]:s’ —e 2

which shows that M;,,— M, is independent of F, so it has a normal distribution. Therefore,
we have what we wanted to show, which is that M;,; — M, is a Brownian motion. O

Y

5The definition of ”local” is a bit difficult given that we haven’t gone in-depth with stopping times, I
would suggest reading a bit about it on Wikipedia.
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Now we get an interesting corollary from Dublins and Schwarz:

Corollary 7.5 (Dublins and Schwarz). Let M be a continuous local martingale which is
null at 0 such that [M]; is increasing as t — oo. For t > 0, define stopping times as
7, :=infu : [M], >t and a shifted filtration &(t) = F(rz). Then X(t) = M (1) is a standard

Brownian motion.

8. A COMPLEX ANALYSIS/BROWNIAN MOTION PROOF OF LIOUVILLE’S THEOREM

At this point, we have seen a lot about Brownian motion from a Markov chains perspec-
tive, so we should be a bit more comfortable introducing lots of complex analysis into our
understanding of it as well. Let’s now turn to Liouville’s Theorem and its background.

Definition 8.1. We say that a function which is holomorphic on all of C is an entire function.
Theorem 8.2 (Liouville’s Theorem). A bounded entire function is constant.
First we will present the complex analysis proof of Liouville’s Theorem:

Proof. Suppose f is an entire holomorphic function such that |f(z)| < M for z € C. Then,

by Cauchy’s estimates, we have
M
|f'(20)] < =

for R > 0. Note that M is independent of R, so 75 can be as small as possible by choosing
some large value of R. Also, nonnegative numbers less than A for A > 0 are equal to 0. So
|f'(z0)] = 0 for all zy € C, or f'(z9) = 0 for all zy € C. Hence, any function whose derivative
is zero everywhere is a constant. U

One interesting thing to note is that Liouville’s theorem gives us the fundamental theorem
of algebra:

Theorem 8.3 (Fundamental Theorem of Algebra). Let p(z) be a nonconstant polynomial
with complex coefficients. Then, there is some zy € C such that p(zy) = 0.

Proof. Suppose p is a polynomial with no complex roots. Let’s consider the function zﬁ’
which is an entire function. Now let’s show that zﬁ is bounded. We have seen before that if
p(2) = apn2" 4+ an_12" '+ ...+ a1z + ag, where a,, # 0, then there is R > 0 where if |z| > R,
then |p(2)| > ‘a—z”‘R". We have

1 2
o) = Jal R
So }% is bounded when |z| > R. This means we should just focus on the disk |z| < R. It

is compact, which tells us the function is bounded on the disk, since a continuous function
takes a maximum value on the disk. It is bounded, so by Liouville’s theorem, ]ﬁ is constant

and so is p(z). O

Now it is finally time to look at the Brownian Motion version of the proof for Liouville’s
Theorem:

Proof of Liouville’s Theorem with Brownian Motion. Suppose f is an entire function, but
that it is not constant. By Theorem 7.3, we know that for a Brownian motion B;, then
f(By) will be a local martingale. By the Dublins and Schwarz corollary, we have that f(B;)
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is also a Brownian motion. So f is dense in the entire complex plane and it is therefore not
bounded. This contradicts the assumption that the function is not constant, so the entire
function must be constant and therefore Liouville’s Theorem must hold true. 0
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